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831.2 RIGID COLUMN EXAMPLES

§31.1. Introduction

This Chapter present several examples of LPB analysis using the PFabule program described
in Chapter 30. Both symbolic and numerical computations are illustrates. The examples are is
followed by a more detailed study of the assumptions behind LPB, which were stated informally
in Chapter 29. Practical limitations that emanate from these assumptions are then discussed, with
emphasis on types of structures that are suitable for LPB.

§31.2. Rigid Column Examples

The exampleshere pertainto rigid columnswheretheflexibilitiesare lumpled into resisting springs.
These are elegantly treated by the equilibrium method, which is not bothered by infinite member
rigidities. The FEM/DSM analysis via PFabule is more complicated and requires specia tools
such as master-save transformation to reduce freedoms, but is presented here to show that it can
be done.

(@ P= APy (b) (©

A 2-el em nodel of TSPHRC col um Mode for eigenval ue #1
2

)

Fraure 31.1. Buckling of Torsional Spring Propped Hinged Rigid Column (TSPHRC) using PFabule:
(a) column; (b) 2-element FEM discretization with PFabule, and (¢) buckling mode.

§31.2.1. TSPHRC Column

We retake the Torsional Spring Propped Hinged Rigid Column, or TSPHRC, which was analyzed
in 828.5.1. The problem is shown in Figure 31.1(a). The FEM model has two elements. a beam
column and atorsional string, as shown in Figure 31.1(b). The prebuckling part of the analysis can
be skipped because the initial stressin the column isknown to be —P/ A from statics.

The PFabule script for symbolic analysisis shown in Figure 31.2. The only nontrivia part isthe
master-slave freedom transformation that converts the elastic beam-column into arigid one. This
proceeds as follows. After imposing the bottom hinge condition and the inextensibility constrain,
three DOF remain: 6,1, uxo, and 6,. Taking 6, as master, and uy, and 6, as daves, the rigidity
condition is enforced by the displacement transformation:

01 1
|:Ux2j| = |:—L i| 01. (311)
6> 1
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Chapter 31: LINEARIZED PREBUCKLING: EXAMPLES AND LIMITATIONS

ClearAll[L,EmA | zz, kT, P,A]; data={L->1}; P=1;
NodeCoor d={{0, 0}, {0, L}}; El emlype={"Beant, "SpringT"};
nunel e=Lengt h[ El enifype] ; numod=Lengt h[ NodeCoor d] ;
El emNodes={{1, 2},{1}}; El emvaterial ={En}; ProcOptions={Fal se, L>0};
El enfabri cati on={{A, | zz}, {kT, {1, 2}, L/ 5}};
nunel e=Lengt h[ El enType] ; numod=Lengt h[ NodeCoor d] ;
NodeTags={{1, 1, 0}, {0, 1,0}}; NodeVval ues={{0, 0, 0}, {0, 0, 0}};
El em ni Stress={-P/ A 0}; Tdof =Transpose[{{1,-L,1}}];
tcinfo={{4,"Red"}, {2,"Blue"}, {1,"Black"}}; ainfo={0,0.8,1.1};
ei nf o={0. 06}; ninfo={0.03,2.,1.6}; backgr="Yell owBG'; i ngsi z=200;
PFabul ePl ot FEMVbdel [ NodeCoor d/ . dat a, El enType, El emNodes, {}, t ci nf 0, ai nf o,
ei nf o, ni nf o, Fal se, backgr, i ngsi z, " 2- el em nodel of TSPHRC Col um"];
{KM ed, KG ed} =PFabul eEi genMat ri ces[ NodeCoor d, El eniType, El emNodes,
El emVat eri al , El enfFabri cati on, El em ni St r ess, NodeTags, Tdof , ProcOpt i ons] ;
Print["KMed=",KMed//MtrixForm" KG ed=",KG ed//MtrixForm ;
{Av, V} =PFabul eEi genSol ut i on[ KM ed, KGr ed, NodeTags, NodeVal ues, Tdof,
True, Fal se, ProcOptions]; Print["Av=",Av]; Print["V=",V//MtrixForn;
tcinfo={{3,"Red"},{2,"Blue"}, {1, "Black"},{1.5, "Bl ack"}}; anmp=-1/3;
For [i=1,i<=Length[V],i++ vi=N[V[[i]]/.data];
PFabul ePl ot Def or nedShape[ NodeCoor d/ . dat a, El enilype, El enNodes, {}, vi, anp, 1,
t ci nf o, ai nf o, Fal se, backgr, i ngsi z, "Mbde for eigenval ue #'<>ToString[i]]];

FIGURE 31.2. PFabule script to analyze the Torsional Spring Propped Hinged Rigid Column (TSPHRC).

The 3 x 1 transformation matrix in (31.1) is caled Tdof in the script. Upon performaing a
congruential transformation on both K yreq and K greq the eigensystem reduces to one DOF:

[kr]61 =2 [1/L]64 (31.2)

This gives the only eigenvalue
= Ky/L, (31.3)

which agreeswith that obtained with the equilibrium method in 828.5.1. The associated eigenvector
Is61 = const, which is depicted in Figure 31.1(c).

831.3. Elastic Column Examples

We proceed next to elastic columns. These are modeled effectively by FEM — rigidity constraints
do not get in the way. All examples are done symbolically, which necessarily restricts the number
of elements and nodes to a very small number. The payoff is that dependence on free parameters
can be explicitly obtained. That physics gets obscured when doing purely numerical work.

831.3.1. Euler Column

The pinned-pinned, axially-loaded prismatic column pictured in Figure 31.3(a) will be called the
Euler column for brevity. Itsanalytical solution for LPB critical loadsiswell known and often used
asthefirst textbook example for that topic. Figure 31.3(b—d) depictsa FEM model with two beam
column elements and three nodes.

Even for this simple problem, the aplication of boundary conditions (BC) requires some care.
Figure 31.3(b) showsthe BC for theinitial-stress prebuckling anaysis, in which the column remains
vertical: uxy = Uy1 = Uxz = Uxz = 0. Itisimportant to let uy, and uyz be free, so the column
is able to shorten under axial compression to develop axia stress oyy = —P/Ag. On the other
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831.3 ELASTIC COLUMN EXAMPLES

(@) P (b) (© (d)
P N 2-el em FEM nodel of Euler colum
— 3
J\ 2\ §3! ®
constant E | (1) <2>
2 5 2
L g \ig ¢
y ) @
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Ficure 31.3. Buckling of Euler Column using a 2-element FEM discretization: (a) Euler Column sketch; (b)
FEM model showing the BC appropriate for prebuckling analysis (axial shortening must be allowed); (c) same
model showing BC used for LPB analysis; (d) PFabule model plot with yellow background removed.

hand Figure 31.3(c) shows BC for the buckling analysis. In accordance with the L PB assumptions
we now “freeze” the axial motion by setting uy, = uy3 = 0; however ux, must be released since
buckling necessarily involves lateral motions.

Figure 31.4 lists the PFabule script that sets up and analyzes the FEM model. Note that theinitial
stress prebuckling analysis is skipped since from static we know that the initial stressis —P/Ain
both elements. Consequently only one BC set — that corresponding to Figure 31.3(c) — is used
in the script. This leaves 4 active DOF: 61, ux», 6> and 3. The output from the analysis, except
for the FEM model plot, which was moved to Figure 31.3(d), is collected in Figure 31.5. To save
space, output cells have been captured and rearranged to compose that figure.

The analysis s fully symbolic. Except for the E 1,,/L? factor, the four computed eigenvalues are
X = ¥ Ely/L2, where gamma; isdimensionless. The analysis gives

240 240
"13- 231 13+ 231

Thereturned eigenvalues are unordered, whichistypical of asymbolic analysis. The corresponding
eigenvector (mode shape) plots are shown in Figure 31.5. #1 and #3 are (A) modes while #2 and
#4 are (S) modes. Clearly 14 is a good approximation to the lowest critical load factor, which
iS yo = w2 = 9.86960, with error of 0.075%. The error grows for the other eigenvalues when
compared to 42 ~ 40, 972 ~ 90 and 16772 ~ 160, but only thelowest one has design significance.

The script of Figure 31.4 is parameterized by the number of elements numele set in the first code
line. Symbolic analysis works for 1 through 3 elements. Beyond that the algebraic eigensolution
fails (characteristic polynomail order becomes too high) and numerical analysisis required.

Vi« V4= {240, 48 } = {240.,48.,128.723,9.94385}.  (31.4)
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Chapter 31: LINEARIZED PREBUCKLING: EXAMPLES AND LIMITATIONS

(* Define FEM nodel with numel e (nunber of el enents) as paranmeter *)

ClearAll[L, Em AO, | zz, A, P, nunel e] ; nunel e=2; Le=L/nunel e; nummod=nunel e+1;
P=1; data={L->1, Em>1, A->1,1zz->1, P->1};
NodeCoor d=Tabl e[ {0, Le*(n-1)}, {n, nummod}]; pf=StandardForm
PFabul ePri nt NodeCoor d[ NodeCoor d, "Node coordi nates:",{},{}];
El enType=Tabl e[ " Bean!', { nunel e}]; El emNodes=Tabl e[ {n, n+1}, {n, nunel e}];
PFabul ePri nt El eniTypeAndNodes|[ El eniType, El enNodes, "El em t ype and nodes: ", {},{}];
El emvat eri al =Tabl e[ Em { nunel e}]; El enfFabri cati on=Tabl e[ {A, | zz}, {nunel e}];
PFabul ePri nt El emvat AndFab[ El emvat eri al , El enfFabri cati on, "El em mat and fab: ", {}, pf];
El em ni St ress=Tabl e[ - (P/ A), {nunel e}];
PFabul ePrint El em ni t Stress[ El enType, El em ni Stress,"Elemini stresses:",{}, pf];
NodeTags=Tabl e[ {0, 1, 0}, { nummod}]; NodeTags[[1]]={1, 1, 0};
NodeTags[ [ numod] ] ={ 1, 1, 0} ; NodeVal ues=Tabl e[ {0, 0, 0}, { numod}] ;
PFabul ePri nt DOFAct i vi t y[ NodeTags, NodeVal ues, "Node DOF activity:",{},{}];
nuner =Fal se; srul e=L>0; ProcOptions={nuner, srul e}; Tdof ={};
tcinfo={{4,"Red"}, {2,"Blue"}, {1, "Black"}}; ainfo={0,0.8,1.1};
ei nfo={0. 06}; ninfo={0.03,2.,1.6}; backgr="Yell owBG'; i ngsi z=200;
PFabul ePl ot FEMvbdel [ NodeCoor d/ . dat a, El enmType, El enNodes, {}, t ci nf 0, ai nf o,
ei nf o, ni nf o, Fal se, backgr, i ngsi z, "2- el em FEM nodel of Eul er Col um"];

(* Set up and sol ve LPB ei gensystem *)

{KM ed, KG ed} =PFabul eEi genMat ri ces[ NodeCoor d, El enType, El enNodes, El enivat eri al
El enfabri cati on, El em ni Stress, NodeTags, Tdof , ProcOpti ons] ;
facMFEn¥1 zz/ L"3; facG=1/(L*60);
Print["KMed=",facM" ", Sinplify[KMed/ facM//Mtri xForm
" KGed=",facG" ",Sinplify[KGed/ facG//MtrixForn;
i nvKM=Tr ue; evonl y=Fal se; facA=Entlzz/L"2;
{Av, V} =PFabul eEi genSol ut i on[ KM ed, KG ed, NodeTags, NodeVal ues,
Tdof , i nvKM evonl y, ProcOpt i ons] ;
Print["Av=",facA," ",Sinmplify[Av/facA]," =", facA," ", NSinplify[Av/facA]l]l];

(* Plot buckling nodes *)

Print["V=",NV/.data]//MtrixForm ; anp=1/3; subs=15
tcinfo={{3,"Red"},{2,"Blue"},{1,"Black"}, {1.5,"Black"}};
For [i=1,i<=Length[V],i++ vi=N[V[[i]]/.data];
PFabul ePl ot Def or nedShape[ NodeCoor d/ . dat a, El enilype, El enNodes, {}, vi , anp, subs,
t ci nf o, ai nf o, Fal se, backgr, i ngsi z, "Mbde for eigenval ue #'<>ToString[i]]];

F1Gure 31.4. Scripttoanayzethe Euler Columnwith atwo-element, three-node discretization. PFabule.
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831.3 ELASTIC COLUMN EXAMPLES

Node coordi nat es:

node X- coor Y- coor Mode for eigenval ue #1 Mode for eigenval ue #2
1 0 0
2 0 L/ 2
3 0 L
El em type and nodes:
el em type nodel i st
1 Beam 1, 2
2 Beam 2, 3

El em mat and fab:
el em materi al fabrication
1 Em
2 Em A lzz
Elemini stresses:

el em type axial stres
1 Beam -

2 Beam
Node DOF activity:
node X-tag Y-ta -tag X-value Y-value g-value

1 ?) ? d 8 0 0 q 0

2 0 0 0 0 Mode for eigenval ue #3 Mode for eigenval ue #4
3 1 1 0 0 0 0
8L2 24L 4L? 0 -41L% -6L L2 0
Emlzz | 24L 192 0 -24L 1 -6L -288 O 6L
KM ed= KG ed= ——
L3 412 0 1612 4L? 60 L L2 0 -8L% L2
0 -24L 4L%> 8L% ) .\ 0 6L L2 -4L2
Eml zz 240 240 Eml zz
Av= 240, 48, ——MM, —————1}= . . . .
L2 { 13- 231 13+2-/3L } I {240., 48., 128.723, 9.94385}
0. 0. 1. 0. 0. 1. 0. 0. 1.
Ve 0. 0. 1. 0. 0. -1. 0. 0. 1.
“/0. 0. -1. -0.0522588 0. 0. 0. 0. 1.
0. 0. -1. 0.318925 0. 0. 0. 0. 1.

Ficure 31.5. Resultsfor Euler Column buckling using the PFabule script of previous figure.

§31.3.2. Euler Column with Midspan Spring

Thisis avariation of the problem of 831.3.1. A rectilinear spring of stiffness ks is inserted at the
column midspan, which is point C in Figure 31.6(a). (The column is continuous; there is no hinge
at C.) For conveniencein studying the effect of the spring on critical loads, its stiffnessis expressed

as
Elz

L3’
in which 8 > 0 is dimensionless. The spring has effect only if C moves laterally, as happens
in symmetric (S) modes, but is inactive on antisymmetric (A) modes,; see Figure 31.6(b). The
PFabule script is not shown since it is a simple modification of that listed in Figure 31.4: only a
rectilinear spring isinserted as element #3 as pictured in the model plot of Figure 31.6(c).

The general expression of the eigenvaluesis A; = y E l,,/L?, where y; is dimensionless. The
PFabule result is

ks =8 (31.5)

240048+ p) _ 240(48 + p)

_m s, s 316
BT a4t p—n T ed1B+A (31.6)

Y1 = 240, Y2 = 48,

in which A = 624 4 g 4 /285696 — 9128 + 2. Modes #1 and #2 are antisymmetric and
unaffected by the spring. Modes #3 and #4 are symmetric, and for these y; increases as 8 grows.
That variation is diagrammed in Figure 31.7. Of some interest is the question: for which g do
ys = 48 and y4(B) coalesce? A simple calculation shows that 8* = 192, a value marked in
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F1GUrRE 31.6. Euler Column with midspan spring: (&) problem defintion; (b) lowest symmetri9c (S) and
antisymmitric (A) buckling modes; (c) PFabule model.
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200 A=V Elezz
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100
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o Y4 Loy =192
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Ficure 31.7. Euler Column with midspan spring: dependence of LPB eigenvalues on parameter S.

Figure 31.7. If B exceeds g*, the column will fail antisymmetrically, and the critical load cannot
be further raised by increasing the spring stiffness.
The exact characteristic equation for this problem, which can be obtained after about half hour of
hand work, is
AL (4A°L2% — B) cos(AL/2) + 2B sin(rL/2)

4023 B
This cannot be solved for AL in closed form if g # 0. But the coalescence of the two lowest
buckling modes can be easily worked out and yields 8%, . = 1672 ~ 157.9. Thus the FEM value
B* = 192 is about 21% in error. The discrepancy can be easily reduced by using more beam
elements, but then numerical computation will be needed.

0. (31.7)
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831.4 BACKGROUND FOR LPB LIMITATION ANALYSIS

§31.4. Background for LPB Limitation Analysis

We now proceed to a critical analysis of the LPB limitations. As observed in Notes and Bibliog-
raphy, this material cannot be (surprisingly) found anywhere else. Before discussing limitations,
It is necessary to take a closer ook at what happens near a bifurcation point.

8§31.4.1. Analysis Assumptions

To state some of the L PB assumptionsin mathematical plummage weintroduce the concept of state
decomposition at the bifurcation point to define homogeneous and particular solutions. Thisisdone
here primarily tointroduce notationfor ?. Thedetailed mathematical analysisof thisdecomposition,
when going beyond LPB to a general nonlinear response, is relegated to Chapter 33.

We restrict consideration to isolated bifurcation points of a FEM discretized system. Recall from
Chapter 29 that an isolated bifurcation point at A;; = Ag IS characterized by a singular tangent
stiffness at the equilibrium configuration,

K(UB,)\B)ZZO, (318)
where the normalized null eigenvector (buckling mode) z # O, ||z|| = 1 is orthogonal to the
incremental load vector:

q'z=z"q=0. (31.9)

Assume that we have located an isolated bifurcation point B and computed the buckling mode z.
Our next task isto examine the behavior in the neighborhood of B. We shall be content with looking
at the so-called branching direction information. Thisinformation characterizesthe tangentsto the
two equilibrium branches that cross at B.

Consider the variation of the state vector u measured from its value ug at buckling:
AU=U—Ug (31.10)

Divide thisincrement by At, t being the pesudotime parameter introduced in Chapter 3, and pass

to the limit: A
) u
u=Ilim—. (31.11)
t—0 At

We set the pseudoclock sothatt = 0 at B.
§31.4.2. State Decomposition at Bifurcation Point

The governing equation at B is the first-order rate incremental ODE K U = g 4 shifted to B and
linearized there. ThusK = Kpg and q = qg, but subscript B is omitted below to reduce clutter.
Decompose the right-hand side trivially as (q + 0)A. Accordingly split the solution as

U= (y+o2)i subjectto q'z=0. (31.12)

Here o isanonzero scalar amplitude introduced for convenience. These two components solve the
inhomogeneous and homogeneous equations:

Ky=aq, Kz=0. (31.13)
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A y

A
Homogeneous solution B,
"follows buckling"

K Particular solution
" follows loading"

Fundamental
(primary) path

FIGURE 31.8. State decomposition at bifurcation point B: view in 3D control-state space. Vectorsy and z
are mutually orthogonal (proved in text). Together they define aplane in control-state space. All important
physics happensin that plane, regardless of how many DOF the model has: 2 or amillion. See next Figure.

while satifying the modified orthogonality conditions:
77g=0= zZ'Ky=y"Kz=0. (31.14)

Here we have used K = KT. In accordance with classical ODE theory, we will label yi and
z). the particular and homogeneous solutions, respectively, of the rate equation at B, occasionally
dropping the A factor. For the latter to nontrivially exist, K must be singular there, cf.(31.8).

The geometric interpretation of this decomposition on the control space of a system with two DOF
is shown in Figure 31.8, which is largely patterned after Figure 5.2 The interpretation on they, z
planeisshownin Figure 31.9. We emphasizethat thispictureisuniversal: all theimportant physics
happens in this subspace, whether the system being analyzed has 2 or amillion DOF.

831.5. Consequencesof L PB Assumptions

With the notation introduced in ? we may now state precisely several key assumptions invoked in
linearized prebuckling (LPB). (Those collected in item (11) have aready been formally stated and
used in previous Chapters)

(1) Theexternal loading is conservative and proportional:
f=qy+Ad. (31.15)

and the structure is linearly elastic. In other words, the total residual equations are derivable
from apotential energy function. As a consequence, K is symmetric: K = K.

(1) The displacements and displacement gradients prior to the critical state are negligible in the
sensethat (a) the material stiffness matrix can be evaluated at the reference configuration, and
(b) the geometric stiffnessis proportional to the control parameter A:

Ku=Ky  Kg=2aKy. (31.16)
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A
Actual motion
of the system at B
along one branch

A

Homogeneous zTKy=0 Orthonormality
oz llzj|,=1 conditions
B - —Y
yA
Particular

Ficure 31.9. State decomposition at bifurcation point B, projected on the y-z plane.

Here K, isthe material matrix evaluated at the reference configuration, aso called the linear
stiffness, and K, is the reference geometric stiffness.  As discussed in §29.4, the singular
stiffnesstest det K = 0 leads to the eigenproblem

(Ko +21Kpz=0. (31.17)
The A that corresponds to the critical point under investigation will be called Ay . It is not

assumed a priori that it is a bifurcation point.
(1) The particular solution y defined in 831.4.2 is obtained by solving

(Ko+2ae KDy =g (31.18)

under the constraint y" K z = 0. Observe that from assumption (1) g is constant.

We now provethat if these assumptionshold, all critical points determined from the L PB eigenprob-
lem are bifurcation points, that is, z" q vanishes. To show that, premultiply both sides of (31.18)
by z":

2'q=2"(Ko+ e KDYy =y " (Ko+AisK1) 2=y Kz=0, (31.19)

in accordance with (31.14). Note that the matrix identity z' Ky = yTKTz = yT K z holds
because K and K; are symmetric on account of the conservativeness assumption (I).

In Chapters 32-33 bifurcation points are further classified into asymmetric, stable-symmetric,
unstable-symmetric, etc. It will be shown in Chapter 33 that L PB cannot reliably predict bifurcation
points of asymmetric type, in which thereisa preferred buckling direction. Thisisusually the case
in shell buckling; for example circular tubes under compression can only buckle inwards.

§31.6. LPB Limitations

Linearized prebuckling (LPB) is used extensively in engineering design. Many standard booksin
structural stability only treat thistechnique. Initsfinite element version LPB is afeature available
in many finite element programs. Exercising this feature has the advantages of avoiding a full
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Chapter 31: LINEARIZED PREBUCKLING: EXAMPLES AND LIMITATIONS

nonlinear analysis, which can be expensive and time-consuming. Given its practical importance,
structure designers (and most especially aerospace designers) should be familiar with the range of
applicability of LPB. The limitations are discussed next.

1. Conservative loading. LPB is arestricted form of the singular stiffness test (SST) criterion,
also known as Euler’'s test; cf. 829.2. If the loads are not conservative, the dynamic criterion
should be used, at least to check out whether a flutter condition may occur. If the dynamic
criterion shows that stability islost by divergence, one may regress to the SST.

Satic loading. If the load is time-dependent, a dynamic criterion should be used.!

Loss of stability must be by symmetric bifurcation. If the first critical point isalimit point or
asymmetric bifurcation,? LPB is not strictly applicable although occasionally it may provide
asufficiently good approximation. Lacking experimental confirmation or a priori knowledge,
the only practical way to check whether the first critical point is symmetric bifurcation is to
go through afull nonlinear analysis.

4. Prebuckling deformations must be small. This assumption fits well many engineering struc-
tures because of the nature of construction materials. The structuresthat best fit these assump-
tionsare straight columns, frameworks and flat plates, asillustrated in Figure 31.10. Care must
be exercised for arches, shells, very thin members, and for imperfection-sensitive structures
in general.

5. Elasticmaterial behavior. If thematerial isinelasticthestructureisnot internally conservative.
Then the tangent stiffness depends on the prior deformation history, and the L PB eigenproblem
loses meaning. The topic of inelastic buckling (in particular creep and plastic buckling) is a
vast subject that falls outside the scope of this course.

6. Appliedloadsshould not depend nonlinearly on the displacements. Such adependenceusually
introduces nonconservative effects, thus voiding the conservative-loading assumptions. Even
is the loads remain conservative, the reference geometric stiffness would depend on the load
level, thus leading to a nonlinear eigenproblem.

7. Theeffect of imperfectionsis negligible. Some structures are highly imperfection sensitive in
that the first critical load is strongly affected by the presence of imperfections. In such cases
obviously LPB isof limited value or outright irrelevant.

§31.6.1. When LPB Works

Thesystemsthat best fit the L PB model are symmetrically loaded structures such asstraight columns
and in-plane-loaded plates (laminas) which are not excessively thin. See Figure 31.10. The latera
buckling of such structures occurs following very small deformations, as typified by the response
sketch in Figure 31.11,

1 If theload is periodic, thisis known as parametric stability analysisin the literature.

2 Symmetric bifurcation occurs when bucking in the z and —z directions is equally likely. Asymmetric bifurcation occurs
when one of the directions is physically more likely; for example axialy compressed cylinders buckle inwards. This
classification of critical pointsis covered in more detail in Chapter 32—and following.
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831.6 LPB LIMITATIONS

RERRRRRRRRR

M7 Z 270,
Ficure 31.10. Structures that are adequately modeled by LPB assumptions.

negligible deformation
prior to buckling

R& > U

Ficure 31.11. Typeof responseexpected under LPB assumptions. (Branchintersection
at B not shown for clarity)

831.6.2. And When It Does Not

Two examplesof structuresthat arenot properly treated by theL PB model areshowninFigure31.12.
The LPB predictions are way off in both cases, but for different reasons.

Case (@) isan axially compressed cylindrical shell made up of ailmost flat panels joined by curved
panels, forming likea" curved triangle” cross section seen in some combat helicoptersaswell asthe
Space Shuttle fuselage. Thereisasubstantial redistribution of stresses due to changes on geometry.
The structure eventually collapses at a limit point substantially over the predicted LPB load. The
latter is therefore overly safe.

On the other hand, the axially compressed circular cylinder of case (b) is highly imperfection-
sensitive structure that fails at a substantially lower load than that predicted by L PB. Consequently
the LPB prediction is highly unsafe.

§31.6.3. Extending LPB Applicability

One way to broaden the application of the LPB model is to update the reference configuration® so
that the prebuckling deformations are reduced. If this is done the control parameter A is of course
measured from the latest reference configuration and consequently becomes a true stage control

3 As naturally done in the CR description, in which the deformational displacements are measured from a continuously
varying configuration, and also in the Updated Lagrangian description.
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FIGUrRE 31.12. Structures that are poorly modeled by LPB assumptions.

parameter. Limitationson the conservativeness of applied |oadsand typesof critical point, however,
cannot be readily circumvented by this “staging” technique.

Notes and Bibliography

Significant attention has been placed on L PB because of itsimportance in structural design. Before computers
it was the only practical method for assessing stability of complex structures.

There is a significant dearth of information as regards LPB limitations. In particular the analysis of 7—831.5
is surprisingly difficult to find in textbooks. The four tools used there are rate equations, linear ODE theory,
orthogonality and (for conciseness) matrix algebra. Nothing fancy, only undergraduate math.

Onewould not expect to find thiskind of study in Timoshenko and Gere [ 763], sincetheir presentation focuses
on details (exhaustively illustrated with examples) rather than principles, and none of the aforementioned
math tools are ever used. Some more modern authors attempt perturbation analysisalaKaoiter, e.g., [757], but
the lack of matrix notation makes the stuff unreadable. Mathematical treatments such as [434] transport the
unsuspecting reader to Banach spaces, to which Dante’s “lasciate ogni speranza’ dictum is pertinent.
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Exercises

Homework Exercisesfor Chapter 31

Linearized Prebuckling: Examples and Limitations

EXERCISE 31.1 [A:15] Find the particular solution y at the lowest bifurcation load of the two-bar example
of Chapter 28.

EXERCISE 31.2 [A:15] Find the particular solution y at the symmetric and antisymmetric bifurcation loads
of the one-element Euler column example of Exercise 24.4.

EXERCISE 31.3 [A:25] Thefirst order residual rate equationsisf = 0, wheref is given by
f=Ku—qgi=0, (E3L.1)

(E28.1) holds at abifurcation point where K and g are the tangent stiffness matrix and incremental 1oad vector,
respectively, at bifurcation. Decompose U = (y + 0z)A, where y is the particular solution and z # 0 the
buckling mode normalized to length one. Show that thefirst-order differential equation system (E31.1) cannot
give information on the “buckling mode amplitude’ o because one gets ¢ = 0/0. (Hint: premultiply that
equation by an appropriate vector.)
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