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84.2 STRAIN: CLASSIFICATION

84.1. Introduction

All of the material covered in the first 3 lectures pertains to statics. applied forces induce internal
forces, which induce stresses:

applied forces = internal forces = stresses (4.2)

We now go beyond statics into kinematics. Stresses produce defor mations because real materials
are not infinitely rigid. Deformations are measured by strains. Integration of strains through space
gives displacements, which measure motions of the particles of the body (structure). As a result
the body changes size and shape:

stresses = strains = displacements = size & shape changes (4.2

Conversely, if the displacements are given as data (as will happen with the Finite Element Method
covered in Part IV of this course), one can passto strains by differentiation, from strainsto stresses
using material laws such as Hooke's law for elastic materials, and from stresses to internal forces:

displacements = strains = stresses = internal forces (4.3

Thislecture focuses on the definition of strains and their connection to displacements. Therelation
between strains and stresses, which is given by material properties codified into the so-called
constitutive equations, is studied in the next lecture.

84.2. Strain: Classification

In general terms, strain is a macroscopic measure of deformation. Truesdell and Toupin, in their
famous Classical Field Theoriesreview article in Handbuch der Physik, introduce the concept as

“The change in length and relative direction occasioned by deformation is called, loosely, strain.”
[Theterm “strain” was introduced by W. J. M. Rankine in 1851.]

The concept is indeed loose until some additional qualifiers are called upon to render the matter
more specific.

1. Averagevs. Point. Average strain isthat taken over afinite portion of the body; for example
using a strain gage or rosette. Point strain is obtained by a limit process in which the
dimension(s) of the gaged portion is made to approach zero.

2. Normal vs. Shear. Normal strain measures changes in length along a specific direction. Itis
also called extensional strain as well as dimensional strain. Shear strain measures changes
in angles with respect to two specific directions.

3.  Mechanical vs. Thermal. Mechanical strain is produced by stresses. Thermal strains are
produced by temperature changes. (The latter are described in the next lecture.)

4. Finitevs. Infinitessimal. Finite strains are obtained using exact measures of the changein di-
mensionsor angles. Infinitessimal strainsareobtained by linearizing thefinite strain measures
with respect to displacement gradients. On account of the nature of this process, infinitesimal
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Lecture 4: STRAINS

(&) Undeformed Bar

—>»X

(b) Deformed Bar <«—— undeformed length L, _.‘

|

Ficure 4.1. Undeformed and deformed bar configurations to illustrate average axial
(ak.a. normal, extensional) strain.

deformed length L = L+ & —J

strains are also called linearized strains. The looser term small strains is also found in the
literature.

5. Srain Measures. For finite strains severa mathematical measures are in use, often identified
with aperson nameinfront. For example, Lagrangian strains, Eulerian strains, Hencky strains,
Almans strains, Murnaghan strains, Biot strains, etc. They have one common feature: as
strains get small in the sense that their magnitudeis << 1, they coalesce into the infinitesimal
(linearized) version. A brief discussion of Lagrangian versus Eulerian strainsis provided in
84.3.1 below.

84.3. Axial (a.k.a. Normal or Extensional) Strains
84.3.1. Average Strainin 1D

Consider an unloaded bar of length L, aligned with the x axis, as shown in Figure 4.1(a). In the
literature thisis called the undeformed, initial, reference, original or unstretched configuration. The
strains therein are conventionally taken to be zero.

The bar isthen pulled by applying an axial force, as shown in Figure 4.1(b). (The undeformed and
deformed configurations are shown offset for visualization convenience; in fact both are centered
about the x axis.) In this new configuration, called deformed, final, current or stretched, its length
becomesL = Lo+ 8, where§ = L — L isthe bar elongation. The average axial strain over the
whole bar is defined as
bar def L—Lg B 1)
a I—ref I—ref

Here L,¢s isthereference length selected for the strain computation. The two classical choices are
Lref = Lofor Lagrangianstrains, and L,¢; = L for Eulerian strains. Theformer isthat commonly
used in solid mechanics and, by extension, structures. Thelatter ismore popular in fluid mechanics
since aliquid or gas does not retain memory from previous configurations. Whatever the choice,
the strain is a dimensionless quantity: length divided by length.

If § << Lo, whichleadsto the linearized strain measure (also called infinitesimal strain or small
strain) the choice of L, makes little difference. For example, suppose Lo = 10inand § = 0.01
in, which would be typical of astructural material. Using superscripts L and E for Lagrangian and
Eulerian, respectively, we find

(4.4)

et —0.01/10 = 0.10000%,  €2"E = 0.01/10.01 = 0.09990%. (4.5)

av - a
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84.3 AXIAL (A.K.A. NORMAL OR EXTENSIONAL) STRAINS

(a) Undeformed Bar |‘M’|
Pe qbQ —>» X
Up=U U= Up+(Ug—U) = Uut+Au
(b) Deformed Bar %
< ) —>

F1GURE 4.2. Undeformed and deformed bar configurations to illustrate point axial strain.

These agree to 3 places. In what follows we will consistently adopt the Lagrangian choice, which
as noted above is the most common onein solid and structural mechanics.

84.3.2. Point Strainin 1D

Asin the case of stresses covered in Lecture 1, the strain at a point is obtained by alimit process.
Consider again the bar of Figure 4.1. In the undeformed configuration mark two coaxial points:
P and Q, separated by a small but finite distance Ax, as shown in Figure 4.2(a). (In experimental
determination of strains, this is called the gage length.) The bar is pulled and moves to the
deformed configuration illustrated in Figure 4.2(b). (Undeformed and deformed configurations are
again shown offset for visualization convenience.)

Points P and Q move to positions P” and Q’, respectively. The axial displacements are up = u
andug = up + (Ug — Up) = U+ Au, respectively. Thestrain at P is obtained by taking the limit
of the average strain over Ax as this distance tends to zero:
df . (U4 Au)—u Au du

ep = lim ———— =i =

—_— =, 4.6
AX—0 AX Ax—0 AX dx (4.6)

This relation between displacement and point-strains is called a strain-displacement equation. It
allowsoneto compute strainsdirectly by differentiation should the displacement variation beknown,
for example from experimental measurements.

Anticipating the generalization to 3D in 84.3.4: the {X, y, z} components of the displacement of
P in a3D body are denoted by u, v and w, respectively. These are actually functions of position,
meaningthat u = u(x, y, 2), v = v(X, y,z) and w = w(X, Y, z), inwhich {X, y, z} arethe position
coordinates of P in the undeformed configuration. Then (4.6) generalizesto

ou
el 4.7
ax @.n

€xx =
The generalization of (4.6) to (4.7) involves three changes:
e Point label P isdropped since we can make that a generic (arbitrary) point
e Subscript ‘xx’ is appended to identify the strain component as per rules stated later

e Theordinary derivative du/dx becomes a partial derivative.
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(b) Deformed configuration

(a) Undeformed configuration

Displacement vector PP' has components
z u,v,w along x,y,z, respectively

Ficure 4.3. Undeformed and deformed cube of material in 3D. Shear strains are zero so
angles are preserved. Change in cube dimensions grossly exaggerated for visibility.

84.3.3. Strain Units

As previously noted, strain is dimensionless but in structural mechanics it is often a very small
number compared to one. To reduce the number of zeros on the left one can express that number
in per-cent, per-mill or “micro” units. For example

exx = 0.000153 = 0.0153% = 153 ;1. (4.8)

Here . isthe symbol for micros; by definition 1 = 107%. Sometimesthisiswritten mm/mm or
win/in, but the unit of length is usually unnecessary.

84.3.4. Point Normal Strainsin 3D

Instead of the bar of Figure 4.1, consider now a small but finite cube of material aligned with
the {X, y, z} axes, as pictured in Figure 4.3(a). The cube has side dimensions Ax, Ay and Az,
respectively, in the undeformed configuration.

The cube moves to a deformed configuration pictured in Figure 4.3(b). The displacement com-
ponents are denoted by u, v, and w, respectively. The deformed cube still remains a cube (more
precisely, shear strains are assumed to be zero everywhere so angles are preserved) but side lengths
changeto Ax+ Au, Ay+ Av and Az+ Aw, respectively. Here Au, Av and Aw denote appropriate
displacement increments.

The averaged normal strain components are defined as

df U+ AUu—uU AU def V+ Av —v Av def W+ Aw —w Aw
€xx,av — T = Ra €yyav = T = A—y’ €zz.av — Az = Az
(4.9
Point values, at corner P of the cube, are obtained by passing to the limit:
. Au au . Av ov . A d
Exx d:ef ||m — = ny d:ef Ilm - —, €77 d:er ||m —w - —w. (4.10)

Ax=0 AX X Ay—0 Ay 9y Az~0 Az 9z

Of course this process assumes that the indicated limits exist. Components may be tagged with the
point at which strains are computed if necessary or advisable. For example: exx. p, €r,, OF exx(P).
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84.4 SHEAR STRAINS

(b) Deformed configuration

(a) Undeformed configuration

Aj\i dx dz
Z

FiGure 4.4. Slight modification of previous figure to illustrate the concept of volumetric strain.

84.3.5. Volumetric Strain

Figure 4.4 isadlight modification of the previous one. Here the material cube has now infinitesimal
dimensions dx, dy and dz. Upon deformation these become dx + exx dX = (1 + exx) dX, dy +
eyydy = (1 + €yy) dy, and dz + €, dz = (1 + €,,) dz. If the cube volume in the undeformed and
deformed configurations are denoted by dV, and dV, respectively, the change in cube volumeis

4.11
~ (GXX + ny -+ ezz) dX dy dZ. ( )

in which the last simplification assumes that strains are infinitesimal; that is, exx << 1, etc. The
relative volume change is called the volumetric strain and is denoted by «¢,:

- dv dx dydz

It can be shown that this quantity isastrain invariant, which means that the value does not depend
on the choice of axes.

84.4. Shear Strains

Gv == GXX + ny + ezz. (4.12)

Shear strains measure changes of angles as the material distorts in response to shear stress. To
define shear strainsit is necessary to look at two directions that form the plane that undergoes shear
distortion. Therefore aone-dimensional view isinsufficient to describe what happens. It takes two
to shear.

84.4.1. Average Shear Strains

Figure 4.5(a) shows a cube of material undergoing apure shear deformation in the {x, y} plane. By
looking along z we can describe the process through the two-dimensional view of Figure 4.5(b,c).
Under the action of the shear stress 7,y = 1y, the angle formed by PQ and PR, originally /2
radians, becomes r /2 — y radians. Thischangeistaken asthe definition of the average shear strain

associated with directions x and y:

Vxy,av g V. (4.13)

By convention yyy a, IS positive if the angle Z/{P Q, PR} decreases; the motivation being to agree
in sign with a positive shear stress.
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Lecture 4: STRAINS

(a) 3D view b) 2D view of shearin (c) 2D shear deformation
® in x-y plane J (grossly exagger ated
for visibility)
T .
—_— R
R . y
y Ty=T Yy l r
T
P T Q P QI
Z y measured in radians,
X positive as shown
FIGURE 4.5. Average shear strainin {Xx, y} plane.
Y,
‘ —~ o
] C Shear-Defor med
¢ Bl
1 .J/ /Fyl
o OX D A
Ve
Undeformed "B\, 903:% Ay
y \ 5
A ™ -
Uc
Ug >
X Up .

FicUure 4.6. Computing average shear strain over rectangle ABCD from corner displacement data.

84.4.2. Connecting Average Shear Strain To Displacements

A rectangle ABCD of sidelengths Ax and Ay aligned with x and y respectively, undergoesthe shear
deformation depicted in Figure 4.6. The original rectangle becomes a parallelogram A'B’C'D’,
whose sides are not necessarily aligned with the axes. Goal: compute the average shear strain
Yxy.av = ¥ interms of the displacements of the four corners.

Observe that y = y1 + y2, Where y; and y, are the angles indicated in Figure 4.6, with positive
senses as shown. We have

vgr — Vo Avga Ucr — Ua AUca
= ’ anVZ = = *
Ug — Up AX 4+ Auga v — Upn AY + Avca

tany; = (4.14)

We assumethat strainsareinfinitesimal. Consequently 1 << land y, << 1, whencetany; ~
andtany, ~ y,. Likewise, Auga << AX SO AX + Auga ~ AX in the denominator of tany, and
Avca << Ay SO Ay+ Avca &~ Ayinthedenominator of tany,. Introducing these simplifications
into (4.14) yields

Av AU Av AU
BA n CA n

=4+ (4.15)
AX Ay  AX Ay

Vxyav =Y =V1+ 12 X
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84.5 STRAIN-DISPLACEMENT EQUATIONS

84.4.3. Point Shear Strainsin 3D

To define the shear strain yy at point P we passto the limit in the average strain expression (4.15)
by shrinking both dimensions Ax and Ay to zero:

def . . Av  Au
= |lim y=lim{—+—. 416
Vxy Ax—0 Vxy.a Ax—0 (AX T Ay) ( )
Ay—0 Ay—0
In the limit this gives the cross partial-derivative sum
au  dv
Yxy = 8_y + & = Yyx (417)

Thisexpression plainly does not changeif x and y arereversed, whence yyy = yyx asshown above.

Theforegoing limit process can be repeated by taking the anglesformed by planes{y, z} and {z, x}
to define yy, 2y and yzx ay respectively, followed by passing to the limit asin (4.17). Anticipating
the more complete analysis of 8§4.5, the results are

au ow ov ow

[ — _— y == -_— _— = . 4.18
Vxz + Vzx Vyz 37 + ay Yzy ( )

0z 0X

This property: yxy = ¥yx, Vyz = Vzy,» @d yzx = Yz, IS called shear strain reciprocity. Thisis
entirely analogous to the shear stress reciprocity described in Lecture 1. It follows that the 3D
state of strain at a point can be defined by 9 components: 3 extensional and 6 shear, which can be

arranged asa 3 x 3 matrix
€xx  VYxy Vxz
Yyx  €yy Vyz (4.19)

Yx  Vzy €z

On account of the shear strain reciprocity property (4.18) the above matrix is symmetric. Therefore
it can be defined by 6 independent components. three normal strains and three shear strains.

84.5. Strain-Displacement Equations

This section summarizes the connections between displacements and point strains, which have
appeared in piecewise manner so far. Consider an arbitrary body in 3D in its undeformed and
deformed configurations. A generic point P(X, y, z) movesto P’ (X + U, Y 4+ v, Z+ w), in which
the displacement components are functions of position:

u=uc,y, 2, v=1v(X,Y,2), w=w(X,Y,2). (4.20)
The components (4.20) define a displacement field. For visualization convenience we restrict the
foregoing pictureto 2D asdonein Figure 4.7. At P draw an infinitesimal rectangle PQRS of side
lengths {dx, dy} aligned with the RCC axes {x, y}. The square mapsto aquadrilatera PQR’'S
in the deformed body as illustrated in Figure 4.7(b). To first order in {dx, dy} the mapped corner
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Lecture 4: STRAINS

dUq,,0U oV 4,0V
S(x+ut Sodx+5C dy,y+ v+ 2= dx+ 5= dy)
R+ G dyy+ve ) o oy ox 9y

' ou Vv
P'(x+Uu,y+V) Q(x+ Uax dxy+ Vrax dx)

dx
R(x,y+dy) S(x+dx,y+dy)

dy
P(xy) Q(x+dx,y) (b) Deformed
zoom body
(a) Undeformed A
body
Vo=V,

Position
vector

FIGURE 4.7. Connecting strainsto displacements: 2D view used for visualization convenience.

points are given by
PmapstpP a x+4+u, v
au v
mapsto Q' a X 4+ u+ — dx, — dx,
Q mapsto Q + +8x y+v+8x

au ov
R toR at — dy, —dy,
maps to x+u+ay y y+v+ay y

, au au v av
Smapsto S at x+u+&dX+@dy, Y+v+&dx+a—ydy,
as pictured in Figure 4.7(b).

To express exy in terms of displacements, take the ratio
X+ U+ 3 dx — (x + u)
Uy —Up X _au

GXX = =

dx dx T oax’

(4.21)

(4.22)

Thiswas derived earlier in 84.3.2 in a 1D context. Notice that no passing to the limit is necessary

here because we started with infinitesimal material elements. Likewise

g_g)/dy—(Y‘i‘U) v

dy dy T oy’

For the 3D case we get one more normal strain,

Ur — Upr _y—l—v—i—

€yy =

ow
0z’

€z =

4-10
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84.6 DISPLACEMENT VECTOR COMPOSITION

The connection of shear strains to displacement derivatives is more involved. The derivation for
Yxy Was done in 8§4.4.2 and §4.4.3, which yields (4.17). The complete result for 3D is

_8u+8v _8v+8w _8w+8u (4.25)
Yoy T ax W=7 T Gy Y= o9x Tz '
If the subscripts are switched we get
Jv  Ju ow  Jv au  Jw
-2 -2 2 -4+ = 4.26
=kt ay Yy = Gy * a2 e =57 T % (4.29)

Comparing these to (4.25) showsthat yxy = yyx, €tc, which proves the reciprocity property stated
in 84.4.3.

84.6. Displacement Vector Composition

In calculations of joint deflections of truss structures, it is often required to compose displacement
vectors. The composition rule is not the same as that of forces unless the vectors are mutually
orthogonal. The difference will be illustrated through aworked out example.

84.6.1. Deflection of a Truss Structure

The 2-member plane truss shown in Figure 4.8(a) was the subject of Homework Exercise 1.3, using
specific values for dimensions, loads and member properties. Here it will be initially processed in
symbolic form, keeping members lengths L ag, L gc, l0ad g, angle 6, elastic modulus E (same for
both members) and bar area A, (samefor both members) asvariables. Objective: find themagnitude
of the displacement §g of joint B as function of the data. Infinitesimal strains are assumed (thisis
to be verified after deformations and defl ections are computed) and the material obeys Hooke' law.

The first step is to find the internal member forces Fag and Fgc from statics. The determination
of Fag is done with the FBD shown in Figure 4.8(b), by taking moments with respect to hinge
C. (This choice bypasses the need to find reactions Rcy and Rcy, since their contribution to the
moment equilibrium equation vanishes.) For moment cal cul ation purposes, the uniform distributed
load g may be replaced by a resultant point force g L gc at the midpoint of member BC. We get
Fag = Lgc/(2sin6), aspictured in Figure 4.8(b); thisistension if Fag > 0.

Next we find Fgc using the FBD drawn in Figure 4.8(c), in which the previously found Fag is
used. The applied distributed load is“lumped” to the end joints B and C. Since g is uniform each
joint receives one half of the total force, that is, q Lgc/2. Force equilibrium along either x or y
yields Fgc = q Lgc/(2tan#), as shown in the figure. [Actually the quickest way to get Fgc isto
consider equilibrium along the direction CB. Since the projection of q L gc/2 vanishes, Fgc must
balance Fag cos® whence Fgc = Fag C0S6 = q Lgc c0s6/(2sind) = g Lgc/(2tand).] Note
that both internal forces can be obtained without computing reactions.

Since Hooke's law is assumed to apply and both members are prismatic, their elongations are
Sas = FagLag/(E Ap) and 8gc = Feclec/(E Ap), respectively, with appropriate signs. See
Figure 4.8(d). The graphical composition of these two vectorsto get §g isdetailed in Figure 4.8(e).
Mark §ag and dgc with origin at B aligned with member directions, pointing away if they are
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%= JEA, S0

q Lec [(LBC+ Lag) cos 6 _

Sno LAB]

FIGURE 4.8. Computing the motion of atruss node.

positive. Then draw two perpendicular lines from the vector tips. The intersection of those lines
givesthe deformed position B’ of B, and the distance BB’ iség. Using trigonometric relationsthis
value can be expressed in terms of the data as

qLlec ((LBC+LAB)0089 L)
— LAB ] -

dg = . -
BT 2E A, SinG sing

(4.27)

The numbers used in Exercise 1.3were: Lag = 601in, Lgc = 661in, 8 = 60° and q = 80 lbg/in.
In addition to these we take A, = 2.5in? and E = 30 x 10° psi (steel). Replacing gives

Fag = 30481bs, Fgc = 5 Fag = 15241bs, bothintension,

: : : (4.28)
dag = 0.002439in, Jpc =0.001341in, 45 = 0.003833in.

Since these displacements are very small compared to member lengths, the assumption of infinites-
imal strainsis verified a posteriori.

84.6.2. Forces And Displacements Obey Different Composition Rules

The main point of the foregoing example is to emphasize that displacements do not compose by
the same rules as forces. The rules are graphically summarized in Figure 4.9 for two point forces
and two displacements in the plane of the figure.

Forces are combined by the well known vector-addition parallelogram rule: thetip of the resultant
is at the opposite corner of the parallelogram formed by the two vectors as sides. Displacements
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84.6 DISPLACEMENT VECTOR COMPOSITION

(@) force (b) displacement
composition composition

FIGURE 4.9. Composition of (a) two forces and (b) two displacements
acting on the plane of the figure.

are combined by a*“cyclic quadrilateral rule” asillustrated. (A cyclic quadrilateral is one that has
two opposite right angles.) If the vectors are orthogonal, the composition rules coalesce since in
that case both the parallelogram and the cyclic quadrilateral reduce to arectangle.

If we had 3 or more 2D vectors the rules diverge. Forces can be combined by “chaining” by
placing them tail-to-tip. But in general 3 or more displacement vectors with common origin will
be incompatible since the perpendicular lines traced from their tips will not usually cross.

The distinction is also important in three-dimensional space. Any number of 3D force vectors can
be added by tail-to-tip chaining. Three displacement vectors with common origin can be combined
by constructing the normal plane at their tips and finding the point at which the planes intersect.
Composing more than three 3D displacement vectorsis generally impossible.

An important restriction should be noted. The composition rules illustrated in Figures 4.8(e)
and 4.9(b) apply only to the case of infinitessimal deformations. This allows displacements to be
linearized by Taylor series expansion about the undeformed geometry. For finite displacements see
Section 2.4 of Vable's textbook.

Remark 4.1. In advanced courses that cover tensors in arbitrary coordinate systems, it is shown that the
displacement field (or, in general, a gradient-generated vector field) transforms as a covariant field of order
one. On the other hand, a force field (or, in general, a differential-generated vector field) transforms as a
contravariant field of order one. For the pertinent math see the Wikipedia article

http://en.wikipedia.org/wiki/Covariance_and contravariance_of_tensors
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