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Nonlinear FEM

Nonconservative L oading

New class of problems:

External loads (or part of them) do not have a potential

Consequences.
Equilibrium equations must be set up at theresidual level
Stiffness matrix acquires an unsymmetric component

Stability analysis must use a dynamic criterion
even if loadsare static
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Nonlinear FEM

New | nstability Phenomena of Dynamic Type

Diver gence: exponentially growing monotone motion
Flutter: exponentially growing oscillation

These will be analyzed in Chapters 37-38.

Chapter 34 explain on how to incor por ate

nonconser vative for ces into the gover ning equations
Chapter 35 focuses on aer o- and hydrodynamic loads
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Nonlinear FEM

The External Work Potential

Conservative applied forces may be derived from an
external work potential W by differentiating it with respect
to state variables:

W
- O
ou

Nonconservative for ces are not expressablein thisway.
They have to be wor ked out directly at theforceresidual level.
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Nonlinear FEM

Sour ces

Liquid or gasin motion:
Aerodynamic forces (aerospace, civil)
Hydrodynamic for ces (mechanical, marine, chemical, petroleum)

Rocket & jet propulsion forces (aer ospace)
Frictional forces (aer ospace, mechanical, civil)
Gyroscopic and rotating for ces (aer ospace, mechanical, electrical)

Active control systems (aer ospace, electrical, mechanical)

Some bioengineering systems: e.g. human lumber spine
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Potential Force Example' Gravity

/2 , 1xun2)
Y, ,Z
gisdirectéd dlong -Z 1°(X1 h22)

X,X Y,y

= (Xz ¥22)

Nonlinear FEM

Length L, x-sec A, mass density p

2o(st %.2)
Xo

Length Lo, X-sec A,, mass density p

Consider a 2-node, TL bar element movingin 3D space. Thebar is
immersed in agravity field of constant strength g acting along the global
—Z axis, asshown in the Figure. Thebar haslength L, cross section area
Apand mass density p in thereference configuration. Thelocal (element)

coordinate systems are labeled

>'<0 ¥, Z, in the reference configuration C°
, ¥, Z inthecurrent configuration C
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Nonlinear FEM

Potential Force Example: Gravity (2)

"salami slice" of width dx
weights p g Ay dx, downward

Thedistinction between local coordinate systemsisintroduced here
asit becomesimportant later. Takeadifferential length element
of bar dXy in C9. Thismovesto a corresponding position in C,
with a vertical displacement of u,with respect to C% See Figure.
Thedifferential of work associated with thismotion is

dwW = weight-force . distance = — pg Aguz dX,

(The - sign comes from weight-for ce and displacement being in opposite directions)
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Nonlinear FEM

Potential Force Example: Gravity (3)

The external work potential of the bar element isobtained by
linearly interpolating thevertical displacement u,, which isalinear
function of X,, and integrating dwW over thelength L,. Theresultis

W= - pgAglo 5 (Ua+ Up) +C

in which Cisan arbitrary constant. Asusual inthe TL description,
all quantitiesarereferred tothereference configuration. The
external force vector can be obtained by differentiating wrt u:

~ OW/3Uys T -0
8W/3Uy1 0
oW 8W/8u21 1 1
fo=730=| aw/au, | = "2PPobo| g
dW/au,p 0

- 8W/8u22 _ 1.

(Of coursethiscan be also bereadily obtained from statics)
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Nonlinear FEM

Follower Load on 2-Node Bar Moving in 2D
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Nonlinear FEM

Follower Load on 2-Node Bar Movingin 2D (2)

From staticsthe external forcevector is

X

-— sinB- N <
cos0 =d
f= 1 L 0 Uy1 UXll\/
= 2P| _dne 3
Y,y

79 O
cos0 ] U

. 0 5 Lo

From geometry
Lo+ U : u
cosfO = % snf = %

in which

Uyo1 = Ux2 — Uxs Uy21 = Uy2 = Uyg

X
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Expressing sine and cosine of tilt
angle 8 in terms of bar length and
node displacements gives

—
I
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—Uy21

Lo+ Uxo1
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—Uvy21

Lo+ Uxo1
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1 uxg 1\/
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%1

Nonlinear FEM

Follower Load on 2-Node Bar Moving in 2D (3)
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Nonlinear FEM

Follower Load on 2-Node Bar Moving in 2D (4)

Take now the (negated) partial of the force vector wrt to the state vector u:

-0 -1 0 0 1 07
1 00 -1 0 0
« _ 9 4]0 00 000
L="50"2%0 210 01 0
1 00 -1 0 0
0 00 0 0 0]

Thisiscalled theload stiffnessmatrix. It arisesfrom displacement
dependent loads. For thefollower load K| isunsymmetric.
A consequenceisthat f cannot be derived from a potential.
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Pressurized 3-Node M embrane Plate
Triangle Moving in 3D

X, X

Plateisvery thin: no bending resistance. Appropriate for
problems such asinflating balloons and vehicle sails.
Nine DOF: three (X,Y,2Z) displacements @ each corner.

Nonlinear FEM
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Nonlinear FEM

Pressurized 3-Node M embrane Plate
Triangle Moving in 3D (2)
2

|2

+ normal n

X, X Y,y

Procedureto get force vector:

(1) Total force on element is pressurex area, directed along normal

to plate midsurface
(2) Lump total forceinto 3 equal forces, and assign to each corner node
(3) Project corner nodal forces on three global axes (X,Y,Z) using

the direction cosines of the normal vector
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Nonlinear FEM

Pressurized 3-Node M embrane Plate
Triangle Moving in 3D (3)

To get normal direction in the current
configuration C, computethe direction 2,2
numbers of the normal

X, X Y,y

8= Y13 51~ Yo Zyr Bn T X237 %5175, Cn = XqaYor~ XppYm °

These have dimensions of length squared. Thetriangleareain C is
given by '

A=3S inwhich § = +\/a§+b§+c,%
Thedirection cosines of thenormal are

an=2an/S, Pn= bn/Sh Yn =Cn/S
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Pressurized 3-Node M embrane Plate
Triangle Moving in 3D (4)

Final result for forcevector:

~ fxa ] [ otn 7|
fy1 ,Bn
fa n
fyo On
1:y2 =%I52A Pn :%pz
f2 n
% On
fy3 ﬁn
L f23 - L Vn

T an /S
bn/ S
Cn/Sh
an/
bn/ S
Cn/ S
an/Sh
bn/ S

| Ch/ S

" an/(2A) T
bn/(2A)
Cn/(2A)
an/(2A)
bn/(2A)
Cn/(2A)
an/(2A)
bn/(2A)

| ¢,/(2A)

I
ol
Re]l
N

Thederivation of theload stiffness K| from thisvector isleft as

an Exercise

Nonlinear FEM

TP O

| Cn
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Nonlinear FEM

L oad Stiffness For Conservative System

Suppose that we have a conservative system with staging contr ol
parameter A and state variables collected in vector u. The external
force potential depends on both A and u:

M =U(u) —W(u,A)

Diffrentiating repeatedly with respect to the state:

ol U oW

r = = = = —f
ou ou ou P
or 0 f
ou ou ou
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Nonlinear FEM

L oad Stiffness For Conservative System (2)

Thepartial dp/ou givesK,,+ Kg, the material plus geometric
stiffness, asdiscussed in previous Chapters. Thelast term
givesthe conservative load stiffness:
of 3°W
KL = o0 = = ———
ou au?

Thismatrix isobviouly symmetric becauseit isthe (negated)
Hessian of W(u,A) wrt u. Consequently

K=Ku+Kg+K_L

isstill symmetric. Thestatic stability tests, in particular
vanishing of the determinant of K, still apply.
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Nonlinear FEM

L oad Stiffness For Nonconservative System

Consider next a system subjected to both conservative and
nonconservative loads. Thetotal residual can bewritten

r:p—fc_fn

Here f aretheconservative for ces, which can be derived from

a external work potential W, whereasf,, collectsthe nonconservative
forces, which cannot. Differentiation wrt to the state givesthe
tangent stiffnessmatrix as

ar
K:%:KM‘FKG‘FKLC‘FKLn

Heretheload stiffnessK | issplit into a conservative part K,
which is symmetric, and a nonconservative part Kn , which isnot.
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Nonlinear FEM

L oad Stiffness For Nonconser vative System (2)

In practice one does not always know a priori whether theloading
Isconservativeor not. For example, hydrostatic pressureloads

on a submerged structure such as a offshore platform or a submarine,
are actually conservative, even for finite changesin geometry.

To find out proceed asfollows:

1. Derivetheforcevector f for e.g., one element, using statics

2. Takepartialswrt state DOF to obtain the load stiffness

3. Check for symmetry

If unsymmetric, try splitting the load stiffnessinto symmetric and

nonsymmetric (often thisisnot unique), and work your way back
to a potential for the symmetric part.
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