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Nonlinear FEM

Dynamic Stability Analysis

Required when system is nonconservative, either internally
or externally.

General procedure:

At equilibrium configuration, set up
equations of motion (EOM)

Apply a kinematically admissible perturbation (e.g. an
initial displacement or velocity) asinitial condition (1 C)

Solve for dynamic responsein real time

Check whether response stays bounded or unbounded
(e.g. growswithout limit)
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Nonlinear FEM

Practical Difficulties With General Procedure

Requires mass and damping information to set up EOM

At each nonlinear equilibrium configuration we need to
exploreall admissible | C - time consuming

Nonlinear dynamic response computations are expensive.
For complex modelsthey require supercomputers
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Nonlinear FEM

In Summary

A full systematic analysisisrarely justified,
unlessthere are special circumstances, for example
post-accident investigation for important litigation.
(In those casestheinitial configuration & 1C areknown a priori)

One example: the post-mortem simulation of the World
Towerscollapse on 9/11/01. Litigation of ownerswith the
insurance companies still proceeding. Full scale FEM
simulationsremain under wraps.
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Nonlinear FEM

Simplifications

Linearize EOM: constant matrices and zero exter nal force
I gnore damping (keep only mass matrix)

Separ ate spacetime variables, assuming exponential
responsein timeto arbitrary I1C

Analysis of roots of the steady-state response leadsto a
frequency eigenproblem, thus getting rid of |C and time

Study the eigenr oots location (on the complex plane) asthe
control parameter isvaried.
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Nonlinear FEM

|nformation For Linearized Dynamic
Stability Analysis

Wewould liketo investigate the dynamic stability of a static
equilibrium configuration C obtained in aresponse analysis:

A static
0 equilibrium
path

dynamically
stable?

—— R(J > U

using linearization. What do we need? Just two
matrices. K & M -onemorethan for static stability
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| nformation Needed For Linearized
Dynamic Stability Analysis

Note that 7\C isfrozen! A

“ | e

dynamically
stable?

u

K : tangent stiffness matrix evaluated at C
Important: must include all components:

material + geometric + load (conservative)
+ load (nonconser vative)

M: mass matrix evaluated at C

Nonlinear FEM
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Nonlinear FEM

Clarifying Questions

Should M be the actual mass matrix, or would a fictitious
one do?
Depends on type of instability: need actual M for flutter
For divergenceafictitious M might be OK
To besafe, usethereal thing

Whereisdamping?
It isusually safeto leaveit out
That smplifiesthings, especially the eigenproblem

How about time-dependent for ces?
Set themto zero
Only IC are applied as perturbation, and those will
disappear on setting up the frequency eigenproblem
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Nonlinear FEM

Notation Used for Perturbed
Equations of Motion (EOM)

T will denotereal time (recall that t isreserved for pseudotime)
Perturbations are conventionally appliedat t=0

d statevector perturbation d = u(t) —u(0), in which u(0)
isthe state at the configuration being investigated
These will be considered infinitesimal

A will denotethe frozen value of the control parameter
at the configuration being investigated

() super posed dot denotes derivativewrt real timet ; for example
d isthereal-timeacceeration of the state perturbation
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Nonlinear FEM
Linearized Equationsof Motion (EOM)
Dynamic EOM:
Md+Kd=0
wher e the explicit dependence of d(t) on tisusually omitted

Since the perturbed displacements d(t) are assumed infinitesimal
both M and K are kept constant

Perturbationsat 1=0 areapplied viainitial conditions (I C):

d0)=d,  d(0)=vo
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Nonlinear FEM

Modal Decomposition and the Complex
Frequency (a.k.a. Characteristic) Eigenproblem

For constant M and K the solution of the dynamic EOM can be
conveniently expressed in terms of the modal decomposition
associated with the complex frequency elgenproblem

(p; M +K) z, =0 (*)

in which p; areeigenvalues called the complex frequencies, while
z, arethecorresponding eigenvectors

Math terminology: in applied math, (*) iscalled the
of M d+K d=0. Itseigenvaluesarethe
The determinant of the matrix in parenthesis, equated to
zero, iscalled the
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Nonlinear FEM
Complex Frequency Eigenproblem Properties

Because K isreal but generally unsymmetric (otherwise there would

no reason to do the dynamic stability analysis) the eigenvalues piz

can be complex numbers. Furthermore, theentriesof the eigenvectors
z; can be also complex.

But sinceK and M arereal and M issymmetric P.D., the following
properties hold:

» Eigenvaluescomein . That is,
if p= a; +jwj isaneigenvalue, sois P = O —j w;
wherej =,/—1 istheimaginary unit

« Eigenvectors corresponding to complex conjugate eigenvalues
are also conjugate. That is, if the eigenvector corresponding
top isz;, that correspondingtop; is Z; (of course, this
assumes uniform eigenvector nor malization)

NFEM Ch 37 — Slide 12




Nonlinear FEM

Connection to the Vibration Eigenproblem

The complex frequency eigenproblem of the previous slide may be
viewed as a gener alization of the better known vibration eigenproblem

(6% M +K) ¢= 0

in which M and K aresymmetric, M isP.D. and K isN.N.D.
Under such conditionsthe squared vibration frequenciesooi2 are
real and nonnegative, and the vibration eigenmodes @ arereal.
If the two elgenproblems overlap, they arelinked by

pi2 = —wf 0= Z;

Thatis, pj==+] w;,wherej = /—1 denotestheimaginary unit.
For example, if of=4, p = + 2]
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Nonlinear FEM

General Solution

The general solution of M d + K d = 0in terms of the eigenmodes
isasum of exponentials:

d(r):Z di(t) =) _Ciz e

wherethe sum extendsto i =1,...2N, N beingthe number of
degr ees of freedom (DOF).

The coefficients G may be found by projecting thel C on the
eigenvectors zj if soderired. But we shall seethat the key infor mation
asregards dynamic stability is provided by the eigenvaluesp; .

In that respect, those coefficientsareirrelevant.

Notice that several quantities under thesum: C;, z , p; , can be complex.
But d(t) isof coursereal. How come? The complex conjugacy
property savesthe day.
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Nonlinear FEM

Stability By Looking At Modes

Since the dynamic response d(t) isthe sum of modal responses
d; (1), to assess stability it is sufficient to look at each modein turn
and thusarriveto one of these conclusions:

If each modal responseisstable (= bounded in time) sois
their sum and the system isdynamically stable

. If at least one modal responseisunstable (= unbounded in
time) so isthe sum, and the system isdynamically unstable

A third possibility istransition from stable to unstable. The system
isthen at a critical state known as neutral dynamic stability
(unlike static stability, this does not necessarily happensat a
critical point, asdefined in Chapter 5)

Wethereforereduce the stability problem to the examination of
individual modal responses. These are completely deter mined
by the associated eigenvalues, as studied next.
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Nonlinear FEM

Case 1: p? Negative Real

| f piz iIsnegativereal, itstwo squarerootsare purely imaginary.
The corresponding modal contribution from that root pair, using
Euler'sformula, comesout to be a sine-cosine combination,

which isreal, oscillatory and bounded:

Ad-

. -
N4

— 21w

This case overlaps with avibration frequency wy sothat p{= - @
This modal component isstable
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Nonlinear FEM

Case 2: p? Positive Real

| f piz Ispositivereal, say Giz, itstwo squarerootsarereal, one
positive and one negative. Thereal root +a; produces an exponentially
growing contribution that eventually overwhelmsthe other one:

This modal component will produce diver gence instability
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Nonlinear FEM

Case 3: p? Complex

I f pi2 Iscomplex, itscomplex conjugate ﬁiz iIsalso an eigenvalue. The
squareroots of this pair collectively yield four eigenvalues of the form
+ aij £] w;, inwhich a; and wy are positive. Two roots out of the four
will have positive real componentsresponsible for growing oscillations:

This modal component will produce flutter instability

NFEM Ch 37 — Slide 18



Graphical Representation on

the Complex p? or p Planes
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Root Trajectory Representation of
Divergence Instability on Complex Plane
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Nonlinear FEM
Root Trajectory Representation of
Flutter Instability On Complex Plane
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Amplitude-Plot Representation
of Divergence Instability

| P1l = |w1]

Divergence

Assume oot #1 passes
through planeorigin
producing divergence

Nonlinear FEM
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Amplitude-Plot Representation
of Flutter Instability
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