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THE FINITE ELEMENT
METHOD

19.1

INTRODUCTION

The finite element method* is the most powerful numerical technique available
today for the analysis of complex structural and mechanical systems. It is used to
obtain numerical solutions to a wide range of problems. The finite element method
is used to analyze both linear and nonlinear systems. Nonlinear analysis includes
material yielding, creep or cracking; aeroelastic response; buckling and postbuck-
ling response; contact and friction; etc. The finite element method is used for
both static and dynamic analyses. In its most general form, the method is not
restricted to structural (or mechanical) systems. It has been applied to problems in
fluid flow, heat transfer, and electric potential. This versatility is a major reason for
the popularity of the method.

A complete study of finite element methods is beyond the scope of this book. So,
the objective of this chapter is to outline the basic formulation for problems in
linear elasticity. The formulation for plane elasticity is presented first. Then, the use
of the method to analyze framed structures is examined. Finally, accuracy, con-
vergence, and modeling techniques are discussed. Advanced topics, such as analysis
of plate bending and shell problems, three-dimensional problems, and dynamic
and nonlinear analysis, are left to more specialized texts.

Analytical Perspective

The classical method of analysis in elasticity involves the study of an infinitesimal
element of an elastic body (continuum or domain). Relationships among stress,
strain, and displacement for the infinitesimal element are developed (see Chap-
ters 1-3) that are usually in the form of differential (or integral) equations that apply
to each point in the body. These equations must be solved subject to appropriate
boundary conditions. In other words, the approach is to define and solve a classical
boundary value problem in mathematics (Boresi and Chong, 1987). Problems in
engineering usually involve very complex shapes and boundary conditions, Conse-
quently, for such cases, the equations cannot be solved exactly, but must finally be
solved by approximate methods; for example, by truncated series, finite differences,

* The discovery of the method is often attributed to Courant (1943). The use of the method in struc-
tural (aircraft) analysis was first reported by Turner et al. (1956). The method received its name from
Clough (1960).
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numerical integration, etc. All these approximate methods require some form of
discretization of the solution.

By contrast, the formulation of finite element solutions recognizes at the outset
that discretization is likely to be required. The first step in application of the
method is to discretize the domain into an assemblage of a finite number of finite
size elements (or subregions) that are connected at specified node points. The quan-
tities of interest (usually nodal displacements) are assumed to vary in a particular
fashion over the element. This assumed element behavior leads to relatively simple
integral equations for the individual elements. The integral equations for an ele-
ment are evaluated to produce algebraic equations (in the case of static loading) in
terms of the displacements of the node points. The algebraic equations for all
elements are assembled to achieve a system of equations for the structure as a
whole. Appropriate numerical methods are then used to solve this system of
equations.

In summary, using the classical approach, we often are confronted with differen-
tial (or integral) equations that cannot be solved in closed form. This is due to the
complexity of the geometry of the domain or boundary conditions. Consequently,
we are forced to use numerical methods to obtain an approximate solution. These
numerical methods always involve some type of discretization. In the finite element
method, the discretization is performed at the outset. Then, further approximations,
either in the formulation or in the solution may not be necessary.

Sources of Error

There are three sources of error in the finite element method: errors due to approxi-
mation of the domain (discretization error), errors due to approximation of the
element behavior (formulation error), and errors due to use of finite precision arith-
metic (numerical error).

Discretization error is due to the approximation of the domain with a finite
number of elements of fixed geometry. For instance, consider the analysis of a
rectangular plate with a centrally located hole (Fig. 19.1a). Due to symmetry, it is
sufficient to model only one-quarter of the plate. If the region is subdivided into
triangular elements (a triangular mesh or grid), the circular hole is approximated
by a series of straight lines. If a few large triangles are used in a coarse mesh,
(Fig. 19.1b), greater discretization error results than if a large number of small
elements are used in a fine mesh, (Fig. 19.1¢). Other geometric shapes may be
chosen for the elements. For example, with quadrilateral elements that can represent
curved sides, the circular hole is more accurately approximated (Fig. 19.1d). Hence,
discretization error may be reduced by grid refinement. The grid can be refined by
using more elements of the same type but of smaller size (h-refinement, Cook et al.,
1989) or by using elements of a different type (p-refinement).

Formulation error results from the use of finite elements that do not precisely
describe the behavior of the continuum. For instance, a particular element might
be formulated on the assumption that displacements vary linearly over the domain.
Such an element would contain no formulation error when used to model a pris-
matic bar under constant tensile load; in this case, the assumed displacement
matches the actual displacement. If the same bar were subjected to uniformly dis-
tributed body force, then the actual displacements vary quadratically and formula-
tion error would exist. Formulation error can be minimized by proper selection of
element type and appropriate grid refinement.
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Figure 19.1 Finite element models of plate with centrally located hole. (a) Plate geometry
and loading. (b) Coarse mesh of triangles. (¢) Fine mesh of triangles. (d) Mesh
of quadrilaterals with curved edges.

Numerical error is a consequence of round-off during floating-point computa-
tions and the error associated with numerical integration procedures. This source
of error is dependent on the order in which computations are performed in the
program and the use of double or extended precision variables and functions. The
use of bandwidth minimization* can help control numerical error. Generally, in a
well-designed finite element program, numerical error is small relative to formula-
tion error.

* See Sec. 19.6 for a discussion of bandwidth minimization.
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19.2

FORMULATION FOR PLANE ELASTICITY

Flasticity Concepts

One approach for developing the algebraic equations of the finite element method
is to use energy principles. Fundamental energy expressions for an elastic solid are
presented in Chapters 3 and 5. For plane elasticity, these expressions are simplified
appropriately. The first law of thermodynamics states that for a two-dimensional
body in equilibrium and subjected to arbitrary virtual displacements (du, ov), the
variation in work of the external forces W is equal to the variation of internal
energy 6U. Since virtual displacements are imposed, we define § W as the virtual work
of the external loads and 6U as the virtual work of the internal forces. The virtual
work of the external loads 6 W can be divided into the work §W; of the surface
tractions, the work ¢ Wj of the body forces, and the work § W, -* of the concentrated
forces. For a two-dimensional body, these quantities are [see Egs. (3.1a), (3.3), (3.4),
(3.7) and (3.8) for definitions of the terms used]

OW—oU = 6Ws + dWy 4+ W, — U =0 (19.1)
OWs = | (0py0u + op,00v)dS (19.2)
oWg = | (B,dou + B,dv)dV (19.3)
JF
OWe =3 F.ou + Y F,dv, (19.4)
OU = | (0,106, + 0,,0€,, + 0,,8y,,)dV (19.5)
J

where (F,, F,;) are (x, y) components of the concentrated force F; at point i, (6u;, dv;)
are (x,y) components of the virtual displacement at point i, and y,, = 2¢,,. In
matrix’ notation,

-

SWs = | {6u}T{F;}dS (19.6)
JS

Wy = | {Su)T{Fy}dV (19.7)
JV

5We = Y {6u,}T{F;) (19.8)

SU = | {6€}7{c}dV (19.9)
JY

* Concentrated forces were not discussed in Chapter 3 or 5, but are included here for completeness.
¥ In this chapter, vector quantities are denoted with braces { }- Two-dimensional arrays are contained
in brackets [ 1.
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where

{6u} = [ou &v]"

{ou;} = [bu; v, ]"

{Es‘} = [opx  Op,]

{Fs} =[B. B]"

{Fn} = [F, ny]T

(b€} = [Oey, ey, 071"
{0} =[0xx 0y 041"

In matrix form, the two-dimensional linear-elastic stress-strain relations are, by
appropriate simplification of Eq. (3.32),

{0} = [D}{e} (19.10)
where {€} = {€,. €, 7x,]7 and [D]is the matrix of elastic coefficients. For plane
stress,

I v 0
E | 0
(D] =-——|" (19.11)
1—v 0 0 1 —v
2
and for plane strain,
I—v v 0
E v 1 —v 0
D] = : 19.12
LP] (1 +v(1—2v) 1 —2v ( )
0 0 =

Similarly, the two-dimensional, small displacement, strain-displacement rela-
tions are [see Eq. (2.81]],

{e} = [L1{u} (19.13)

where {u} = [u(x,y) v(x,y)]" and [L] is a matrix of linear differential operators

[a ]
™ 0
é
= Rul 19.
[L1=|o 5 (19.14)
d 5_
[y ox

Displacement Interpolation: The Constant Strain Triangle
Consider a plane elasticity problem such as that shown in Fig. 19.1a. As discussed
above, the first step in applying the finite element method is the discretization of
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the domain into a finite number of elements. Consider triangular elements as shown
in Figs. 19.1b and c. If the entire domain is in equilibrium, then too is each element.
Hence, the above virtual work concepts can be applied to an individual triangular
element.

A typical triangular element is shown in Fig. 19.2 with corner nodes 1, 2, and 3
numbered in a counterclockwise order. The (x, y) displacement components at the
nodes are (uy,v,), (t3,7,), and (u3,v;) as shown. The nodal displacements are the
primary variables (unknowns) that are to be determined in the analysis. In general,
for plane elasticity elements, node i has two degrees of freedom (DOF), u; and v;,
where the subscript identifies the node at which the DOF exist. Quantities that are
continuous over the element (those not associated with a particular node) are
denoted without a subscript. A single triangular element with three nodes has six
nodal DOF. These DOF are ordered according to node numbering as

) =[uy vy uy vy us v3]" (19.15)

Displacements (1, v) at any point P within the element are continuous functions of
the spatial coordinates (x,y). A fundamental approximation in the finite element
method (that leads to formulation error) is that the displacement («, v) at any point
P in the element can be written in terms of the nodal displacements. Specifically,
the displacement (u,v) at point P within the element is interpolated from the dis-
placements of the nodes using interpolation polynomials. The order of the inter-
polation depends on the number of DOF in the element. For the three-node tri-
angular element, the displacement is assumed to vary linearly over the element.

u{x,y) = a; + a;x + azy
v(x,y) = a, + asx + agy (19.16)

The coefficients a; are constants (sometimes called generalized displacement co-
ordinates) that are evaluated in terms of the nodal displacements. Before mak-
ing this evaluation, we consider some properties of the linear displacement
approximation.

Figure 19.2 Constant strain triangle element.
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1. Substitution of Eg. (19.16) into Eq. (19.13) yields €., = a,, €,, = a5, and
75y = a3 + @s. Thus, the strain components in the element are constant; hence,
the name constant strain triangle (CST) element. Since the stress-strain rela-
tions are linear [Eq. (19.10)], stress components are also constant in the
element.

2. If a, = ay = as = ag = 0, then u(x,y) = a, and v(x,y) = a,. Constant values
of u and v displacement indicate that the element can represent rigid-body
translation.

3. Ifa, =a,=a, =ag=0anday = —as,thenu(x,y) = ayyand v(x, y) = —asx.
Thus, for small strains and small rotations, the element can represent rigid-
body rotation.

These three element characteristics ensure that the solution will converge mono-
tonically as the mesh is refined (see Sec. 19.6 for a discussion of convergence).

To express the continuous displacement field in terms of the nodal displace-
ments, Eq. (19.16) is evaluated at each node. The resulting equations are then solved
for the coefficients a;. Consider first the u displacement.

u(xy,y,) = a, + ayx; + azy, =u;
u(xy,y2) = @y + ayx; + azy, = U

u(xy,y3) = ay + ayx3 + azy; = us

In matrix form, these equations are written as

[41{a} = {us} (19.17)
where
L ox. »n ay k!
[A1=|1 x, ya2l {a} ={ay (s and {t;} = {uy
]. x:; y3 a3 u3

Solution of Eq. (19.17) for {a} and substitution into Eq. (19.16) yields
1
u(x,y) = 5‘;(0‘1 + Bux + p )y
1
+ ﬂ{dz + Bax + 129)uy
1
+ Z—A(cx;, + Bix + ya))us (19.18)

where A is the area of the triangle

A =50x(y2 — y3) + x2(y3 — y1) + x3(y; — ¥2)] (19.19)
and
Oy = X2¥3 — X3V Bi=y2— Vi Y1 = X3 — X2
oy = X3¥1 — X1V B:=ys— Vi Y2 =Xy — X3

Oy = X1 ¥2 — X2 V1 Bi=y1 — a2 73 =X — Xy (19.20)
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Similarly, for the v displacement,
1
v(x,y) = ﬂ(ai + Bix + vy
1
+ ﬂ(fxz + Bax + 12))02

1
+ Z_A(fxs + Bax + y3¥)vs (19.21)

The functions that multiply the nodal displacements in Eqs. (19.18) and (19.21)
are known as shape functions (other common names are interpolation and basis
functions). The shape functions for the CST element are

1
Ny(x,y) = ﬂ(% + Bix + 1y

1
Nal,3) = 57 2 + Bax + 12)

1
Ni(x,y) = :,-;{13 + Bax + 71¥) (19.22)

Then Eqgs. (19.18) and (19.21) take the form

3

3
u(x,y) = .; Niu;, v(x,y) = Y, N,

=1

In matrix notation

{u} = [N{w;} (19.23)
where

{u} = [u(x,y) vlx,)]"

N, 0 N, 0 Ny 0
N]= - 19.2
[N [0 N, 0 N, 0 N, (19:24)

The shape functions for the CST element are illustrated in Fig. 19.3, where N; = 1
at node 1 and N, = 0 at nodes 2 and 3. Shape functions N, and N, behave simi-
larly. Another important characteristic of the shape functions is that

3

> Nix,» =10

i=1
which is a requirement for shape functions so that the element can represent rigid-
body motion.

Flement Stiffness Matrix: The Constant Strain Triangle
With the displacement field for the element expressed in terms of the nodal dis-
placements, the remainder of the formulation involves relatively straightforward
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Figure 19.3  Graphical representation of shape functions for the CST element.

manipulation of the virtual work expressions [Egs. (19.1), (19.6-19.9)]. Consider
first the strain-displacement relations. Substitution of Eq. (19.23) into Eq. (19.13)
gives the relationship between continuous element strains and nodal displacements

{e} = [LIIN1{u;} = [B]{u;} (19.25)

where, by Eqgs. (19.14) and (19.24),

[0 1 i aN?. E l:)‘N3 0 ]
0x i Ox i dx
ONy | ON, | dN,
(8] ay | ay | ay il
1
N, @N, {ON, 0N, !dN; oN,
| oy ox {dy ax | ay  ox |

where [B] is partitioned into nodal submatrices. The matrix [B] is sometimes
called the semidiscretized gradient operator. Since the shape functions for the CST
clement are linear in x and y, [B] contains only constants that depend on the
nodal coordinates.

For simplicity, temporarily assume that no body forces or surface tractions are
applied to the element. However, concentrated loads at node points are permitted.
The virtual work of these loads is [see Eq. (19.8)]

Substitution of Egs. (19.27) and (19.9) into (19.1) leads to

{ou;}"{F} —j {0e}T{a}dV =0 (19.28)

v

Note that {o} = [D]{e}, {e} = [B]{w;}, and {5€}” = {du;}"[B]". Substitution of
these expressions into Eq. (19.28) gives

{ou}{F} — '[ {0u,}T[BI"[D][B1{w;} dV =0
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Since {u;} and {du;} are nodal quantities, they can be removed from the integral.
Thus,

-:5u;}"‘({fz-} = U [B)"[DI[B] dv}{uf}) -0 (19.9)
vV

Since {du;} is arbitrary, Eq. (19.29) yields the result

{F) = [L [B]1'[D][B] dV:l {ui}
or

{F} = [K]{u;} (19.30)
where

[K]= J. [BI'[D][B]dV (19.31)

The element stiffness matrix [ K] relates nodal loads to nodal displacements in a
system of linear algebraic equations; see Eq. (19.30). For the CST element, all terms
in the integral are constants. Hence, for an element of constant thickness ¢ and
area A, the element stiffness matrix is

[K] = A¢[B]"[D][B] (19.32)

The individual terms in [K] are denoted k;, where i, j=1,2,...,6 are the row and
column positions, respectively. Since the element has six nodal DOF, [K] has order
(6 % 6). The explicit form of the CST element siffness matrix for a plane stress con-
dition is given in Table 19.1.

Examination of Eq. (19.30) helps to establish a physical interpretation of the
stiffness coefficients (the individual terms in [K]). Let a unit displacement be
assigned to u, and take all other DOF to be zero. The resulting displacement
vector is

fuy=[1 0 0 0 0 0]

Substitution of this displacement vector into Eq. (19.30) gives the force vector
required to maintain the deformed shape.

{Fi}=[k11 k21 k31 k41 k51 km]T

Hence, an individual stiffness coefficient k;; can be interpreted as the nodal force in
the direction of DOF i that results from a unit displacement in the direction of
DOF j, while all other DOF are set equal to zero. The physical system is illus-
trated in Fig. 19.4.

Equivalent Nodal Load Vector: The Constant

Strain Triangle

Assume that body forces are applied to the CST element (surface tractions will be
considered subsequently). The virtual work 6 Wy of the body forces on the element
during an arbitrary virtual displacement {éu} is given by Eq. (19.7). Substitution
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CST Element Stiffness Mairix, Plane Siress Case (Partitioned into 2 X 2 Nodal Submairices)

column index

i— 1
B 1—v
yis + Y -x3;
1+
%xumfu
L+v
Ya1¥as + 3
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1 —v
VX323 + 5 X2l
1—v
Y12y + S X21X32
1—v
VX1 Va3 + 3 X32Vi2

Xy X3 +

1—w

3 Yiz¥as

3 4
I+v l—v i
Y3 las - 7 ¥p¥: VXV T X2k |
- 1
1
1 —v 1 —v |
VX3z2¥a + 5 Xi3Vaz  XpaXaz + 5 YasVar |
|

, L=, L+v
Ya + 7 X1a %aa‘f&
L+ 2 l—v ,
3 *13¥Va X3+ 3 Y3t
1—v [ —w i
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|
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I
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5
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1—v
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7] (b}

Figure 19.4 Physical interpretation of k. (a) Undeformed element. (b) Deformed element,
forces k;, required to maintain u, = L.

of Eq. (19.23) into Eq. (19.7) gives

dW, = {51;[.}"'.[ [NTH{Fy}dV (19.33)

v

The total external virtual work W is the sum of the virtual work of the body forces
and the virtual work of the concentrated forces so that Eq. (19.29) becomes

{5uI}T({FI} + f [NIT{F,)dV — U [B]'[D][B] dV}{ui}) =0 (19.34)

Comparison of Eq. (19.34) with Eq. (19.29) shows that, with the addition of body
forces, the load vector for the element is now

{P}={F} + J [N]"{Fg}dV (19.35)
,

The vector { P} is the equivalent nodal load vector for the element. That is, the
work of the loads {P,} under the virtual displacement {du;} of the nodes is equi-
valent to the work of the actual concentrated loads and body forces under the vir-
tual displacement {du}.

In Eq. (19.33), the body force {Fy} is expressed as a continuous function of the
spatial coordinates. However, when constructing a finite element model, it is cus-
tomary for the analyst to define element loads in terms of the intensity of the load
at the nodes, rather than in functional form. The nodal force intensity is simply
the magnitude of the body force at the node. Thus, for convenience, assume that
the body force distribution may be expressed in terms of the force intensities at the
nodes according to the relation

{FB} = [N]{fm}



744

19 / THE FINITE ELEMENT METHOD

where {fz} is the vector of nodal force intensities. Substitution of this relation
into Eq. (19.35) gives

(P} = (F) + j INTTINT fur} dV

Since { fy} does not vary over the element, that is, they are nodal quantities that
can be removed from the integral,

{F} 4+ [0 fa:} (19.36)

(7}

where

Q1= L[N]T[N]dV

Thus, for a CST element,

1010 1 0]
01 0101
At|1 0 1 0 1 0
C1=310 1 01 0 1
1 01010
01 01 0 1]

Now suppose that, in addition to concentrated nodal loads and body forces, the
element is subjected to surface tractions along a single edge and that the contin-
uous load function {F;} is expressed in terms of the nodal force intensities { fy;}
by use of the shape functions. Since only one edge is loaded, only two of the nodes
have nodal intensities and only these two nodes have equivalent nodal load com-
ponents. Hence, for these two nodes, the interpolation equation is

{Fs} = [N]{fsa}

where the overbar indicates that only these two element nodes are included in the
equation.

By the same approach as for body forces, the equivalent nodal loads due to sur-
face traction on one edge are

(P} = [01{/s:} (19.37)

where

[0]= f[f\_r]T[N] ds (19.38)

and the integral is evaluated over the loaded edge, where dS = tds, t = thickness
and s is a coordinate along the loaded edge. The equivalent nodal load vector {P;}
in Eq. (19.37) is then added to {F;} from Eq. (19.36), but first it must be expanded
from four to six terms to account for the fact that one node does not participate
in the loading.
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EXAMPLE 19.1
Equivalent Nodal Loads for Linear Surface Traction

A horizontally directed, linearly varying surface traction is applied to edge 1-3
of the CST element with nodal intensities as shown in Fig. E19.1. Determine the
vector of equivalent nodal loads for the element.

fL\' b d

Figure E19.1

SOLUTION

The surface traction function is interpolated from the nodal intensities at nodes 1
and 3 the corresponding shape functions

fx(y) = Jr\rlflx + ’Nrfif?zx (a')

With the coordinates of the nodes, the shape functions are simplified to

Y Y
No=1-3, Na=} (b)

By Eq. (19.38), with ds = dy,
N} 0 NN, O

_ sl 0 NZ0 NN
— d
[0] IL NN, 0 N0 |¥ ©

By Egs. (b) and (c),

o o= o wlo
w| = (=)

[FS ~ ] [==] o T

|

=

(SN o) =] =20 = (=

(=N~ (=]

L
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and by Eq. (a), the vector of nodal intensities {f_‘;l} 18

s} =0fic 0 fox 017 (e)
With Egs. (d) and (e), the equivalent nodal load vector {P;} is obtained from
Eq. (19.37) as
[ (fis
dx o JS3x
rb( 3 + 6)
= 0
if =Y "7 g {f
(P} WA )
6 3
0

Equation (e) is partitioned to identify the equivalent nodal loads associated with
nodes 1 and 3.

If the vector {F;} is expanded to include positions for node 2, it becomes

Jﬂ.x f3x
tb(T + ?)

(P} = o

Assembly of the Structure Stiffness Matrix and
Load Vector
To solve a plane elasticity problem by the finite element method, it is necessary to
combine the individual element stiffness matrices [K]; and load vectors {P}; to
form the structure stiffness matrix [K] and structure load vector {P}, respectively.
To demonstrate the logic associated with the assembly process, two node numbering
systems for the nodes are used. Let numerals in boldface refer to the nodes of the
structural system and numerals in lightface the nodes for a particular element. Like-
wise, lightface [K], {1}, and { P} refer to element quantities, whereas boldface [K],
{u;}, and {P;} refer to structure quantities. A specific two-dimensional discretiza-
tion is shown in Fig. 19.5 to illustrate the node numbering. For this model, there
are 6 structure nodes but a total of 12 separate element nodes. The assembly pro-
cess involves assigning unique identifiers to each of the nodes in the model, using
the structure node numbering, and then combining element stiffness matrices and
load vectors according to the numbering,

For purposes of demonstration, we consider first a mathematically precise, but
computationally inefficient, approach for this assembly. Then, we discuss an ap-
proach that is more appropriate for computer implementation.
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1 2 1 2
1 3 5
MN=6B, NE=4

Figure 19.5 Assembly of CST elements.

For element j, define a matrix [M]; with order (6 x 2NN)*, where NN is the
number of nodes in the structure, to define the mapping from the element DOF
vector {u;};, with order (6 x 1), to the structure DOF vector {u;}, with order
(2NN x 1).

{w}; = [M1;{u} (19.39)
By Fig. 19.5, the mapping for clement 1 takes the form

{“i}1=[“1 Uy Uy Uy Us U3]T

{up=[uy vy uy v, uy vy - vel”
and

[ML =

coco oo o —
coco o — o
—_—oc oo o
—coc oo o
coco oo o
coco oo
coo—oc o
co—~oc oo
cocooco
coococ oo
cooco oo
coco oo o

0

By inspection or by Eq. (19.39), the DOF mapping for element 1 is
[uy vy uy vy uy v3]f = [uy vy ug vy Uy 17

The double-headed arrow indicates the reversibility of the mapping of the quan-
tities on the left to the quantities on the right. Nodal forces and stiffness coefficients
for element 1 follow the same mapping.

Next, the virtual work expressions for the entire structure are written as the sum
of the virtual work for all elements

NE

Zl {OuT{F}; + El {Ou;}T L [N1]{Fs};dS

j:

NE NE
+ Zl{éu,-}}rJ. [N]]{Fg};dV — Zl{éu,-}}"[K]j{ui}j=0 (19.40)
i= v i=

* The matrix [M]; in known as a Boolean connectivity matrix since it contains only ones and zeros.
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where NE is the number of elements in the model. Substitution of Eq. (19.39) into
Eg. (19.40) for each element gives
NE

(ou)" 3 MR, + (ou)” 3097 [ (7R} as

Ji=1

)7 30037 [ NI iFa) v — (owg7| 3 a0 o -
(19.41)

Since {du;} is arbitrary, it is eliminated from Eq. (19.41) to obtain

(K1(w) = P} (19.422)
where
[Kj—[Z[W]J [K]; |:Mr:|:| (19.42b)
and
)= 3Oy + 30 | NI ds + 3O | (TR av
J ’ (19.42¢)

In Egs. (19.41) and (19.42c), matrix [M‘]j, of order (4 x 2NN), accounts for the
mapping to the structure nodes of the two nodes in element j that participate in the
surface tractions. If more than one edge on an element is loaded, then Egs. (19.41)
and (19.42c) are extended accordingly.

The forms of [K] and {P;} in Eq. (19.42) are precise but they are not used in
practice. The matrix products involving [M];, which involve multiplying by 0 or
1, do nothing more than move individual quantities from one position in the ele-
ment stiffness matrix or load vector to another in the structure stiffness matrix or
load vector. Although the above development is not practical, it does demonstrate
that the structure stiffness matrix is assembled by successively adding the stiffness
terms from each element into appropriate locations of the structure matrix; the
same is true for the structure load vector. A more direct approach to assembly is
demonstrated in Example 19.2.

EXAMPLE 19.2
Assembly of the Structure Stiffness Matrix

For the model shown in Fig. 19.5, illustrate the assembly of the stiffness matrix for
element 1 into the structure stiffness matrix.

SOLUTION

Since the structure has six nodes, each of which has two DOF, the structure stiff-
ness matrix is of order (12 x 12). The individual stiffness coefficients are designated
ki;, where now the superscript identifies the element number. With this notation,
the stiffness matrix for element 1 is shown in Fig. E19.2. The mapping of element
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Figure E19.2 Assembly of element 1 stiffness matrix (with 2 x 2 nodal submatrix parti-

tions). (a) Stiffness matrix for element 1. (b) Structure stiffness matrix with
element | assembled.

TABLE E19.2

Element to Structure Node Mapping

Structure Neode Numbers

Element Node No. Element 1 FElement 2 Element 3 Element 4
1 1 1 3 3
2 4 3 6 5
3 2 4 4 6
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node numbers to structure node numbers is determined by inspection of the model
in Fig. 19.5 and is summarized in Table E19.2. The list of structure node numbers
that define the nodes for each element is commonly known as the incidence list. The
incidence list is one of the input requirements for finite element programs. Using
the incidence list, one can obtain the mapping of the element 1 nodal submatrices
into the structure stiffness matrix (Fig. E19.2). Markers have been added to the
nodal submatrices as an aid to visualization of the placement of element stiffness
coeflicients into the structure stiffness matrix.

As described in the previous example, the incidence list is used to drive the
assembly process. Suppose that the node numbers that comprise the incidence list
(e.g., Table E19.2) are placed into a matrix [/NCID] that contains one column for
each element. The i, j term in the matrix is defined as the structure node number
that corresponds to element node number i of element j. Then, by using the inci-
dence matrix [/NCID], each term from the element stiffness matrix [K]; is moved
into the structure stiffness matrix [K] in a prescribed manner. The method is illus-
trated by a Fortran subroutine in Table 19.2. The subroutine moves one nodal sub-
matrix at a time. Note that this code is for illustrative purposes only. Because of
the symmetry and sparsity of the structure stiffness matrix, it is usually stored in
some form other than a square matrix.

Application of Constraints

The model shown in Fig. 19.5 is not fastened to supports. Hence, it represents an
unstable structure, a structure that is not capable of resisting external loads. The
assembled stiffness matrix for an unstable structure is singular; it has a rank
deficiency of 3 due to the three rigid-body modes that the model possesses. Physi-
cally, the structure must be supported to prevent rigid-body motion. In a like fash-
ion, if the structure stiffness matrix is modified to reflect the support conditions
fcommonly known as constraints), it becomes nonsingular. Several methods may
be used to apply constraints to the structure stiffness matrix. Only one, the so-called
equation modification method, will be discussed here.

To demonstrate the equation modification method, consider a model that con-
tains only a single element (Fig. 19.6a). The first step is to switch appropriate rows
and columns of the stiffness such that those DOF that are constrained are grouped
together. The rearranged stiffness matrix, displacement vector, and load vector for
the one-element model are shown in Fig. 19.6b. For simplicity, the rearranged equa-
tions are represented in the symbolic form

Ko i Koy |Jul _ [P 19.43
K Hf_ E— _K_l;‘_ _u u_ - -ﬁu_ ( . ]

where the subscript ¢ represents the constrained DOF and the subscript u the
unconstrained DOF.* The relationship between the submatrices and subvectors in

* The rearrangement of the equations and subsequent partitioning are done for convenience in repre-
senting the method. Computer implementation of this approach does not require that the equations be
rearranged, nor would such rearrangement be computationally efficient.
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TABLE 19.2
FORTRAN Subroutine for Stiffness Assembly

7

-

a

1

SUBROUTINE ASSMBL (KS,KE,NNE,NDOF,INCID,IE,NRS,NRE,NE)}
DIMENSION KS(NRS, NRS), KE(NRE, NR), INCID(NNE, NE)

REAL K8, KE
c
C ASSEMBLE THE STIFFNESS FOR ELEMENT “IE- INTO THE
c STRUCTURE STIFFNESS.
c
C CONTROL VARIAELES:
C
C KS, KE = STRUCTURE & ELEMENT STIFFNESS MATRICES.
c NNE = NUMBER OF NODES IN AN ELEMENT.
C NDOF = NUMBER OF DOF AT EACH NODE.
C INCID = INCIDENCE MATRIX.
C IE = CURRENT ELEMENT NUMBER.
[ NRS, NRE = NUMBER OF ROWS IN STRUCTURE & ELEMENT STIFFNESS
c NE = NUMBER OF ELEMENTS IN THE MODEL.
C
C LOCAL VARIABLES:
C
c INE = CURRENT ELEMENT SUBMATRIX ROW NUMBER.
9 JNE = CURRENT ELEMENT SUBMATRIX COLUMN NUMBER.
c INS = CURRENT STRUCTURE SUBMATRIX ROW NUMBER.
c JNS = CURRENT STRUCTURE SUBMATRIX COLUMN NUMBER.
c IDOF = CURRENT DOF NUMBER IN SUBMATRIX ROW.
c JDOF = CURRENT DOF NUMBER IN SUBMATRIX COLUMN.
c IKE = ROW ENTRY IN THE ELEMENT STIFFNESS.
c JKE = COLUMN ENTRY IN THE ELEMENT STIFFNESS.
c IKS = ROW ENTRY IN THE STRUCTURE STIFFNESS.
c JKS = COLUMN ENTRY IN THE STRUCTURE STIFFNESS.
c
DO 10 INE = 1, NNE
INS = INCID( INE, IE )
DO 10 JNE = 1, NNE
JNS = INCID( JNE, 1IE )
C
c ASSEMBLE THE ELEMENT SUBMATRIX (INE,JNE) INTO
C THE STRUCTURE SUEMATRIX (INS, JNS)
c
DG 10 IDOF = 1, NDOF
IKE = ( INE - 1 } * NDOF + IDOF
IKS = ( INS - 1 ) % NDOF + IDOF
DO 10 JDOF = 1, NDOF
JKE = { JNE - 1 } * NDOF + JDOF
JKS = ( JNS - 1 } * NDOF + JDOF
c
KS( IKS, JKS ) = KS( IKS, JKS ) + KE( IKE, JKE )
c
10 CONTINUE
RETURN

END
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{a) (b}

Figure 19.6 Application of constraints by the equation modification method. (@) One-
clement model with constraints. (b) Rearranged structure equations.

Eq. (19.43) and those in Fig. 19.6b is determined by their respective positions in the
equations.

The unknown quantities are the displacements {u,} of the unconstrained DOF
and the forces {P,} at the constrained DOF. Rewrite Eq. (19.43) as two separate
submatrix/subvector equations.

[Kcr] {uc} + [Ka:u] {uu
(K. l{u) + (K] {u

(P (19.44a)
(P} (19.44b)

}
o)

Since {u,} is known, it is moved to the load side of Eq. (19.44b) to obtain

(KuJ{w.} = {P.} — [K.]{u} (19.45)

Equation (19.45) is the constrained system of equations. If the imposed con-
straints {u } are nonzero, they serve to modify the load vector. If the constraints
are all zero, such as in Fig. 19.6a, then the second term on the right side of
Eq. (19.45) vanishes. In either case, the system of equations is reduced in order by
the number of constrained DOF. If appropriate constraints are applied to render
the structure stable, then [K,,] will be nonsingular.

Solution of the System of Equations

After assembly of the stiffness matrix and load vector and application of con-
straints, the system of linear algebraic equations may be solved. It is common to
represent the solution of Eq. (19.45) in the symbolic form

{u} = KW (P — (Ko D{n})

However, inversion of the stiffness matrix [K,,] is computationally expensive and
can lead to significant numerical error. A more efficient approach, known as
Choleski decomposition, involves triangular factorization of the stiffness matrix.

[K..]=[U]'[U]

where [U] is an upper triangular matrix; that is, each term in the lower triangle of
[U] is zero (u; =0, i > j). Factorization of [K,,] into this form permits direct
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solution for displacements via two load-pass operations. The first of these, known
as the forward load-pass, yields an intermediate solution vector {y}.

(U1 {y} = (P} — [KiI{u.}

The second operation, known as the backward load-pass, produces the final dis-
placement vector {u,}.

[U{u.} = {y}

Upon solution for {u,}, the reactions that result from deformation of the structure
can be found from Eq. (19.44a). The total reactions are obtained by subtracting any
nodal loads that are applied to the constrained DOF. Such loads frequently exist
when element loads, in the form of body forces or surface tractions, are resolved
into equivalent nodal loads.

Details of the equation solving methods and discussions of their advantages
and disadvantages can be found in books that specialize in the finite element method
(see the references at the end of this chapter).

19.3

THE BILINEAR RECTANGLE

The constant strain triangle is the simplest element that can be used for plane elas-
ticity problems. As such, it is an attractive choice for demonstration of the basic
formulation of the finite element method. However, because of its simplicity, the
CST element exhibits relatively poor performance in a coarse mesh (a few large
elements). In order to obtain satisfactory results with the CST element, a very
highly refined mesh (many small elements) is generally needed for all but the most
trivial problems. Alternatively, one may use a different element that is based on
different displacement interpolation functions and that yields better results. The
number of alternatives to the CST element is quite large and no attempt is made
to discuss all of them here. Instead, we examine two alternatives: the bilinear rect-
angle and the linear isoparametric quadrilateral. The development of the bilinear
rectangle follows. The linear isoparametric quadrilateral is presented in Sec. 19.4.

Consider a rectangular element of width 2a, height 2b, and with corner nodes
numbered in a counterclockwise order. The (x, y) coordinate axes for the element
are parallel to the 1-2 and 1-4 edges of the element, respectively, and the origin
of the coordinate system is at the centroid of the element (see Fig. 19.7). As with
the CST element, the displacement components (u, v) at any point P are expressed
in terms of the nodal displacements. Since there are four nodes in the element, each
with two nodal DOF, the displacement functions for u(x, y) and v(x, y) each have
four coefficients. Hence, we choose the bilinear functions*

u(x,y) = a; + a;x + ayy + azxy
v(x,y) = as + agx + a,y + agxy

* These functions are said to be bilinear functions of (x, y) because the dependency on x and y comes
from the product of two linear expressions, one in x and one in y. The corresponding rectangular ele-
ment is said to be bilinear. With the given functions (u, v), the straight edges of the bilinear rectangle
remain straight under deformation (like the CST element). However, the strain components in the
bilinear rectangle element are not constant.
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Figure 19.7 Bilinear rectangle element.

Like the CST element, the bilinear rectangle can properly represent rigid-body
translation, rigid-body rotation, and constant strain. The bilinear displacement
components (a,xy and agxy) result in strain components such that €_,_ is linear in
Vs €, 18 linear in x, and 7,, is linear in both x and y. This higher-order response,
compared to the CST element, results in more efficient and accurate nume-
rical solutions.

Development of the stiffness matrix and load vector proceeds in a manner
similar to that for the CST element. Only the stiffness matrix is developed here;
development of the load vector is left as an exercise for the reader. The shape func-
tions are expressed as products of one-dimensional Lagrange interpolation func-
tions (Kellison, 1975)

Ni(x,y) = %
Ny(x,y) = L“_;P
Ny(x,y) = {“_*;w
o {Ew (19.46)

Since the shape function for node i has zero value along any element edge that does
not include node i, the shape function can be derived directly as the product of the
equations of the lines that define these edges; see Fig. 19.7. The shape functions for
the bilinear rectangle are illustrated in Fig. 19.8 where they form straight lines along
the element edges. However, over the interior of the element, the functions form
curved surfaces, with linearly varying slopes in the x and y directions.

The strain-displacement relations are written in the form of Eq. (19.25), with the
nodal displacement vector

{w}="[u v Uy Uy Uz vz Uy vy]"
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Figure 19.8 Graphical representation of shape functions for the bilinear rectangle
element.

and [B] matrix

[B]=[B, B, B; B,] (19.47)
where for node {
o
Ox
N
(Bl=| 0 (’-;-;i (19.48)
cy
&N, éN,
| dy  Ox |

The element stiffness matrix is found from Eq. (19.31). That equation is repeated
here with the order of each matrix shown as a subscript.

~

[K]BXB = [B]gxz[D]sxs[BjsxadV

o

The stiffness matrix can be written in terms of (2 x 2) nodal submatrices as

"

[Kijlax2 = V[B:'H‘xs[Dan[Bj]sxde

where i and j are element node numbers. The explicit form of the bilinear rectangle
element stiffness matrix for a plane stress condition is given in Table 19.3.



19 / THE FINITE ELEMENT METHOD

756

o Set =TT _
p g e 2
PV PN S VY RN JEN BN RN AN AN SRR A
8| 4l :m+v ( +:m m g —1)e 2 (ag :m m_“: 1) 7 (s +:m __? :+w (ag :m
LT PN S AT _
£ :I@u+ :m 73 um|m (ag :m T it | (e + :m o :N+$ﬁu (ag :m g :i:.
A PV S IR SR N AV AR A NN N A
rariC :+v (ag :m mn; 1) . ( +:m m gla—1t . (ag :m _" gla :m+¢ ;+:m
AT RN e « A g ot e a8 b a0l g
ol (ag :m Gt gt | (s +:m g 4 ! (ag :m = 14 ! ( +:m A_T:NJJ;.'
11 8 L 9 S ¥ £ z 1 —f
XIpul M0l X9pul uwnjoo

(seoLpwIgNg [BPON T X & OMUI PIUOHIME]) 958 SSANG JUB|J ‘XLUR[Y ssaujjug djdurioay Iwaulpg
€61 H'IdVL



19.3 / THE BILINEAR RECTANGLE 797

By itself, the bilinear rectangle element is limited to rectangular domains.
This is potentially a rather severe restriction. However, nonrectangular domains
can be modeled with a combination of bilinear rectangle elements and CST ele-
ments. Since both elements represent linear displacement variation along their
edges, they are compatible; that is, displacements will be continuous across element
boundaries.

EXAMPLE 19.3
Performance of the Bilinear Rectangle and CST Elements

Compare the ability of the bilinear rectangle and CST elements to model in-plane
bending of a thin, square plate.

SOLUTION

A square plate of width a and thickness ¢ is considered. For simplicity, Poisson’s
ratio is taken as zero, v = 0. To impose a state of pure bending, displacements
u = +6 are imposed on the corners of the plate as shown in Fig. E19.3a. From the

—_— [

{a}

(b}

Figure E19.3 (a) Deformed shape (elasticity solution). (b) Deformed shape (finite element
models).
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theory of elasticity, the displacements are

4xyo
= -3 (a)
a

4x? é

R Queniby B
v ( p )2 (b)

Differentiation of Eqgs. (a) and (b) gives the strain components
4yé

€xx = — i €, =0, Yoy =0 ()

The strain energy in the plate is

U Uy dV

Ee2, .
2

|
J

2
= Ets° (d)

Two finite element models of the square plate are considered. The first uses two
CST elements and the second, a single bilinear rectangle. As for the elasticity solu-
tion, nodal displacements of u; = + ¢ are imposed. The models and their deformed
shapes are shown in Fig. E19.3b. The model of two CST elements is considered
first. Strains in the CST elements can be determined first since the displacement
vector is known.

{}=[-0 016 0} -5 0156 0]7 (e)

The [B] matrices for the two CST elements are defined by Eq. (19.26). For the ele-
ment geometries in Fig. E19.3b, these matrices are

1 0 0 j 1 0 i —1 0
[Blesr-i=,| 0 -1 ;0 07 0 I (f)
-t oo rf 1
-1 1 010 0]
[Blesr-2= 2 0 0 ; 0 -1 i 0 1 (2)
0 —11!-1 111 0]
Thus, the strains in the two elements are obtained by Eq. (19.25) as
26 26"
{etest-1 = [—: 0 ?:| (h)
20 257
e = — 0 [ — H
{€}esr-2 |:a a] (1)



[ 075 00 | -05 00 ! 00 —025!-025 025]
00 _ 075] 025 —025!-025 00 i 00 05
Z05  025¢ 075 —0251-025 00 ! 00 00
00 —0251-025 075! 025 —05 1 00 0.0 .
[Klesr= Bt =00 0257 Z025 025 075 00 (05 00 | V
—025 00 i 00 —05, 00  075; 025 —025
025 00 | 00 00 | —05 025! 075 —025
025 —05 1 00 00 | 00 —025!-025 075

1
[Blsr =?

05 01257 —-0.25 —0.125 i —025 —0125¢ 00 0.125 |
0025 05 | 0125 00 i-0125 025 | -0125 —025
T025 0135 05 01251 00 0125 [ 025 0425
(K1 g 20125 00 10425 05 i 0125 -025 | 0125 025
—-0.25 —0.125: 0.0 0.125} 0.5 0.125;—0,25 —0.125
—0125 025 {0125 —025 | 0125 05 | 0125 00
00  —01251-025 0125|025  0125! 05 —0.125
025 —025 ! 0125 —025 | —0.125 00 |—0125 05
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The structure stiffness for an assembly of two CST elements is

from which the product [K Jesp{u;} gives the nodal forces { P} csr as
[Plesy = Et0[—15 05115 —05|—15 0515 —05]7 (K
The strain energy in the structure is
Ugst = ${ui} {Plesr = 3Etd? (1)

Next, consider the model with only a single bilinear rectangle shown in Fig. E19.3b.
The [B] matrix for the element is given by Egs. (19.47) and (19.48) as

a I a | I g
Sl 0 1 o 0 = | — =
2+y 2 ¥ i +y 0 73 s 0
a i a : a : a
0 . i —= =X = | =
2+x: 0 3 JcI 0 2~+~xI 0 3 X
a. a | a . a :a+ a ia a
T x e e | [ — — | [— X — ] —_—X —_—
|72 2"V T2 27 Y13 3T 27
(m)
The strains are obtained by Eq. (19.25) as
4y 4x 67"
{€}ar = ]:_ e 0 - _a'z—] (n)

The stiffness matrix for the bilinear rectangle is obtained from Table (19.3), which,
for this problem, becomes
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from which the product [K]zg{u;} gives the nodal forces {F;} g as
{Plsr=Eto[~05 0105 0!—05 0!05 0]7 (p)
The strain energy in the element is
Upr = 3{t:} " { P} pr = Et 67 (q)

This example clearly demonstrates that the bilinear rectangle is superior to the CST
element. The bilinear rectangle correctly predicts the normal strains €,, and €,,. In
addition, the bilinear rectangle model stores less strain energy than the CST model.
If we use the elasticity solution as the exact solution, Uy = 1.5U,,.,, whereas
Ursy = 4.5U,,,.,. Notice though that both the CST and bilinear rectangle possess
nonzero shear stress where none should exist. This defect, known as parasitic shear,
contributes to excess strain energy in the elements. Although little can be done to
improve the performance of the CST element, a more general formulation of the
bilinear rectangle, known as the linear isoparametric quadrilateral (Sec. 19.4), can
be used to control parasitic shear.

THE LINEAR ISOPARAMETRIC QUADRILATERAL

Suppose that an analyst wishes to model an irregular domain but wants to avoid
the use of CST elements because of their relatively poor performance. Since the
domain is irregular, the bilinear rectangle element would be inappropriate. Instead,
arbitrarily shaped quadrilateral (four-sided) elements are selected to better fit
boundaries. A quadrilateral element may be formulated directly, as was done above
for the CST and bilinear rectangle elements. However, the necessary integrations
are quite complex. This is due, in part, to the difficulty in defining the limits of
integration. Use of isoparametric elements eliminates this difficulty. Isoparametric
elements are formulated in natural coordinates as square elements and then mapped
to physical coordinates via coordinate interpolation functions, similar to displace-
ment interpolation functions. Depending on the type of isoparametric element
used, the configuration of the element in physical coordinates can be nonrectan-
gular and can have curved sides. If the shape functions used for coordinate inter-
polation are identical to those used for displacement interpolation, then the
element is said to be isoparametric. If coordinate interpolation is of higher order
than displacement interpolation (i.e., more nodes are used to represent the varia-
tion in geometry than the variation in displacements), then the element is called
superparametric. If coordinate interpolation is of lower order than displacement
interpolation (fewer nodes are used to represent the variation in geometry than the
variation in displacements), then the element is called subparametric (Zienkiewicz
and Taylor, 1989, p. 160). Because of their versatility and accuracy, isoparametric
elements have become the mainstay of modern finite element programs.
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{a)

Figure 19.9 TIsoparametric coordinate mapping. (¢) Element in natural coordinates.
(b) Element in physical coordinates.

Isoparametric Mapping

Consider the mapping of the four-node quadrilateral element from a natural (&, #)
coordinate system (Fig. 19.94) to a physical (x, y) coordinate system (Fig. 19.9b). In
natural coordinates, the element is a (2 x 2) square and the origin of the coordinate
system is at its center. In physical coordinates, the element is distorted from a rec-
tangular shape. With shape functions in terms of the (£,4) coordinate system, the
coordinates of any point P can be expressed in terms of the (x, y) coordinates of
the nodes.

XEm= Y NEx.  yEn = Y NGy (19.498)
In matrix form, Eq. (19.49a) is
x(&,m)
= ; 4
{y@,q)} [N{x) (19.49b)

where {x,} is the vector of nodal coordinates

{xi}:[xl Yi X2 Y2 X3 V3 X4 J)4:|T

and [N] is the shape function matrix

[N]:N' 0 [N, 0N, 0
L0 N, 0 N,

Ny O
i 19.50
0 N;l Fe8)

The shape functions are the Lagrange interpolation functions [refer to
Eq. (19.46)] in dimensionless (&, %) coordinates.
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Ny = E
Ny = L0
Ny ) = 1+ C'Lfl + 1)
Ny(ésm) =(l_§]4& (19.51)

After the element is mapped from natural to physical coordinates, the £ and # axes
need not remain orthogonal.

The principal reason for using isoparametric elements is to avoid integrating in
physical coordinates. However, the general expression for the stiffness matrix,
Eq. (19.31), is expressed in terms of physical coordinates. Therefore, the differential
lengths dx and dy must be expressed in terms of the natural coordinate differentials
d¢ and dn. In addition, strain is defined in terms of the derivatives of the shape
functions with respect to physical coordinates. These derivatives are the elements
in the [B] matrix, and they must be converted to derivatives with respect to
natural coordinates.

The differentials (dx,dy) are related to the differentials (d¢,dn) by means of
Eq. (19.49a). Thus,

ax ax
dx = —d —d
X 5t §+an n

dy dy
—_— -——d .
dy agdf + o ] (19.52)
where
ox oN; oy 0N,
E‘_Z&“xh 35_2 o¢ Yi
ax 5M 6}: ('i'M
Peiab i e e T il

The coordinate derivatives are combined in matrix form as

ox 0y
[J1= ?é % (19.53)

ox dy

an o

where [J] is the Jacobian of the transformation (Courant, 1950).
Equations (19.52) and (19.53) relate the differentials of the two coordinate

systems as
dx| rJdé
o -l
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In a like manner, derivatives of the shape function for node i are related by

éN; ON;
ax N

= : 19.55
oN; L] oN; { )
ay an

If [J]7! exists, then the area mapping from (£,#) coordinates to (x, y) coordi-
nates is unique and reversible. A physical interpretation of [J] can be obtained by
comparing the area of the element in (x, y) coordinates to that in (£, n) coordinates.
If the determinate |J| > 0, then the area of the element is preserved and the map-
ping is physically meaningful. In precise terms, |J| is the differential area ratio
A,, /A, at any point in the element.

This physical interpretation of [J] leads to a change in the differential volume
for a constant thickness, plane elasticity element from tdxdy to t|J|ddy. The
limits of integration are —1to 1in ¢ and —1 to 1 in #. So, the integral of any func-

tion F(x, y) can be transformed to natural coordinates in the manner

LF(x,y}dxdy=j J F(x(&,n), y(&m)J|dE dn

-1J-1

Element Stiffness Matrix

Equation (19.31) defines the element stiffness matrix for any elasticity element
(using displacement DOF), including the isoparametric linear quadrilateral. A
change in coordinate system from (x, y) to (£, #), with the modified limits of integra-
tion, leads to the stiffness matrix

[K] =rj_ f_ [B1"[DI[B]IJ|d¢ dn (19.56)

where [B] is given by Eq. (19.47) and [B;] by Eq. (19.48). From Eqgs. (19.48) and
(19.55), the individual terms in [ B;], in terms of (£, #), are

[ N, N, ]
J¥ — + T 0
11 agu 12 6?]
. dN; N,
[Bi{&m] = 0 Jh— + 75— (19.57)
lils on
&N, aN; éN; aN;
oy tIh—— Jh— +JIh
s on a¢ can |

where J} is the i, term from [J] '
It is usually more convenient to work with just a single (2 x 2) nodal submatrix
of [K] at one time. Hence, we write

Kyl = fj J [B.17[D1[B1IJ|d¢dn (19.58)

-1

where i and j are node numbers for the element.



764

19 / THE FINITE ELEMENT METHOD

Numerical Integration
Although analytical expressions for the individual terms in Eq. (19.58) can be devel-
oped, they are quite complex and, thus, prone to errors in algebra or computer pro-
gramming,. As an alternative to direct integration, the required integrals are usually
evaluated numerically within the finite element program. The most commonly used
numerical integration method is Gauss quadrature. The Gauss quadrature method
is more efficient than many other methods, such as the Newton—Cotes methods,
since fewer sampling points are required to obtain a given level of accuracy. In
fact, in one dimension, the use of n sampling points in Gauss quadrature results in
exact integration of a polynomial of order (2n — 1). However, the integration of a
function that is not a polynomial is approximate.

Consider a function F(£, n) that is to be integrated over the limits of —1 to 1 in
¢and —1to 1in 5. The integral is evaluated numerically by the form

1 1 m n
I =j J F(¢&mdédn =3 5 wowF(&,n)
1J-1 =

where m and n are the numbers of sampling points in the £ and 5 directions, respec-
tively. Also, &, and #, are the locations of the kth and Ith sampling points and w,
and w, are weights applied to F(¢,n) after it is evaluated at the sampling points.
Usually, m and n are taken as equal, in which case the numerical scheme is
symmetric.

If Gauss quadrature is used to evaluate the nodal submatrix [K;;]in Eq. (19.58),
the integral becomes

[Kij] = Ikil 1—i1 wiew [ Bi (&, m)] T[D] [Bj(fk I (Exsm)l (19.59)

The accuracy achieved with Gauss quadrature is dependent on the proper selec-
tion of sampling point locations and weights. For elements in natural coordinates,
the optimal sampling point locations and weights are given in Fig. 19.10. Only sym-
metric integration and the one-, two-, and three-point rules are considered. Non-
symmetric integration and higher-order integration rules are discussed elsewhere.

The number of integration points used to evaluate Eq. (19.59) influences the
ultimate performance of the element. Full integration is the integration order
needed to exactly integrate the stiffness for an undistorted element. For the linear
quadrilateral, a two-point rule provides full integration. An integration rule less
than that required for full integration is termed reduced integration. Reduced inte-
gration, although not exactly evaluating Eq. (19.59), can often lead to improved
performance of an element, relative to full integration. For instance, reduced inte-
gration of the linear quadrilateral can eliminate the parasitic shear that is a com-
mon defect in the element (see Example 19.3). A more complete discussion of
reduced integration, including justification for its use, can be found in most finite
element textbooks.

High-Order Isoparametric Elements

The concept of isoparametric mapping has been applied to a broad list of element
geometries. Within the scope of plane elasticity problems, elements with more than
four nodes permit greater flexibility in element shape (including curved edges) and
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Figure 19.10 Optimal sampling point locations and weights for Gauss quadrature.
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{a) (b)

s Lg s s . tg s

fc) fd)

Figure 19.11 Higher-order isoparametric clements. (a) Quadratic serendipity element.
{b) Quadratic Lagrange element. (¢) Cubic serendipity element. (d) Cubic
Lagrange element.

are capable of representing greater variation in displacements. Perhaps the most
popular of all isoparametric elements is the eight-node quadrilateral. This element
has four corner nodes, like the linear quadrilateral, but it also has four midside
nodes, one midway along the length of each edge, (Fig. 19.11a.). With three nodes
along each edge, the element can have curved (parabolic) sides. Another popular
high-order isoparametric element is the nine-node quadrilateral (Fig. 19.11b.) This
element has four corner nodes, four midside nodes, and one interior node. Both the
eight- and nine-node elements represent complete quadratic displacement fields.
The generalization of these elements to cubic interpolation is straightforward, see
Figs. 19.11¢ and d.

The eight-node quadrilateral and other high-order elements that contain only
boundary nodes are known as serendipity elements. The term serendipity is used
because shape functions for this family of elements were initially developed by
inspection. The nine-node quadrilateral and other high-order elements that contain
a regular pattern of nodes are known as Lagrangian elements since their shape
functions are based on the Lagrange interpolation functions.

19.5

THE PLANE FRAME ELEMENT

Analysis of framed structures by the stiffness method (also known as matrix analysis)
was fairly well established at the time of the development of the finite element
method. The stiffness method for frame analysis can be developed entirely from
basic mechanics of material principles, without the need to consider virtual work
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formulations and interpolation polynomials. As a result, many engineers view the
two methods as distinct. However, it is clear that the stiffness method for frames is
simply a special case of the finite element method. Hence, in this section, we develop
a finite element that represents a plane frame member, using the same approach
that was used for plane elasticity problems.

Element Stiffness Matrix

The classical plane frame element has two nodes, it is straight and prismatic, and it
has three DOF and three corresponding end actions at each node (see Fig. 19.12a).
The element has constant cross-sectional area A, moment of inertia I, and modulus
of elasticity E. We assume that the axial response of the member is independent of
the bending response. Consequently, the frame element stiffness is formulated as a
superposition of the stiffness for an axial rod and that for a beam (Fig. 19.12b). In
the following, a local (%, 7) coordinate system is established for the element. The
local X axis is aligned with the longitudinal axis of the member, and the y axis lies
in the plane of the element cross section. The stiffness matrix for the frame element
is derived in terms of this local coordinate system. When the element is oriented at
some angle ¢ with respect to the global (x,y) coordinates for the structure, the
nodal DOF of the element must be related to the global coordinate system. Thus,
a coordinate rotation from local to global coordinates is required for the displace-
ments, loads, and stiffness. This rotation is discussed following Eq. (19.75).

.

&,
fa)
J'}1 . _1 2- E2 I
:r L >
¥
1 +

(b}

Figure 19.12 Plane frame element. (a) Element with combined axial and bending DOF.
(b) Axial and bending DOF treated separately.
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Consider first the case of the axial rod. There are two nodal DOF associated
with axial response, so the displacement is taken as a linear function

u(x) = ag + a,x

The coefficients a, and a, are evaluated based on the boundary conditions #(0) =
i, and @(L) = i,, where L is the element length. The displacement function, in
terms of the nodal displacements, becomes

U (x) = [N1{u;}
where [N]=[1 — X/L X/L]and {#} = (&, u,]".

The only nonzero strain component is €., which is written in terms of the
nodal displacements as

E.rx = [-84] {ﬁa}

in which the subscript A indicates axial response and

oN, N, | [ 1 1
W{ag E]-[‘E z]

The axial stress is written as o,, = Fe,, and the variation of internal energy is

SU = .[ de 0. dV (19.60)
¥

Assume that only concentrated nodal loads are applied. Substitution for ., and
de,, in Eq. (19.60), and then substitution of Eq. (19.60) into Eq. (19.1), yield

(ny"iE) — (o) 4 | (BEIB 6% (@) =0
Since {du;} is arbitrary,
{F} = [A J “[BTELB] df] (i)

which leads to the stiffness matrix for the axial rod

L
(K = Aj' [B,]"E[B,] dx
0
For constant E, the integrals are easily evaluated to obtain [K,] in terms of
A, E,and L.
AE | ap
. L i L
ot Y] [t d__
[K,] AE 1 AE (19.61)
L L
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Next consider the bending effect of the frame element. There are four nodal
DOF associated with bending (a lateral translation and a rotation at each node),
so the displacement is written as a cubic polynomial with four coefficients.

B(x) = @y + a,X + a,x% + a,x°
The coefficients a, through a; are evaluated based on the boundary conditions
2(0) = 7, 8(0) = 8,, B(L) = T,, and #(L) = 8, in which 8 = dv/dx. In terms of the
of the nodal displacements, the displacement function is

5(x%) = [N1{5} (19.62)
where {7} = [0, 6, 7, 0,]", and the shape function matrix [N] is

[N]=[N, N, N5 N,] (19.63a)

for which the individual shape functions are

X2 x?
Ny=1-373+255
_o X2 x
Nz=x—2—£-—+F
iz EE
X2 X
Ny = - + Iz (19.63b)

These shape functions are illustrated in Fig. 19.13.
The strain energy in a beam subjected to bending is given by Eq. (5.19); that is,

LMZ 3
U= L 557 0% (5.19)

If the curvature ¢ is taken as a generalized strain quantity, the strain-nodal dis-
placement relation is

5"(xX) = [Bp]{v:} (19.64a)

where the subscript B represents bending response and

(19.64b)

(B,] = d®N, d*N, d°N; d*N,
= dx?  dx* dx? dx?

Substitution of M = EI7" into Eq. (5.19) gives

L pripeny2
U =.[ EIGT)” s (19.65)
. 2
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Figure 19.13 Beam element shape functions,

from which the first variation of the strain energy is
L

8U = j (60)'ElIv" dx
]

In terms of nodal DOF, from Eq. (19.64a), 6U is

L
oU = [ (65,7 [By1"EI[B,1{7,} dx (19.66)

4]
In the manner followed with other elements, only nodal loads are assumed,
Eq. (19.66) is substituted into Eq. (19.1), {dv,} is eliminated, and the bending stiff-
ness matrix is found to be
L
[Kp] = j (Bs] EI [Bsldx

1]

Since EI is constant, integration yields the bending stiffness matrix in terms of E,
I,and L as

[ 12E1 6EI | —12EI  6EI

7 7 R 7 B 2

6EI  4EI | —6EI  2EI

_ L2 L 1 L? L
2 RO e N S RO O 19.67
WRel =135 —6EI| 12EI ~ —6EI (1967)

L3 L2 i L3 L?

6EI  2EI | —6EI  4EI

| L2 L 1 L? L |
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The stiffness matrix for the plane frame element [see Eq. (19.68)] is a combina-
tion of the axial stiffness matrix, Eq. (19.61), and the bending stiffness matrix,
Eq. (19.67). Note that the ordering of the DOF in the element first lists all three
DOF at node 1 and then the three DOF at node 2.

AE | —AE
= 0 | —— 0
L i L i
12EI  6EI | —12EI  6EI
L Lr 2 LF
6EI  4EI | —6EI  2EI
N
[K] =|---pz--—m-mmmm =t TR (19.68)
e o | A 0
L i L
—12EI —6EI | 12EI  —6EI
= ' T
o  SE 2EI ! o SEL 4EI
i L? L ! L? L |
The displacement vector {#;} for the element is
@y=0m v 6 @ 75 6] (19.69)
and the element end action (load) vector {P} is
{P}=[P,, P, M, P, P, M,]" (19.70)

Finally, the relationship between nodal loads and nodal displacements for an
element in local coordinates is given by the familiar form

[K1{#@} = {P} (19.71)

Equivalent Nodal Load Vector
As for most other elements, actual loads that are applied over the element must be
converted to equivalent nodal loads. We consider only element loads that affect
beam behavior. Two cases are considered: a distributed load over a portion of the
element and a transverse concentrated force. Equivalent nodal loads for axial be-
havior are derived in a like fashion.

For a distributed load along the beam, not necessarily over the full length, the
variation of work éW}, of the load is

Ly

oW, :J ovq(x)dx (19.72)
La

where g(X) is the load function that exists over the domain L, < X < L, (see

Fig. 19.144) and the subscript D denotes a distributed load. Equation (19.62) is
substituted into Eq. (19.72), and the equivalent nodal load vector is obtained as

{Pp;} = JLh [N1"q(x)dx (19.73)

La
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Figure 19.14 Element loads for beam element. (a) Distributed load. (b) Concentrated

load.

For a concentrated load P.located at ¥ = L_along the beam (see Fig. 19.14b) the

variation of work éW. of the load 1s

W, = 55[_?:;,33(:

(19.74)

The variation of displacement 67 at X = L, is written in terms of the variation of
nodal displacements by Eq. (19.62) with the shape functions evaluated at X = L_.

The equivalent nodal load vector is

{ﬁ"} = [N]E:r,,_.ﬁc

Ci

(19.75)

By Egs. (19.73) and (19.75), equivalent nodal load vectors for several load patterns
on a beam element were determined and are shown in Fig. 19.15.

Coordinate Rotations

Consider an element in a structure oriented at an angle ¢ with respect to the global
x axis (Fig. 19.16). To assemble the stiffness matrix and load vector for this element
with those of other elements, all nodal DOF must be defined in terms of the global
coordinate system. For node i, the displacements in the two coordinate systems

are related by

u; u;
v =[]y w
0 0
where
cos¢ sing O
[A]=]| —sin¢ cos¢p O
0 0 1

(19.76)

For a plane frame element, with two nodes, the displacements are related by

(U} = [T1{u;}

where the rotation (transformation) matrix [T'] is

rr1=[349]

(19.77)
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Figure 19.15 Equivalent nodal loads for beam element. (@) Uniformly distributed load.
(b) Linearly distributed load. (c) Concentrated load.

Figure 19.16 Frame element in global coordinates.
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In like manner, element end actions (loads) are rotated by
{R} =[T1{P} (19.78)
Substitution of Egs. (19.77) and (19.78) into Eq. (19.71) yields
[KI[TH{u} = [T1{P} (19.79)

Premultipling both sides of Eq. (19.79) by [T]~! and observing that [T] '=[T7]",
since [T] is an orthogonal matrix, we obtain

[TIKILT{u} = {P}

Thus, since {u;} and {P,} are in global coordinates, the stiffness matrix for the plane
frame element, in global coordinates, is

[K]=[T]'[RI[T] (19.80)

The final form of [K] is given in Table 19.4. The load vector for the element, in
global coordinates, is obtained from Eq. (19.78) as

{P}=[T]"{P} (19.81)

19.6

CLOSING REMARKS

Requirements for Accuracy

The accuracy of a finite element solution strongly depends on two conditions. First,
it is important that the equations of equilibrium be satisfied throughout the model.
Second, it is also important that compatibility (continuity of displacements) be
maintained. In certain circumstances, these conditions are violated, as noted below,

Equilibrium at the structure nodes is satisfied since the basic system of equa-
tions, Eq. (19.45), is fundamentally a system of nodal equilibrium equations. Thus,
within the accuracy of the equation-solving process (numerical error), the struc-
ture nodes are in equilibrium.

For elements with only displacement DOF, equilibrium along element edges
is generally not satisfied. This is because although displacements might be contin-
uous across element boundaries, their derivatives are not, and thus, stresses are not
continuous. For instance, consider two constant strain triangle elements, such as
those shown in Fig. 19.17. Nodes 1, 2, and 3 are fully constrained, whereas node 4
has an imposed displacement in the x direction. Hence, element | is unstressed,
whereas element 2 has nonzero o,,. Because of the stress discontinuity, a differ-
ential element located at the boundary between the two elements does not satisfy
equilibrium in the x direction.

Equilibrium within an element is not satisfied, unless body forces are of rela-
tively low order or are entirely absent. For a constant strain triangle, the stress
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Figure 19.17 Equilibrium along element edges.

state is constant throughout the element. Thus, equilibrium of a differential ele-
ment is satisfied only when body forces are absent [see Eq. (2.45)]. Similarly, for
elements that can represent linear stress variation, body forces must be, at most,
constant in magnitude for equilibrium.

Compatibility at the nodes is assured because of the assembly process. That is,
the displacements of adjacent elements are the same at their common nodes. How-
ever, to assure that compatibility is maintained along the common edge between
two adjacent elements, the displacements along that edge, viewed from either ele-
ment, must be expressed entirely in terms of the displacement of nodes on that
edge. Elements that maintain compatibility along common edges are known as
conforming elements. Generally, this condition is satisfied for elements that possess
only translational DOF. However, certain plate-bending and shell elements, for
instance, are nonconforming.

Compatibility within an element is assured so long as the displacement inter-
polation polynomials are continuous.

Requirements for Convergence

As discussed at the beginning of this chapter, a major source of error in a finite
element solution is the use of approximation functions to describe element
response (formulation error). To reduce formulation error, we successively refine
our finite element models with the expectation that the numerical solution will
converge to the exact solution. Under certain conditions, convergence can be
guaranteed. These conditions are the following:

1. The elements must be complete. That is, the shape function must be a com-
plete polynomial. For instance, a complete quadratic contains all possible
quadratic terms and omits no linear or constant terms. Inclusion of a few
cubic terms, such as for the quadratic serendipity and Lagrange elements,
does not destroy completeness of the quadratic polynomial.

2. The elements must be compatible. Hence, continuity of displacements must
be assured throughout the entire structural model.
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3. The elements must be capable of representing rigid-body motion and constant
strain. For two- and three-dimensional elasticity problems, these are assured
if the displacement field contains at least a complete linear polynomial. For
shell elements, constant strain implies constant curvature and constant twist
[see Eq. (13.30)]. Some shell elements cannot represent rigid-body motion.

Generally, a finite element model is too stiff. That is, displacements converge
from below. A gualitative explanation is as follows. The elements are constrained,
by the shape functions, to deform in a specific (unnatural) manner. This constraint
adds stiffness, relative to the physical system, that results in smaller displacements
when the external influences on the system are loads. If all external loads are zero
and the only external influences on the system are imposed (nonzero) displace-
ments, additional energy is required to force the model into the imposed deformed
shape.

For isoparametric elements, reduced integration can be used effectively to
soften the element such that its response improves relative to full integration.
Problem 19.1 demonstrates how the use of approximation functions to represent
displacements results in a model that is stiff relative to the actual system.

Modeling Recommendations

As an aid to the application of the finite-element method to analysis of practical
problems in elasticity, the following recommendations are offered. The list is not
exhaustive and the recommendations themselves are not rigid rules that cannot
be violated.

1. Avoid abrupt transitions in element size and geometry. Limit the change in
element stiffness (approximated by E/V,, where V, is the volume of the element)
from one element to the next to roughly a factor of 3.

2. Avoid unnecessary element irregularity. Keep aspect ratios (the length ratio of
the longest side to the shortest side) less than 10:1. Interior angles of quadri-
laterals should be as regular as possible. They should not exceed 150° and they
should not be less than 30°. Midside nodes on quadratic elements should be
within the middle third of the edge.

3. Maintain compatibility between elements. For instance, it is not appropriate
to attach one quadratic quadrilateral to two linear quadrilaterals simply
because they have three nodes in common. Such an assembly would not main-
tain compatibility because of the difference in displacement interpolation on
the two sides of the boundary; see Fig. 19.18.

Gap between
elements

fa) {h)

Figure 19.18 Assembly of incompatible elements. (@) Undistorted assembly. (b} Loss of
compatibility under distortion.
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4. Use a fine mesh in regions of high stress gradient (stress concentration); use a
coarse mesh where gradients are low.

5. When Choleski decomposition, or any other band solver, is used, minimize the
bandwidth of the assembled structure stiffness matrix by proper node number-
ing. The nonzero entries in the structure stiffness matrix are clustered about the
diagonal in a band. The bandwidth is the number of terms across a row (or
down a column) of the band. The half-bandwidth is the number of terms from
the diagonal out to the edge of the band. The nodal half-bandwidth is com-
puted as (n,,, — "y, + 1), where n,, and n,,;, are the largest and smallest
structure node numbers in the incidence list for an element. Hence, to minimize
bandwidth, keep the range of node numbers that define the incidences for a
single element as small as possible. Examples of poor and good node number-
ing schemes are illustrated in Fig. 19.19.

6. Exploit symmetry in the geometry and loads of the physical system to build
the smallest reasonable model.

The finite element method and its use in engineering practice are evolving con-
tinuously. For instance, not long ago, material and/or geometric nonlinear anal-
yses were rarely attempted. Today, such analyses are not limited to research but
are performed by practicing engineers as well. The popularity of the finite element
method is due primarily to the greater availability, and affordability, of user-
friendly software that integrates sophisticated analysis capabilities with solid
modeling and computer-aided design (CAD). Unfortunately, user training and
experience are not always equal to the capabilities of the software. Hence, the
danger exists that these powerful analytical tools will be used as black boxes, with-
out proper understanding of the physical system or algorithms used in the analysis.
There is no substitute for common sense and sound judgment, and one should
remain skeptical of computer-generated results until they can be verified by some
other means.

An effective means for an engineer to gain experience in performing finite ele-
ment analysis and develop confidence in a finite element program is to solve a series
of relatively simple benchmark problems. Such problems are specially designed to

13 14 15 16 17 18

7 8 9 10 11 12

1 2 3 4 5 6
fa)

3 6 9 12 15 18

2 5 8 1 14 17

1 4 7 10 13 16

{b)

Figure 19.19 Node numbering to minimize bandwidth. (a) Poor numbering scheme, half-
bandwidth = 8. (b) Good numbering scheme, half-bandwidth = 5.
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test the accuracy of the individual elements in the program. However, they can
also be used as a training device for novice users. A reasonable set of benchmark
problems has been proposed by MacNeal and Harder (1984, 1985). Additional
problems can be found in (AIAA, 1985).

PROBLEMS
Section 19.2

19.1.

19.2.

A transverse load P is applied to the end of a cantilever beam (Fig. P19.1).
The beam has length L, moment of inertia /, and modulus of elasticity E.
The displaced shape of the beam is assumed to be of the following forms:

ii.

iii.

¥

P

et N

ELL
Figure P19.1

6(x) = ag + a; x + a,x?

X
v(x) = b(l — cosj)

p(X) = ¢o + €1 X + ¢3x7 + ¢3x°

Consider only strain energy due to bending as given by Eq. (19.65) and the
potential of the load [Q = — Pv(L)] with respect to the undeformed beam.

(a)
(b)

(©)

(d)

(e)

To the extent possible, simplify each of the assumed displaced shapes
to account for the boundary conditions.

Calculate the elastic strain energy U and potential Q of the external
load P for each of the assumed displaced shapes.

Solve for the parameters (a,,...,c3) using the principle of stationary
potential energy, where for equilibrium 61T = 06U + 6Q = 0. Hint: The
virtual displacement év is first written in terms of a variation in the
parameters (day,...,d¢c;). Then simultaneous equations are written
from 811 = (¢11/éay)dag + --- = 0.

Compute values of [T and v(L) for each of the assumed displaced
shapes. Compare the values of v(L) to each other and to the elastic-
ity solution of v(L) = (PL3/3EL

Discuss the results.

For the constant strain triangle element shown in Fig. P19.2

(a)
(b)
(©

Write the shape function for each node.
Evaluate each shape function at point P,

Show, numerically for each shape function, that the value of the shape
function for node i is equal to the ratio Apy/A;;, where Apy is the
area of triangle Pjk and A; the area of the element.
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19.3.

19.4.

Section 19.4

19.5.

19.6.

19.7.

#.3(0,2)

L ]
P(0.5, 1)

10.0) 2(2,0)

Figure P19.2

For the mesh shown in Fig. 19.5, construct the boolean connectivity matrix
[M] for elements 2, 3, and 4. Refer to Example 19.2.

For the mesh shown in Fig. 19.5, assemble the complete stiffness matrix for
the structure. Use the notation k{; to represent each stiffness coefficient,
where the superscript identifies the element number. Refer to Example 19.2.

A four-node isoparametric element has nodes at the following (x, y) coor-

dinates: 1(0,0), 2(1,0), 3(2,2), 4(0,1).

(a) Sketch to scale the element and the lines for which ¢ = +4, ¢ = +4,
n=+%+andy=+35.

(b) Write the coordinate interpolation functions
4 4
x(&,n) = .Zlf\’.-(c',n}xf and  y(&n) = ) Ni(& )y
i= i=1

(¢) Compute the terms in the Jacobian matrix [J] given by Eq. (19.53).
(d) Evaluate the determinate |J| at ¢ = 0, y = 0. Compare this value to

the ratio of the area of the element in (x, y) coordinates to that in
(¢, #) coordinates.

For the linear isoparametric element shown in Fig. P19.6, compute [ B, ]
at the point £ = 0,7 = 0.

Using the one-, two-, and three-point Gauss quadrature rules, numerically
evaluate the following integrals. Compare the numerical results to the exact
solutions.

1
(a) I=.[ (6x3 — 4x> + 3x — 2)dx

=1

1
(b) I:j cosh &d¢

-1
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p 3(1,2)
r
4{(0,1)
p
1(0,0) 2(1,0)
Figure P19.6

19.8.  Using the one-, two-, and three-point symmetric Gauss quadrature rules,
numerically evaluate the following integrals. Compare the numerical

results to the exact solutions.

(a) I=I1 J‘1 cosécosndédn

-1.J-1

1 1
(b) I=J‘ J‘ sin? ¢ cos yy d dn
1

-1 J-

Section 19.5

19.9. Derive the equivalent nodal load vector for an axial rod element subjected
to a concentrated axial force P, acting at L, from node 1, see Fig. P19.9.

Figure P19.9

19.10. Derive the equivalent nodal load vector for an axial rod subjected to a
uniformly distributed axial force of magnitude g, acting over the domain
L, <X < L,, see Fig. P19.10

|

Figure P19.10

19.11. Derive the equivalent nodal load vector for a beam element subjected
to a concentrated bending moment Mc acting at L. from node 1; see
Fig. P19.11.
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Figure P19.11

19.12, Derive the stiffness matrix in local coordinates for a beam on elastic foun- -
dation element. Use the shape functions described in Eq. (19.63b) and a
Winkler model for the foundation. With the addition of the elastic foun-
dation, the virtual work of the internal forces U in the element is the

virtual work due to beam bending plus the virtual work due to founda-
tion deformation. That is,

L L
8U = .[ (60)"EIT" dx + f 5okD dX

0 0

where k is the foundation modulus [Eq. (10.3)].
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