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Il n’y a que la vérité qui persuade,
même sans avoir besoin de parâıtre avec toutes les preuves.

Elle entre si naturellement dans l’esprit,
que quand on l’apprend pour la première fois,

il semble qu’on ne fasse que s’en souvenir.

Fontenelle,
Entretiens sur la pluralité des mondes, 1686





Preface

Nowadays, with the amazing computing capability of computers and the
availability of sophisticated, user-friendly computer-aided analysis soft-
ware, the main difficulty for the analyst is to interpret the results and to
make sure that the analysis includes all the relevant physical phenomena.
The majority of structural failures occur because physical phenomena are
overlooked, or greatly underestimated, rather than as a result of compu-
tational errors (e.g. the flutter of the Takoma suspension bridge, or the
recent Fukushima tsunami disaster). To build confidence in the design,
the analyst first develops a crude model, a model of minimum complexity
which still reflects the main physical phenomena. What minimum com-
plexity means depends on the problem; for example, a point mass with
two degrees of freedom is sufficient to explain the stable operation of a
rotor at supercritical velocities, but it is impossible to account for the de-
pendency of the natural frequencies on the rotor speed without including
the gyroscopic effects; the effect of prestresses on the natural frequencies
cannot be accounted for without the inclusion of nonlinear strains (Green
strain tensor). Similarly, analytical results may appear unnecessary at a
time where extensive parametric studies may be performed numerically
very quickly, but knowledge of the parametric dependence of critical prop-
erties such as natural frequency on design parameters (dimensions, mate-
rial properties,...) is invaluable in design, especially when scale effects are
involved.

This book is based on the vibration course that I teach in the joint
masters program ULB/VUB at the university of Brussels, and the random
vibration course that I taught for a decade at the university of Liege. It
has also been strongly influenced by my research work in the active control
of structures, where we usually work with models of moderate size, but
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which accounts for all the relevant features of the system dynamics. The
book is focused on modeling, with very little, if any, attention paid to
the numerical methods that I consider as mature and well-established,
and which are well covered in the excellent books written by those more
qualified than me (e.g. Geradin & Rixen).

I would like to pay a tribute to my own teachers at the university
of Liege where I was initiated into structural analysis. Some forty years
later, I still have vivid memories of the sparkling lectures of Prof. Ch.
Massonnet on the strength of materials and of Prof. B. Fraeijs de Veubeke
on vibrations (all without notes); and later Michel Geradin advised me
during my doctorate. Reading the wonderful books from S.H. Crandall;
Y.C. Fung; Y.K. Lin; and L. Meirovitch, and a few others also made a
lasting impression on me. Finally, I wish to thank my coworkers at ULB
for their enthusiasm and raising many questions that I have attempted
to answer in this book. A special thanks goes to Renaud Bastaits who
helped me to produce these notes, and did artfully most of the figures.

André Preumont
Bruxelles, December 2012.



Contents

1 Single degree-of-freedom linear oscillator 1
1.1 Free response . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Impulse response . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Convolution integral . . . . . . . . . . . . . . . . . . . . 4
1.4 Harmonic response . . . . . . . . . . . . . . . . . . . . . 5

1.4.1 Undamped oscillator . . . . . . . . . . . . . . . . . 5
1.4.2 Damped oscillator . . . . . . . . . . . . . . . . . . 7

1.5 Frequency Response Function . . . . . . . . . . . . . . . 8
1.6 Beat phenomenon . . . . . . . . . . . . . . . . . . . . . . 10
1.7 State space form . . . . . . . . . . . . . . . . . . . . . . 11
1.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2 Multiple degree-of-freedom systems 17
2.1 Governing equations . . . . . . . . . . . . . . . . . . . . 17
2.2 Free response of the undamped system . . . . . . . . . . 20

2.2.1 Eigenvalue problem . . . . . . . . . . . . . . . . . 20
2.2.2 Orthogonality relationships . . . . . . . . . . . . . 22
2.2.3 Multiple natural frequencies . . . . . . . . . . . . . 23
2.2.4 Rigid body modes . . . . . . . . . . . . . . . . . . 23
2.2.5 Free response from initial conditions . . . . . . . . 24

2.3 Modal decomposition . . . . . . . . . . . . . . . . . . . . 25
2.3.1 Modal truncation . . . . . . . . . . . . . . . . . . . 26

2.4 Damping . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5 Dynamic flexibility matrix . . . . . . . . . . . . . . . . . 27

2.5.1 Structure with rigid body modes∗ . . . . . . . . . 30
2.5.2 Example∗ . . . . . . . . . . . . . . . . . . . . . . . 32

2.6 Anti-resonances . . . . . . . . . . . . . . . . . . . . . . . 34
2.6.1 Anti-resonances and constrained system . . . . . . 37

2.7 Natural frequencies of a n-storey building∗ . . . . . . . . 39
2.8 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 41

IX



X CONTENTS

3 Lagrangian dynamics 45
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2 Generalized coordinates, kinematic constraints . . . . . 46

3.2.1 Virtual displacements . . . . . . . . . . . . . . . . 48
3.3 Principle of virtual work . . . . . . . . . . . . . . . . . . 49
3.4 D’Alembert’s principle . . . . . . . . . . . . . . . . . . . 51
3.5 Hamilton’s principle . . . . . . . . . . . . . . . . . . . . 52
3.6 Lagrange’s equations . . . . . . . . . . . . . . . . . . . . 55

3.6.1 Vibration of a linear non-gyroscopic discrete system 58
3.6.2 Dissipation function . . . . . . . . . . . . . . . . . 58
3.6.3 Example 1: Pendulum with a sliding mass . . . . . 59
3.6.4 Example 2: Rotating pendulum . . . . . . . . . . . 60
3.6.5 Example 3: Rotating spring mass system . . . . . 62
3.6.6 Example 4: Gyroscopic effects . . . . . . . . . . . . 63

3.7 Lagrange’s equations with constraints . . . . . . . . . . 66
3.8 Conservation laws . . . . . . . . . . . . . . . . . . . . . . 67

3.8.1 Jacobi integral . . . . . . . . . . . . . . . . . . . . 67
3.8.2 Ignorable coordinate . . . . . . . . . . . . . . . . . 69
3.8.3 Example: The spherical pendulum . . . . . . . . . 71

3.9 Prestresses, geometric strain energy . . . . . . . . . . . . 71
3.9.1 Green strain tensor . . . . . . . . . . . . . . . . . . 72
3.9.2 Geometric strain energy due to prestress . . . . . . 74
3.9.3 Buckling . . . . . . . . . . . . . . . . . . . . . . . . 76

3.10 Negative stiffness . . . . . . . . . . . . . . . . . . . . . . 76
3.11 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4 Continuous systems 81
4.1 Planar vibration of a beam (Euler-Bernoulli) . . . . . . 81

4.1.1 Hamilton’s principle . . . . . . . . . . . . . . . . . 83
4.2 Beam with axial prestress . . . . . . . . . . . . . . . . . 85
4.3 Free vibration of a beam . . . . . . . . . . . . . . . . . . 87

4.3.1 Decoupling the boundary conditions . . . . . . . . 88
4.3.2 Simply supported beam . . . . . . . . . . . . . . . 89
4.3.3 Free-free beam . . . . . . . . . . . . . . . . . . . . 91

4.4 Orthogonality relationships . . . . . . . . . . . . . . . . 93
4.5 Modal decomposition . . . . . . . . . . . . . . . . . . . . 95
4.6 Vibration of a string . . . . . . . . . . . . . . . . . . . . 96
4.7 Axial vibration of a bar . . . . . . . . . . . . . . . . . . 98

4.7.1 Free vibration . . . . . . . . . . . . . . . . . . . . . 99
4.8 Static buckling of a beam∗ . . . . . . . . . . . . . . . . . 100



CONTENTS XI

4.8.1 Simply supported beam . . . . . . . . . . . . . . . 101
4.8.2 Clamped-free beam . . . . . . . . . . . . . . . . . . 102

4.9 Bending vibration of thin plates∗ . . . . . . . . . . . . . 103
4.9.1 Kirchhoff plate . . . . . . . . . . . . . . . . . . . . 103
4.9.2 Free vibration of a simply supported rectangular plate106
4.9.3 Free vibration of a clamped circular plate . . . . . 107
4.9.4 Rotating modes . . . . . . . . . . . . . . . . . . . . 111

4.10 Response of a disk to a rotating point force∗ . . . . . . . 112
4.10.1 Constant rotating point force . . . . . . . . . . . . 112
4.10.2 Harmonic rotating point force . . . . . . . . . . . . 114

4.11 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 115

5 Rayleigh-Ritz method 117
5.1 introduction . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.2 Shape functions . . . . . . . . . . . . . . . . . . . . . . . 118
5.3 Axial vibration of a bar . . . . . . . . . . . . . . . . . . 120
5.4 Planar vibration of a beam . . . . . . . . . . . . . . . . 122

5.4.1 Damping . . . . . . . . . . . . . . . . . . . . . . . 125
5.4.2 Beam with axial load . . . . . . . . . . . . . . . . 125
5.4.3 Simply supported beam with uniform axial load . 126

5.5 Rayleigh quotient . . . . . . . . . . . . . . . . . . . . . . 127
5.5.1 Continuous beam . . . . . . . . . . . . . . . . . . . 127
5.5.2 Discrete system . . . . . . . . . . . . . . . . . . . . 128
5.5.3 Principle of stationarity . . . . . . . . . . . . . . . 129
5.5.4 Recursive search of eigenvectors . . . . . . . . . . . 131

5.6 Building with gravity loads . . . . . . . . . . . . . . . . 132
5.6.1 Single storey building . . . . . . . . . . . . . . . . 132
5.6.2 Building with n-identical floors . . . . . . . . . . . 134

5.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 134

6 Finite elements 139
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 139
6.2 Formulation for a plane truss . . . . . . . . . . . . . . . 140

6.2.1 Bar element . . . . . . . . . . . . . . . . . . . . . . 140
6.2.2 Truss structure . . . . . . . . . . . . . . . . . . . . 143

6.3 Planar structure made of beams . . . . . . . . . . . . . . 144
6.3.1 Beam element . . . . . . . . . . . . . . . . . . . . . 145
6.3.2 Beam structure . . . . . . . . . . . . . . . . . . . . 147
6.3.3 Boundary conditions . . . . . . . . . . . . . . . . . 148
6.3.4 Convergence . . . . . . . . . . . . . . . . . . . . . 149



XII CONTENTS

6.3.5 Geometric stiffness of a planar beam element . . . 151
6.4 Guyan reduction . . . . . . . . . . . . . . . . . . . . . . 152

6.4.1 Examples . . . . . . . . . . . . . . . . . . . . . . . 154
6.5 Craig-Bampton reduction . . . . . . . . . . . . . . . . . 158
6.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 159

7 Seismic excitation 161
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 161
7.2 Equation of motion for a single axis excitation . . . . . . 161

7.2.1 Modal coordinates . . . . . . . . . . . . . . . . . . 164
7.2.2 Support reaction, dynamic mass . . . . . . . . . . 165

7.3 Example: n-storey building . . . . . . . . . . . . . . . . 166
7.4 Multi-axis excitation∗ . . . . . . . . . . . . . . . . . . . 168

7.4.1 Modal coordinates . . . . . . . . . . . . . . . . . . 169
7.4.2 Support reactions . . . . . . . . . . . . . . . . . . . 171

7.5 Cascade analysis . . . . . . . . . . . . . . . . . . . . . . 172
7.6 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 174

8 Random vibration 175
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 175
8.2 Stationary random process . . . . . . . . . . . . . . . . . 175
8.3 Correlation function and power spectral density . . . . . 176

8.3.1 PSD estimation from time histories . . . . . . . . . 178
8.3.2 Cumulative mean square response . . . . . . . . . 179
8.3.3 Gaussian process . . . . . . . . . . . . . . . . . . . 180
8.3.4 White noise . . . . . . . . . . . . . . . . . . . . . . 180

8.4 Stationary response of a SISO linear system . . . . . . . 181
8.4.1 Random response of a linear oscillator . . . . . . . 182
8.4.2 White noise approximation . . . . . . . . . . . . . 184
8.4.3 Band limited white noise excitation . . . . . . . . 184
8.4.4 Kanai-Tajimi spectrum . . . . . . . . . . . . . . . 185

8.5 Spectral moments, Rice formulae, central frequency . . . 186
8.6 Envelope of a narrow band process . . . . . . . . . . . . 187
8.7 FRF estimation and coherence function . . . . . . . . . 189
8.8 Random response of MIMO systems . . . . . . . . . . . 191

8.8.1 Response in modal coordinates . . . . . . . . . . . 192
8.8.2 Correlation and PSD matrices . . . . . . . . . . . 193
8.8.3 Boundary layer noise . . . . . . . . . . . . . . . . . 195
8.8.4 Wind response of a tall building . . . . . . . . . . 196
8.8.5 Vehicle moving on a rough road . . . . . . . . . . . 198



CONTENTS XIII

8.9 Mean square response . . . . . . . . . . . . . . . . . . . 199
8.9.1 Role of the cross-correlations . . . . . . . . . . . . 200

8.10 Example: The seismic response of a n-storey building . . 202
8.11 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 205

9 Peak factor & random fatigue 207
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 207

9.1.1 Threshold crossings . . . . . . . . . . . . . . . . . 207
9.1.2 Fatigue . . . . . . . . . . . . . . . . . . . . . . . . 208

9.2 Peak factor . . . . . . . . . . . . . . . . . . . . . . . . . 208
9.2.1 Maxima . . . . . . . . . . . . . . . . . . . . . . . . 208
9.2.2 First-crossing problem . . . . . . . . . . . . . . . . 209
9.2.3 Peak factor . . . . . . . . . . . . . . . . . . . . . . 212

9.3 Response spectrum . . . . . . . . . . . . . . . . . . . . . 213
9.3.1 Maximum structural response . . . . . . . . . . . . 215
9.3.2 Relation between Sv(ω, ξ) and Φ0(ω) . . . . . . . . 216

9.4 Random fatigue . . . . . . . . . . . . . . . . . . . . . . . 217
9.4.1 S-N curve . . . . . . . . . . . . . . . . . . . . . . . 217
9.4.2 Linear damage theory . . . . . . . . . . . . . . . . 218
9.4.3 Uniaxial loading . . . . . . . . . . . . . . . . . . . 218
9.4.4 Biaxial loading . . . . . . . . . . . . . . . . . . . . 220
9.4.5 Finite element formulation . . . . . . . . . . . . . 221

9.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 221

10 Rotor dynamics 223
10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 223
10.2 Jeffcott rotor . . . . . . . . . . . . . . . . . . . . . . . . 224

10.2.1 Unbalance response . . . . . . . . . . . . . . . . . 225
10.2.2 Complex coordinates . . . . . . . . . . . . . . . . . 226
10.2.3 Free whirl . . . . . . . . . . . . . . . . . . . . . . . 227
10.2.4 Jeffcott rotor with viscous damping . . . . . . . . 227
10.2.5 Stability in presence of damping . . . . . . . . . . 230

10.3 Gyroscopic effects . . . . . . . . . . . . . . . . . . . . . . 230
10.3.1 Kinetic energy of a rigid disk . . . . . . . . . . . . 232
10.3.2 Dynamics including gyroscopic effects . . . . . . . 235
10.3.3 Free whirl, Campbell diagram . . . . . . . . . . . . 235
10.3.4 Unbalance response . . . . . . . . . . . . . . . . . 238
10.3.5 Response to an asynchronous force . . . . . . . . . 238

10.4 Rigid rotor on elastic supports . . . . . . . . . . . . . . 240
10.5 Anisotropy of the shaft and the supports . . . . . . . . . 243



XIV CONTENTS

10.5.1 Anisotropic supports . . . . . . . . . . . . . . . . . 243
10.5.2 Anisotropic shaft . . . . . . . . . . . . . . . . . . . 246
10.5.3 Unbalance response of an anisotropic shaft . . . . 248
10.5.4 Stability of an anisotropic shaft . . . . . . . . . . . 249

10.6 Vibrating angular rate sensor . . . . . . . . . . . . . . . 250
10.7 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 252

11 Vibration alleviation 255
11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 255
11.2 Dynamic vibration absorber . . . . . . . . . . . . . . . . 256
11.3 Narrow band disturbance . . . . . . . . . . . . . . . . . 257
11.4 Wide band disturbance . . . . . . . . . . . . . . . . . . . 258

11.4.1 Equal peak design . . . . . . . . . . . . . . . . . . 260
11.5 Multiple d.o.f. systems . . . . . . . . . . . . . . . . . . . 263
11.6 Example: n-storey building . . . . . . . . . . . . . . . . 264

11.6.1 Model construction . . . . . . . . . . . . . . . . . . 265
11.6.2 Design of the DVA . . . . . . . . . . . . . . . . . . 266
11.6.3 Random response of the structure with DVA . . . 267

11.7 Vibration isolation . . . . . . . . . . . . . . . . . . . . . 269
11.8 Linear isolator . . . . . . . . . . . . . . . . . . . . . . . . 270
11.9 Relaxation isolator . . . . . . . . . . . . . . . . . . . . . 272
11.10 Six-axis isolator . . . . . . . . . . . . . . . . . . . . . . . 275
11.11 Isolation by kinematic coupling . . . . . . . . . . . . . . 278
11.12 Centrifugal Pendulum Vibration Absorber . . . . . . . . 280
11.13 Model of a car suspension . . . . . . . . . . . . . . . . . 281
11.14 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 283

12 Introduction to active vibration control 287
12.1 The virtue of collocated control . . . . . . . . . . . . . . 287

12.1.1 Collocated control . . . . . . . . . . . . . . . . . . 290
12.1.2 Non-collocated control . . . . . . . . . . . . . . . . 291

12.2 Active suspension: the “sky-hook” damper . . . . . . . . 292
12.3 Active mass damper . . . . . . . . . . . . . . . . . . . . 295

12.3.1 System modeling . . . . . . . . . . . . . . . . . . . 297
12.3.2 System response . . . . . . . . . . . . . . . . . . . 298

12.4 Active truss . . . . . . . . . . . . . . . . . . . . . . . . . 301
12.4.1 Open-loop transfer function . . . . . . . . . . . . . 302
12.4.2 Active damping by integral force feedback . . . . . 304
12.4.3 Beta controller . . . . . . . . . . . . . . . . . . . . 307

12.5 Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 308



CONTENTS XV

Bibliography 311

Index 315





1

Single degree-of-freedom linear oscillator

La vraie science est une ignorance
qui se sait.

Montaigne, Essais, 1572-1588

1.1 Free response

Consider the linear, single degree-of-freedom (d.o.f.) oscillator of Fig.1.1.a;
it consists of a massm attached to the ground by a linear spring of stiffness
k and a linear viscous damper of constant c; f is the external force applied
to the system, taken positive in the direction of the motion x. The free
body diagram of the mass m is shown in Fig.1.1.b; the spring force kx
and the damping force cẋ are opposing the motion. From Newton’s law,
the equation of the motion is

mẍ = f − cẋ− kx

mẍ+ cẋ+ kx = f (1.1)

In all the following discussion, it is assumed that the damping is moderate,
so that the free response is oscillatory; it is governed by the homogeneous
equation

mẍ+ cẋ+ kx = 0 (1.2)

A non trivial ( ̸= 0) solution x = Aest exists if and only if

ms2 + cs+ k = 0 (1.3)

k

x

f

c

(a)

m

-kx
f

-cx

(b)

m

Fig. 1.1. (a) Single degree-of-freedom linear oscillator. (b) Free body diagram.
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This is the characteristic equation, the solution of which are the eigenval-
ues of the system:

s = − c

2m
± j

√
k

m
− c2

4m2
(1.4)

and, upon defining the (undamped) natural frequency ωn and the fraction
of critical damping , or in short damping ratio ξ according to:

ω2
n =

k

m
and ξωn =

c

2m
(1.5)

s = −ξωn ± jωn
√

1− ξ2 (1.6)

where it has been assumed that ξ < 1, which is the condition for the
response to be oscillatory. In most practical problems in structural dy-
namics, ξ ≪ 1. The solutions of the characteristic equation are called the
poles of the system in linear system theory. They are located as shown in
Fig.1.2 where the relationship between ωn, ξ and the position of the poles
in the complex plane in highlighted. The imaginary part of the eigenvalue,
ωd = ωn

√
1− ξ2, is often called the damped natural frequency. For most

practical applications, ωd ≃ ωn. The most general solution of Equ.(1.3) is

Im(s)

Re(s)

wn

-xwn

f xsin f

(a) Im(s)

Re(s)

(b)

1x

0x

Fig. 1.2. (a) Position of the poles of the linear oscillator in the complex plane and
their relation to ωn and ξ. (b) Evolution of the poles with the damping ratio ξ. For
ξ = 1, the two poles coincide on the real axis at s = −ωn and the free response is no
longer oscillatory.

x = e−ξωnt(Aejωdt +Be−jωdt) = e−ξωnt(A1 cosωdt+B1 sinωdt) (1.7)

where A,B,A1, B1 are constants depending on the initial conditions (two
initial conditions are necessary since the motion is governed by a second
order differential equation).
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1.2 Impulse response

(a) (b)

t

h(t (

e-xwnt

wd

2p

memory µ 1 xwn
t

f (t (

D

f dt
D

0

1

Fig. 1.3. (a) Unit impulse force. (b) Impulse response of the linear oscillator.

A unit impulse force (Fig.1.3.a) is a very large force applied during a
very short time ∆ and such that∫ ∆

0
f dt = 1 (1.8)

The limit as ∆ → 0 is a Dirac impulse δ(t). The response of the linear
oscillator initially at rest [x(0) = 0, ẋ(0) = 0] to a unit impulse is called the
impulse response and it is denoted h(t); it can be evaluated by integrating
Equ.(1.1) over the short period ∆ to evaluate the state of the system after
the impulse. ∫ ∆

0
mẍ dt =

∫ ∆

0
f dt−

∫ ∆

0
cẋ dt−

∫ ∆

0
kx dt

Taking into account that the spring force kx and the damping force cẋ
have always finite amplitudes, the last two integrals vanish when taking
the limit for ∆→ 0; this leads to

lim
∆→0

mẋ(∆) = mẋ(0+) = 1 (1.9)

This means that the net effect of the impulse load is to change the ini-
tial velocity to ẋ(0+) = 1/m while keeping x(0) = 0. Note that this is
independent of the detailed shape of the impulse load provided it satisfies
Equ.(1.8). Returning to Equ.(1.7), the constants can now be determined:
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x 0.5% x 1%

x 5% x 10%

Fig. 1.4. Impulse response of the linear oscillator for various values of the damping
ratio.

From x(0) = 0, A1 = 0, and from ẋ(0) = 1/m, B1 = 1/mωd. Thus, the
impulse response reads

h(t) =
1

mωd
e−ξωnt sinωdt (1.10)

It is represented in Fig.1.3.b; it is a damped sine function; the duration
with significant values of h(t) can be looked at as the memory of the
system; after that time, the system has forgotten the disturbance and re-
turns to its rest equilibrium position. The attenuation rate of the impulse
response is controlled by the damping ratio ξ; the larger the damping,
the shorter the memory of the system. Figure 1.4 shows typical impulse
responses for various values of ξ of practical interest; for ξ = 0.1, the re-
sponse is reduced by about half after only one cycle; for ξ = 0.05, halving
the response takes about two cycles; for ξ = 0.01, it takes about 10 cycles,
etc... (these numbers are always good to know).

1.3 Convolution integral

Consider a linear system of impulse response h(t) initially at rest, and
excited by the forcing function f(t) [f(t) = 0 for t < 0]. The response of
the system can be evaluated by first slicing the forcing function into small
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(a)

(b)

t

f (t (

dt

h(t (

f (t ( x(t (

t

Fig. 1.5. (a) Input-output relationship of a linear system. (b) Decomposition of the
forcing function into a train of impulse loads.

intervals dτ (shaded area in Fig 1.5.b) and replacing these by impulse
loads with the same impulse, f(τ)dτ . The response at t to a single impulse
f(τ)dτ is, by definition

x(t) =

∫ t

0
h(t− τ)f(τ)dτ (1.11)

A causal system is such that the response cannot anticipate the excitation;
this means that h(t) = 0 for t < 0. For such a system, the upper limit
may be changed to ∞. If the forcing function is applied also for negative
times, the lower limit must be extended to −∞, leading to1

x(t) =

∫ ∞

−∞
h(t− τ)f(τ)dτ =

∫ ∞

−∞
h(u)f(t− u)du = h(t) ⋆ f(t) (1.12)

This is the convolution integral, denoted by ⋆. Note that the critical point
in our discussion is the use of the principle of superposition, which requires
that the system be linear. The above equation is not restricted to a linear
oscillator; it applies to any linear system of impulse response h(t).

1.4 Harmonic response

1.4.1 Undamped oscillator

Consider an undamped oscillator excited with an harmonic force f =
Fejωt supposed applied from t = −∞, so that any transient response has
disappeared and only the forced response remains:

mẍ+ kx = Fejωt (1.13)

1 The second integral is readily obtained by the change of variables u = t− τ .
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The use of the complex exponential function ejωt is not strictly neces-
sary in the undamped case because the response can only be in phase
or in antiphase with the excitation, that is with a phase difference of
1800. However, the use of complex exponentials instead of sine and cosine
functions will simplify considerably the discussion when the damping is
introduced. Equ.(1.13) should be understood as follows: the real part of
x (projection on the real axis) gives the response to f = F cosωt and the
imaginary part is the response to f = F sinωt.

1

1

wn
w

D (w (

Fig. 1.6. Dynamic amplification of the undamped linear oscillator.

The solution of Equ.(1.13) has the form x = Xejωt. Upon substituting,
one gets

(−mω2 + k)X = F

or, using ω2
n = k/m,

X = {F
k
}{ 1

1− (ω/ωn)2
} = {F

k
}.D(ω) (1.14)

where F/k is the static response and D(ω) = [1 − (ω/ωn)
2]−1 is the dy-

namic amplification of the system (Fig.1.6). When the frequency of the
excitation is lower than the resonance frequency, ω < ωn, the dynamic am-
plification is positive, which means that the response is in phase with the
excitation; when ω > ωn, the dynamic amplification is negative, meaning
that the response is in antiphase with the excitation.
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1.4.2 Damped oscillator

For a damped oscillator, the governing equation becomes

mẍ+ cẋ+ kx = Fejωt

or

ẍ+ 2ξωnẋ+ ω2
nx =

F

m
ejωt (1.15)

The solution has, once again, the form x = Xejωt, withX being a complex
quantity. Substituting into the equation, one finds

X = {F
k
}{ 1

1− (ω/ωn)2 + 2jξω/ωn
} = {F

k
}.D(ω) (1.16)

where the dynamic amplification D(ω) is a complex valued function:

D(ω) =
1

1− (ω/ωn)2 + 2jξω/ωn
(1.17)

The amplitude and phase diagrams, also called Bode plots, of the dynamic
amplification, D(ω) = |D(ω)|ejϕ(ω), is shown in Fig.1.7.

wn

w

1

wn

w

x 0.001

x 0.01

x 0.1

0.1 10

1

D

10

100

0.1

0.01

-p

2

p
-

0
f 10.1 10

Fig. 1.7. Dynamic amplification of the damped linear oscillator D(ω) = |D(ω)|ejϕ(ω).
Amplitude |D| and phase ϕ diagrams (Bode plots).
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The damping strongly affects the dynamic amplification in the vicinity
of the resonance ωn; for low damping, very large dynamic amplifications
occur. The maximum does not occur strictly at ω = ωn but, for small
ξ, |D|max ≃ |D(ωn)| = 1/2ξ is a sufficient approximation. Q = 1/2ξ is
called the quality factor of the oscillator. While in the undamped case,
the phase shift is either 00 or 1800, the phase shift evolves gradually from
00 to 1800 and most of the shift occurs in the vicinity of ωn, within a
frequency band 2ξωn called the bandwidth of the oscillator. The phase
shift is exactly 900 at ω = ωn (phase resonance). The amplitude of the
Bode plot is often graduated in decibels (dB), defined as 20 logA (thus,
A = 1 is 0 dB, A = 10 is 20 dB, A = 100 is 40 dB, etc...)

Im( )D
Re( )D

1

r 1.01 r 0.99

r 1

r 0r 8

1

2x

r 0.98r 1.02

Fig. 1.8. Nyquist plot of Dynamic amplification of the linear oscillator D(ω) =
|D(ω)|ejϕ(ω). [r = ω/ωn].

An alternative representation called Nyquist plot is shown in Fig.1.8.
The diagram consists of a direct representation of the complex value of
D(ω). The curve is close to a circle of diameter 1/2ξ; it is graduated in
r = ω/ωn, with a strong magnification of the frequency band close to
r = 1 where the large amplitudes and most of the phase shift occur.

1.5 Frequency Response Function

Consider an arbitrary linear system of impulse response h(t), excited by an
harmonic input f = Fejωt. The response of the system can be evaluated
from Equ.(1.12)

x(t) =

∫ ∞

−∞
h(τ)f(t− τ)dτ
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Substituting f = Fejωt,

x(t) =

∫ ∞

−∞
h(τ)Fejω(t−τ)dτ = Fejωt

∫ ∞

−∞
h(τ)e−jωτdτ

This equation says that the response x(t) is also harmonic, x(t) =
X(ω)ejωt. The ratio between the complex amplitude of the output and
that of the input,

H(ω) =
X(ω)

F (ω)
(1.18)

is called the Frequency Response Function (FRF) of the system. From
the previous equation, one sees that H(ω) is the Fourier transform of the
impulse response h(t):

H(ω) =

∫ ∞

−∞
h(τ)e−jωτdτ (1.19)

The convolution theorem of the Fourier transform allows a more powerful
statement: If F (ω) is the Fourier transform of the input to the linear
system of impulse response h(t), then the Fourier transform of the output,
X(ω), is given by the product of F (ω) and H(ω) (Fig.1.9)

x(t) = h(t) ⋆ f(t) ⇐⇒ X(ω) = H(ω)F (ω) (1.20)

(the double arrow is used to represent Fourier transform pairs).2 This
fundamental result of linear system theory tells us that if the input of the
system does not have any component in some frequency band, there will
not be any component in the output in that frequency band.

The frequency distribution of the energy in a signal is governed by
Parseval’s theorem:∫ ∞

−∞
f2(t)dt =

1

2π

∫ ∞

−∞
|F (ω)|2dω (1.21)

f (t ( x(t (

F (w ( H(w ( Frequency Response Function

h(t ( Impulse response f (t ( h(t (é

F (w (H(w (X(w (

Fig. 1.9. Input-output relationship of a linear system in the time domain and in the
frequency domain. [h(t) ⇐⇒ H(ω)] constitute a Fourier transform pair.

2 The Fourier transform is one of the magic tools of mathematics which is used in
almost all fields of physics; see (Papoulis, 1962) for a clear exposition, although the
book was written before the Fast Fourier Transform.
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|F (ω)|2/2π is called the energy spectrum of f(t). Using the previous equa-
tion, one observes that the energy spectrum of the output is related to
that of the input through the square of the FRF amplitude, |H(ω)|2.

1.6 Beat phenomenon

The beat is associated with the transient response of a lightly damped
system to an harmonic excitation at a frequency close to one of its reso-
nance frequencies. To analyze it, consider the response of an undamped
oscillator to an harmonic force f = F cosωt starting from rest at t = 0.

mẍ+ kx = F cosωt t > 0 (1.22)

The impulse response of an undamped linear oscillator is h(t) = 1
mωn

sinωnt.
From the convolution theorem, the response may be written

x(t) =

∫ t

0
F cosωτ.h(t− τ)dτ

and, upon solving the integral,

x(t) =
F

m

cosωt− cosωnt

ω2
n − ω2

(1.23)

The beat occurs when ω is close to ωn; with the notations ω+ωn = 2ω0 ≃
2ωn and ω − ωn = 2∆,

x(t) =
F

m

sinω0t sin∆t

2ω0∆
=
F

m

sinω0t

2ω0

sin∆t

∆
(1.24)

Thus, the response consists of an harmonic component at the frequency
equal to the half sum, ω0 = (ω + ωn)/2 ≃ ωn, modulated by another
harmonic function at the frequency equal to the half difference, ∆ =
(ω − ωn)/2, Fig.1.10. For ∆ → 0, sin∆t

∆ → t and the amplitude increases
linearly with t:

x(t) =
F

m

sinωnt

2ωn
t (1.25)

The response is π/2 out of phase with the excitation.
The beat is a transient phenomenon; it always disappears after some

time, even with a small damping (Problem 1.1). For a perfect tuning
(ω = ωn), the response still increases linearly at the beginning, but sat-
urates at a maximum value fixed by the dynamic amplification at reso-
nance, 1/2ξ. For an imperfect tuning (ω ̸= ωn), the response still oscillates
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Fig. 1.10. Transient response of the linear oscillator ẍ+2ξẋ+ x = cosωt (t > 0) for
various values of the excitation frequency ω and the damping ratio ξ.

at the beginning, but the beat disappears after a few cycles of the mod-
ulating function; the transient period before achieving the steady state is
controlled by the “memory” of the system, ∝ (ξωn)

−1. Various situations
are illustrated in Fig.1.10.

1.7 State space form

For numerical analysis, e.g. with MATLAB, it is often convenient to write
second order differential equations as a set of first order equations; this is
known as the state space form:

ẋ = Ax+Bu (1.26)

A is the system matrix, B is the input matrix, u is the input vector and
x is the state vector containing the state variables. This system equation
is supplemented by the output equation
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y = Cx+Du (1.27)

where y is the output vector, C is the output matrix, and D is the
feedthrough matrix.

For the linear oscillator

ẍ+ 2ξωnẋ+ ω2
nx =

f

m
(1.28)

the state variables can be selected as

x1 = x, x2 = ẋ (1.29)

With this choice, Equ.(1.28) can be rewritten as a set of two first order
equations

ẋ1 = x2

ẋ2 = −2ξωnx2 − ω2
nx1 + f/m (1.30)

or {
ẋ1
ẋ2

}
=

[
0 1

−ω2
n −2ξωn

]{
x1
x2

}
+

{
0
1
m

}
f (1.31)

This equation explicitly shows the system and input matrices A and B. If
one measures the displacement, y = x1, the output matrix is C = (1 0)
while if one uses a velocity sensor, y = x2 and C = (0 1); D = 0 in these
cases. An accelerometer can only be accounted for by using a feedthrough
matrix D in addition to C. In fact, from Equ.(1.30), one gets

y = ẍ = ẋ2 =
(
−ω2

n −2ξωn
){x1

x2

}
+

1

m
f (1.32)

The output and feedthrough matrices are respectively C = (−ω2
n −2ξωn)

and D = 1/m.
The choice (1.29) for the state variables is not unique and it may be

convenient to make another choice :

x1 = ωnx, x2 = ẋ (1.33)

The advantage of this representation is that both state variables express a
velocity, and that the free response trajectories in the phase plane (x1, x2)
are slowly decaying spirals (Problem 1.2). With this choice, Equ.(1.28) can
be rewritten
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ẋ1
ẋ2

}
=

[
0 ωn

−ωn −2ξωn

]{
x1
x2

}
+

{
0
1
m

}
f (1.34)

This form is sometimes preferred to (1.31) because the system matrix is
dimensionally homogeneous (all the state variables have the dimension of
a velocity).

1.8 Problems

P.1.1 Analyze numerically the beat phenomenon for the oscillator

ẍ+ 2ξẋ+ x = cosωt (t > 0)

for various values of ω and ξ, and reconstruct Fig.1.10. Show that for
imperfect tuning (ω ̸= 1) the process is stabilized by the damping after
a few cycles of the modulating function, and that, for perfect tuning
(ω = 1), the steady state amplitude is 1/2ξ.
P.1.2 Consider the single d.o.f. oscillator described by Equ.(1.34). For
non-zero initial conditions, sketch the free response in the phase plane
(x1, x2). Show that the image point rotates clockwise along a spiral tra-
jectory. Relate the decay rate of the spiral to the damping ratio.
P.1.3 A single storey building is often modelled as a rigid slab m sup-
ported by massless columns clamped at both ends (Fig.1.11.a). Based on
this assumption, estimate the natural frequency of this single d.o.f. os-
cillator. [Hint: The tip displacement and tip rotation of a clamped free
beam loaded respectively by a point force and a moment acting at the

EIl

k
m

(a) (b)

P

d

j

M

l

tip displacement d

tip rotation j

P M

3EI
P l

3

2EI
P l

2

2EI
M l

2

EI
M l

m

Fig. 1.11. (a) Model of a single story building. (b) Clamped-free beam loaded at the
free end.
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free end are given in Fig.1.11.b. Based on this, show that the equivalent
stiffness of the storey is k = 2× (12EI/l3).]
P.1.4 Reconsider the previous problem with the assumption that the
massless columns are clamped at the base and hinged at the slab.
P.1.5 Consider a rigid bar of mass m and length l and articulated at O,
Fig.1.12. It is supported by a spring k and a damper c at a distance b
from O, and it is excited by the input displacement z acting on a spring
k1 attached to the bar at a distance a from O. Write the equation of
motion of the equivalent single d.o.f. oscillator. [Hint: Write the rotation
equilibrium about the articulation O.]

k

O

z

1

b

k c

a

Fig. 1.12. Single d.o.f. model of a rigid bar of mass m and length L, articulated at O.

P.1.6 Write the equation governing the torsional vibration of a disk of
mass moment of inertia J attached to a circular shaft of torsional stiffness
Kθ [Kθ = GIp/l where l is the length of the shaft, Ip is the polar moment
of inertia of the cross section and G is the shear modulus of the material].

Kq

r

l

J 2Mr 2

l
GIp

disk

shaft in

torsion

J

qKq

Fig. 1.13. Torsional vibration of a disk.

P.1.7 Write the equation governing the vibration of the system of
Fig.1.14, formed of point mass attached to the tip of massless clamped
beam (of length l and bending stiffness EI) and a spring [Hint: use the
results of Fig.1.11).]
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k

m

x

l

EI

Fig. 1.14.

P.1.8 Consider the state space equations of a linear oscillator. Write the
output equation (the matrices C and D) for an accelerometer measuring
ẍ if the state variables (1.33) are used.
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Multiple degree-of-freedom systems

je sais bien ce que je fuis, et non
pas ce que je cherche.

Montaigne, Essais, 1572-1588

2.1 Governing equations

Consider the lumped mass system with two d.o.f. of Fig.2.1; the free body
diagrams of the two masses are also represented. From Newton’s law, the
equations governing the motion of the two masses are

m1ẍ1 = f1 + c(ẋ2 − ẋ1) + k(x2 − x1)− kx1 − cẋ1

m2ẍ2 = f2 + c(ẋ1 − ẋ2) + k(x1 − x2)− kx2 − cẋ2

or, in matrix form[
m1 0
0 m2

]{
ẍ1
ẍ2

}
+

[
2c −c
−c 2c

]{
ẋ1
ẋ2

}
+

[
2k −k
−k 2k

]{
x1
x2

}
=

{
f1
f2

}
This equation has the general form

(a)

(b)

k

c

m
1

f
1

k

c

m
2

f
2

k

c
x

1
x

2

m
1
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1
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2
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1
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2
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m
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2

-kx
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2

2

-k ( )x -x

-c ( )x -x

1

1

Fig. 2.1. (a) Two degree-of-freedom lumped mass system. (b) Free body diagrams.
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M ẍ+ Cẋ+Kx = f (2.1)

where x = (x1, x2)
T is the vector containing the d.o.f. of the system,

M =

[
m1 0
0 m2

]
is the mass matrix; it is diagonal in this case, because this example con-
siders a lumped mass system;

K =

[
2k −k
−k 2k

]
is the stiffness matrix and

C =

[
2c −c
−c 2c

]
is the viscous damping matrix. Equation (2.2) is the general form gov-
erning the dynamics of a non-gyroscopic linear multi d.o.f. system. The
components of the vector x are the degrees of freedom of the model; they
may be displacements, rotations, or generalized coordinates, depending
on the way the model has been built. The size of the matrices M,C,K is
equal to the number of degrees of freedom and they are symmetric and
semi-positive definite:

K = KT

xTKx ≥ 0, for all x

and similarly for M and C. In fact, it is easy to check that the kinetic
energy of the system (of the two point masses) and the strain energy
stored in the 3 springs, respectively

T =
1

2
m1ẋ

2
1 +

1

2
m2ẋ

2
2

V =
1

2
kx21 +

1

2
k(x2 − x1)

2 +
1

2
kx22

may be written as

T =
1

2
ẋTM ẋ, V =

1

2
xTKx (2.2)

The strain energy in the system is strictly positive if the displacement
field x involves elastic deformations in the structure; it is equal to 0 if
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x consists of rigid body displacements. Similarly, the kinetic energy is
strictly positive, except if some d.o.f. have no inertia associated to them.

As a second example leading to Equ.(2.1), consider the building of
Fig.2.2.a; it consists of 5 identical floors of mass m, connected by mass-
less columns of height l and bending stiffness EI, clamped at both ends.
Using the result of problem 1.3, the system may be modeled by 5 identical
point masses m connected by springs of elastic constant k = 24EI/l3 rep-
resenting the lateral stiffness of one floor. The system has 5 d.o.f. because
its kinematics is fully described by the 5 coordinates x = (x1, . . . , x5)

T of
the point masses.

The dynamic equilibrium of mass i reads (Fig.2.2.c)

mẍi = k(xi+1 − xi)− k(xi − xi−1) + fi (i = 2, 3, 4)

where fi is the external force directly applied to mass i. The equations
governing the d.o.f. 1 and 5 are slightly different:

mẍ1 = k(x2 − x1)− kx1 + f1

mẍ5 = −k(x5 − x4) + f5

This system of 5 second order differential equations may be written in
the matrix form (2.1) with the diagonal mass matrix M = mI5 and the
stiffness matrix

(a)

l EI

x
1

x
2

x
3

x
4

x
5

xi +1xixi-1

k k

(b)

k
m

x
1

x
2

m

x
4

m
k k k

x
3

m
k

x
5

m

(c)

xi +1( )-

m
k xi xi-1 ( )-k xi

m

m

Fig. 2.2. (a) Model of a building with 5 identical rigid floors connected with massless
columns of height l and bending stiffness EI. (b) Equivalent spring-mass system, with
k = 24EI/l3. (c) Free body diagram of mass i.
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K =


2k −k 0 0 0
−k 2k −k 0 0
0 −k 2k −k 0
0 0 −k 2k −k
0 0 0 −k k


Once again, it is easy to check that the total kinetic energy

T =

5∑
i=1

1

2
mẋ2i

and the strain energy stored in the column, of the building

V =

5∑
i=1

1

2
k(xi − xi−1)

2

may be written according to Equ.(2.2).

2.2 Free response of the undamped system

2.2.1 Eigenvalue problem

Consider the free response (f = 0) of the undamped (conservative) system
(C = 0)

M ẍ+Kx = 0 (2.3)

Proceeding as for the single d.o.f. oscillator, a non trivial solution x = ϕest

exists if s and ϕ satisfy

(K + s2M)ϕ = 0 (2.4)

It is an eigenvalue problem; the eigenvalues s (the poles of the system)
are solutions of the characteristic equation

det(K + s2M) = 0 (2.5)

They are purely imaginary, s = ±jωi, because K and M are symmet-
ric semi-positive definite (ωi are called the natural frequencies, or the
resonance frequencies); the number of natural frequencies is equal to
the number of d.o.f.; they are usually ordered by increasing frequencies
(ω1 ≤ ω2 ≤ . . . ≤ ωn). To every natural frequency ωi corresponds a mode
shape ϕi, solution of
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(K − ω2
iM)ϕi = 0 (2.6)

The properties of K and M guarantee that the mode shapes ϕi are real.
Note that Equ.(2.6) defines only the shape, but not the amplitude of
the mode which can be scaled arbitrarily. The mode shapes are not just
mathematical quantities: they can be observed even on lightly damped
structures by exciting them at a natural frequency.

As an example, consider the two mass system of the previous section
in the particular case where m1 = m2 = m. The eigenvalue problem (2.6)
reads [

2k − ω2m −k
−k 2k − ω2m

]{
x1
x2

}
= 0 (2.7)

The solutions of

det

[
2k − ω2m −k

−k 2k − ω2m

]
= 0

are

ω2
1 =

k

m
and ω2

2 =
3k

m

The corresponding mode shapes may be determined by substituting these
values into (2.7). Since the determinant vanishes, the solution may be
determined by considering a single line of this system of equation. Con-
sidering the first line, one finds:

ω2
1 =

k

m
⇒ (2k− k)x1− kx2 = 0 ⇒ x1 = x2 ⇒ ϕ1 =

{
x1
x1

}

Mode 1

Mode 2

x
1

x
2

k mw
1

3k mw
2

Fig. 2.3. Mode shapes of the two degree-of-freedom lumped mass system.
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ω2
2 =

3k

m
⇒ (2k−3k)x1−kx2 = 0 ⇒ x1 = −x2 ⇒ ϕ2 =

{
x1
−x1

}
They are represented in Fig.2.3. For the first mode, the motion of the two
masses is equal and in the same direction; for the second mode, the two
masses move in opposite directions.

2.2.2 Orthogonality relationships

Left multiplying Equ.(2.6) by ϕTj , one gets the scalar equation

ϕTj Kϕi = ω2
iϕ

T
j Mϕi

and, upon permuting i and j, one gets similarly,

ϕTi Kϕj = ω2
jϕ

T
i Mϕj

Subtracting these equations, taking into account that a scalar is equal to
its transpose, and that K and M are symmetric, one gets

0 = (ω2
i − ω2

j )ϕ
T
j Mϕi

which shows that the mode shapes corresponding to distinct natural fre-
quencies are orthogonal with respect to the mass matrix.

ϕTj Mϕi = 0 (ωi ̸= ωj)

It follows from the foregoing equations that the mode shapes are also
orthogonal with respect to the stiffness matrix. The orthogonality condi-
tions are often written as

ϕTi Mϕj = µi δij (2.8)

ϕTi Kϕj = µi ω
2
i δij (2.9)

where δij is the Kronecker delta (δij = 1 if i = j, δij = 0 if i ̸= j), µi is the
modal mass (also called generalized mass) of mode i. From the foregoing
equations,

ω2
i =

ϕTi Kϕi

ϕTi Mϕi
(2.10)

We will come back to this important result when we study the Rayleigh
quotient.

Since the mode shapes can be scaled arbitrarily, it is a common practice
to normalize them in such a way that µi = 1. If one defines the matrix
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of the mode shapes Φ = (ϕ1,ϕ2, ...,ϕn), the orthogonality relationships
read

ΦTMΦ = diag(µi) (2.11)

ΦTKΦ = diag(µiω
2
i ) (2.12)

Because of these orthogonality conditions, the mode shapes are often
called the normal modes.

2.2.3 Multiple natural frequencies

To demonstrate the orthogonality conditions, we have used the fact that
the natural frequencies were distinct. If several modes have the same nat-
ural frequency (as often occurs in practice because of symmetry), they
form a subspace of dimension equal to the multiplicity of the eigenvalue.
Any vector in this subspace is a solution of the eigenvalue problem (Prob-
lem 2.5), and it is always possible to find a set of vectors such that the
orthogonality conditions are satisfied.

2.2.4 Rigid body modes

A rigid body mode ui is such that there is no strain energy associated
with it: uTi Kui = 0. It is also solution of

Kui = 0 (2.13)

This can be demonstrated by showing that if it were ̸= 0, say Kui = a,
this would violate the condition that K is semi-positive definite. Indeed,
the vector a+ λu, where λ is an arbitrary scalar parameter, satisfies

(a+ λui)
TK(a+ λui) ≥ 0 for all λ

or equivalently

aTKa+ 2λaTKui + λ2uTi Kui ≥ 0 for all λ

Since uTi Kui = 0 and Kui = a,

aTKa+ 2λaTa ≥ 0 for all λ

Both aTKa and aTa are ≥ 0. If a ̸= 0, the free parameter λ can always
be chosen negative enough, in such a way that this inequality is violated.
Thus a must be 0 and Equ.(2.13) is demonstrated. It simply states that
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the rigid body modes can be regarded as solutions of the eigenvalue prob-
lem (2.6) with ωi = 0.

In summary, any linear structure with n d.o.f. has n normal modes
satisfying the orthogonal relationships (2.8) and (2.9), even in presence
of multiple natural frequencies; the rigid body modes correspond to a
natural frequency equal to zero.

2.2.5 Free response from initial conditions

The general solution of Equ(2.3) from non-zero initial conditions is

x =
n∑
i=1

(Ai cosωit+Bi sinωit)ϕi (2.14)

where the 2n constants Ai and Bi can be determined from the initial
conditions x(0), ẋ(0). The orthogonality conditions (2.8) allow to deter-
mine these constants independently for each mode: left multiplying the
foregoing equation and its time derivative by ϕTkM , one gets:

ϕTkMx = µk(Ak cosωkt+Bk sinωkt)

ϕTkM ẋ = µk(−ωkAk sinωkt+ ωkBk cosωkt)

and, at t = 0,

Ak =
ϕTkMx(0)

µk
Bk =

ϕTkM ẋ(0)

µkωk

Finally,

x =

n∑
i=1

[
ϕTi Mx(0)

µi
cosωit+

ϕTi M ẋ(0)

µiωi
sinωit]ϕi (2.15)

Note that, since ωi appears at the denominator, this result is not valid
if there are rigid body modes. However, if one takes the limit for ωi →
0, taking into account that sinωit/ωi → t and cosωit → 1, Equ.(2.14)
becomes

x =

r∑
i=1

(Ai +Bit)ui +

n∑
i=r+1

(Ai cosωit+Bi sinωit)ϕi (2.16)

where r is the number of rigid body modes. The constants Ai and Bi can
be determined in the same way as before.
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2.3 Modal decomposition

We now return to the general equation assuming a lightly damped sys-
tem1 and use the normal modes of the undamped system as new set of
coordinates.

M ẍ+ Cẋ+Kx = f (2.17)

Let us perform a change of variables from physical coordinates x to modal
coordinates according to

x = Φz (2.18)

where z is the vector of modal amplitudes. Substituting into Equ.(2.17),

MΦz̈+ CΦż+KΦz = f

Left multiplying by ΦT and using the orthogonality relationships (2.8)
and (2.9), one gets

diag(µi)z̈+ ΦTCΦ ż+ diag(µiω
2
i )z = ΦT f (2.19)

If the matrix ΦTCΦ is diagonal, the damping is said classical or normal.
In this case, the modal fraction of critical damping ξi (in short modal
damping) is defined by

ΦTCΦ = diag(2ξiµiωi) (2.20)

Under this condition, the modal equations are decoupled and Equ.(2.19)
can be rewritten

z̈+ 2ξ Ω ż+Ω2z = µ−1ΦT f (2.21)

with the notations
ξ = diag(ξi)

Ω = diag(ωi) (2.22)

µ = diag(µi)

This is a set of decoupled equations governing the response of the normal
modes. Mode i follows

z̈i + 2ξiωiżi + ω2
i zi =

1

µi
ϕTi f (2.23)

which is the equation of a single d.o.f. oscillator of mass µi, frequency ωi
and damping ratio ξi; the generalized force ϕTi f is the work of the external
force f on mode ϕi.

1 This assumption means that the poles of the system are complex conjugate pairs
localized close to the imaginary axis.
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2.3.1 Modal truncation

If one accepts the assumption of classical damping, the only difference
between Equ.(2.17) and (2.21) lies in the change of coordinates (2.18).
However, in physical coordinates, the number of degrees of freedom of a
discretized model such as (2.17) is usually large, especially if the geome-
try is complicated, because of the difficulty of accurately representing the
stiffness of the structure. The number of modes is equal to the number of
d.o.f.; however, among them, only the low frequency modes have a phys-
ical meaning; the high frequency ones depend on the model (which does
not mean that their global contribution to the response is not important).
This number of degrees of freedom is unnecessarily large to represent the
structural response in a limited bandwidth (ω ≤ ωb). If a structure is
excited by a band-limited excitation, its response is dominated by the
modes whose natural frequencies belong to the bandwidth of the excita-
tion, and the integration of Equ.(2.21) can often be restricted to these
modes. The number of degrees of freedom contributing effectively to the
response is therefore reduced drastically in modal coordinates. Overall,
the structural response may be split into the modes responding dynami-
cally (i < m, with ωm > ωb) and those responding in a quasi-static manner
(i > m), for which all the contributions involving time derivatives may be
neglected:

z̈i + 2ξiωiżi + ω2
i zi = ϕTi f/µi (i < m)

ω2
i zi = ϕTi f/µi (i > m)

(2.24)

2.4 Damping

The damping matrix C represents the various dissipation mechanisms in
the structure, which are usually poorly known. To compensate for this
lack of knowledge, it is customary to make assumptions on its form. One
of the most popular hypotheses is the Rayleigh damping:

C = αM + βK (2.25)

The coefficients α and β are selected to fit the structure under consid-
eration. One can readily check that the Rayleigh damping complies with
condition (2.20) and that the corresponding modal damping ratios are

ξi =
1

2
(
α

ωi
+ βωi) (2.26)
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The two free parameters α and β can be selected in order to match the
modal damping of two modes. The Rayleigh damping tends to overesti-
mate the damping of the high frequency modes (Problem 2.7).

It turns out that the assumption of modal damping, Equ.(2.20) is in
very good agreement with experiments when the damping is small, and
that the modal damping ratios ξi are much easier to determine from exper-
iments than the full damping matrix C. The following values of the modal
damping ratio can be regarded as typical: satellites and space structures
are generally very lightly damped (ξ ≃ 0.001 − 0.005), because of the
extensive use of fiber reinforced composites, the absence of aerodynamic
damping, and the low strain level. Mechanical engineering applications
(steel structures, piping,...) are in the range of ξ ≃ 0.01−0.02; most dissi-
pation takes place in the joints, and the damping increases with the strain
level. For civil engineering applications, ξ ≃ 0.05 is typical and, when ra-
diation damping through the ground is involved, it may reach ξ ≃ 0.20,
depending on the local soil conditions. The assumption of modal damp-
ing is questionable when the damping is large, as in problems involving
soil-structure interaction. Lightly damped structures are usually easier to
model, but the detrimental effect of resonances is more pronounced. Refer
to Fig.1.2 and 1.7 to visualize the effect of ξ, respectively on the location
of the poles in the complex plane and on the dynamic amplification.

2.5 Dynamic flexibility matrix

Consider the steady state harmonic response of Equ.(2.17) to a vector ex-
citation f = Fejωt. The response is also harmonic with the same frequency,
x = Xejωt, and the amplitudes of F and X are related by

X = [−ω2M + jωC +K]−1F = G(ω)F (2.27)

The matrix G(ω) is called the dynamic flexibility matrix ; it is a dynamic
generalization of the static flexibility matrix, G(0) = K−1. The modal ex-
pansion of G(ω) can be obtained by transforming into modal coordinates
x = Φz as we did earlier. The modal response is also harmonic, z = Zejωt

and one finds easily that

Z = diag{ 1

µi(ω2
i + 2jξiωiω − ω2)

}ΦTF

leading to
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X = ΦZ = Φdiag{ 1

µi(ω2
i + 2jξiωiω − ω2)

}ΦTF

Comparing with (2.27), one finds the modal expansion of the dynamic
flexibility matrix:

G(ω) = [−ω2M + jωC +K]−1 =

n∑
i=1

ϕiϕ
T
i

µi(ω2
i + 2jξiωiω − ω2)

(2.28)

where the sum extends to all the modes. Glk(ω) expresses the complex
amplitude of the structural response of d.o.f. l when a unit harmonic force
ejωt is applied at d.o.f. k. G(ω) can be rewritten

G(ω) =

n∑
i=1

ϕiϕ
T
i

µiω2
i

Di(ω) (2.29)

where

Di(ω) =
1

1− ω2/ω2
i + 2jξiω/ωi

(2.30)

is the dynamic amplification factor of mode i.Di(ω) is equal to 1 at ω = 0,
it exhibits large values in the vicinity of ωi, |Di(ωi)| = (2ξi)

−1, and then
decreases beyond ωi (Fig.2.4).

2

According to the definition of G(ω) the Fourier transform of the re-
sponse X(ω) is related to the Fourier transform F(ω) of an arbitrary
transient excitation by

X(ω) = G(ω)F(ω)

This equation is the vector generalization of Equ.(1.20); it means that all
the frequency components work independently, and if the excitation has
no energy at one frequency, there is no energy in the response at that
frequency.

From Fig.2.4, one sees that when the excitation has a limited band-
width, ω < ωb, the contribution of all the high frequency modes (i.e. such
that ωk ≫ ωb) to G(ω) can be evaluated by assuming Dk(ω) ≃ 1. As a
result, if m is selected in such a way that ωm is slightly larger than ωb,
the modal expansion may be split according to

G(ω) ≃
m∑
i=1

ϕiϕ
T
i

µiω2
i

Di(ω) +
n∑

i=m+1

ϕiϕ
T
i

µiω2
i

(2.31)

2 Qi = 1/2ξi is often called the quality factor of mode i.
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Fig. 2.4. Fourier spectrum of the excitation F with a limited frequency content ω < ωb

and dynamic amplification Di of mode i such that ωi < ωb and ωk ≫ ωb.

This approximation is valid for ω < ωm. The first term in the right hand
side is the contribution of all the modes which respond dynamically and
the second term is a quasi-static correction for the high frequency modes.
Taking into account the modal expansion of the static flexibility matrix,

G(0) = K−1 =

n∑
i=1

ϕiϕ
T
i

µiω2
i

(2.32)

G(ω) can be rewritten in terms of the low frequency modes only:

G(ω) ≃
m∑
i=1

ϕiϕ
T
i

µiω2
i

Di(ω) +K−1 −
m∑
i=1

ϕiϕ
T
i

µiω2
i

(2.33)

The quasi-static correction of the high frequency modes is often called the
residual mode, denoted by R. Unlike all the terms involving Di(ω) which
reduce to 0 as ω → ∞, R is independent of the frequency and introduces
a feedthrough (constant) component in the dynamic flexibility matrix.
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2.5.1 Structure with rigid body modes∗

The approximation (2.33) applies only at low frequency, ω < ωm. If the
structure has r rigid body modes, the first sum can be split into rigid
and flexible modes; however, the residual mode cannot be used any more,
because K−1 no longer exists. This problem can be solved in the follow-
ing way. The displacements are partitioned into their rigid and flexible
contributions according to

x = xr + xe = Φrzr + Φeze (2.34)

where Φr and Φe are the matrices whose columns are the rigid body
modes and the flexible modes, respectively. Assuming no damping, to
make things formally simpler, and taking into account that the rigid body
modes satisfy KΦr = 0, we obtain the equation of motion

MΦrz̈r +MΦez̈e +KΦeze = f (2.35)

Left multiplying by ΦTr and using the orthogonality relations (2.8) and
(2.9), we see that the rigid body modes are governed by

ΦTrMΦr z̈r = ΦTr f

or
z̈r = µ−1

r ΦTr f (2.36)

Substituting this result into Equ.(2.35), we get

MΦez̈e +KΦeze = f−MΦrz̈r

= f−MΦrµ
−1
r ΦTr f = (I −MΦrµ

−1
r ΦTr )f

or
MΦez̈e +KΦeze = P T f (2.37)

where we have defined the projection matrix

P = I − Φrµ
−1
r ΦTrM (2.38)

such that P T f is orthogonal to the rigid body modes. In fact, we can easily
check that

PΦr = 0 (2.39)

PΦe = Φe (2.40)
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Fig. 2.5. Structure with rigid body modes.

P can therefore be regarded as a filter which leaves unchanged the flexible
modes and eliminates the rigid body modes.

If we follow the same procedure as in the foregoing section, we need
to evaluate the elastic contribution of the static deflection, which is the
solution of

Kxe = P T f (2.41)

Since KΦr = 0, the solution may contain an arbitrary contribution from
the rigid body modes. On the other hand, P T f = f −M ẍr is the super-
position of the external forces and the inertia forces associated with the
motion as a rigid body; it is self-equilibrated, because it is orthogonal to
the rigid body modes. Since the system is in equilibrium as a rigid body, a
particular solution of Equ.(2.41) can be obtained by adding dummy con-
straints to remove the rigid body modes (Fig.2.5). The modified system
is statically determinate and its stiffness matrix can be inverted. If we
denote by Giso the flexibility matrix of the modified system, the general
solution of (2.41) is

xe = GisoP
T f+ Φrc

where c is a vector of arbitrary constants. The contribution of the rigid
body modes can be eliminated with the projection matrix P , leading to

xe = PGisoP
T f (2.42)

PGisoP
T is the pseudo-static flexibility matrix of the flexible modes. On

the other hand, left multiplying Equ.(2.35) by ΦTe , we get
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ΦTeMΦez̈e + ΦTeKΦeze = ΦTe f

where the diagonal matrix ΦTeKΦe is regular. It follows that the pseudo-
static deflection can be written alternatively

xe = Φeze = Φe(Φ
T
eKΦe)

−1ΦTe f (2.43)

Comparing with Equ.(2.42), we get

PGisoP
T = Φe(Φ

T
eKΦe)

−1ΦTe =
n∑
r+1

ϕiϕ
T
i

µiω2
i

(2.44)

This equation is identical to Equ.(2.32) when there are no rigid body
modes. From this result, we can extend Equ.(2.33) to systems with rigid
body modes:

G(ω) ≃
r∑
i=1

ϕiϕ
T
i

−µiω2
+

m∑
i=r+1

ϕiϕ
T
i

µiω2
i

Di(ω) +R (2.45)

where the contribution from the residual mode is

R =
n∑

m+1

ϕiϕ
T
i

µiω2
i

= PGisoP
T −

m∑
r+1

ϕiϕ
T
i

µiω2
i

(2.46)

Note that Giso is the flexibility matrix of the system obtained by adding
dummy constraints to remove the rigid body modes. Obviously, this can
be achieved in many different ways and it may look surprising that they all
lead to the same result (2.46). In fact, different boundary conditions lead
to different displacements under the self-equilibrated load P T f , but they
differ only by a contribution of the rigid body modes, which is destroyed
by the projection matrix P , leading to the same PGisoP

T . Let us illustrate
the procedure with an example.

2.5.2 Example∗

Consider the system of three identical masses of Fig.2.6. There is one rigid
body mode and two flexible ones:

Φ = (Φr, Φe) =

1 1 1
1 0 −2
1 −1 1


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Fig. 2.6. Three mass system: (a) self-equilibrated forces associated with a force f
applied to mass 1; (b) dummy constraints.

and
ΦTMΦ = diag(3, 2, 6) ΦTKΦ = k.diag(0, 2, 18)

From Equ.(2.38), the projection matrix is

P =

1 0 0
0 1 0
0 0 1

−


1
1
1

 .
1

3
.(1, 1, 1) =

1 0 0
0 1 0
0 0 1

− 1

3

1 1 1
1 1 1
1 1 1


or

P =
1

3

 2 −1 −1
−1 2 −1
−1 −1 2


We can readily check that

PΦ = P (Φr, Φe) = (0, Φe)

and the self-equilibrated loads associated with a force f applied to mass
1 is, Fig.2.6.a

P T f =
1

3

 2 −1 −1
−1 2 −1
−1 −1 2


f
0
0

 =


2/3

−1/3
−1/3

 f

If we impose the statically determinate constraint on mass 1, Fig.2.6.b,
the resulting flexibility matrix is
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Giso =
1

k

0 0 0
0 1 1
0 1 2


leading to

PGisoP
T =

1

9k

 5 −1 −4
−1 2 −1
−4 −1 5


The reader can easily check that other dummy constraints would lead to
the same pseudo-static flexibility matrix (Problem 2.8).

2.6 Anti-resonances

Let us consider a diagonal term of the dynamic flexibility matrix:

Gkk(ω) =

m∑
i=1

ϕ2
i (k)

µiω2
i

Di(ω) +Rkk (2.47)

where ϕ2
i (k) is the square of the modal amplitude at the d.o.f. k. This

(scalar) FRF represents the ratio between the harmonic response of the
d.o.f. k and the harmonic excitation applied to the same d.o.f. Such a
configuration corresponds to a collocated system, where the actuator and
the sensor are associated to the same d.o.f. If one assumes that the system
is undamped, the FRF is purely real:

Gkk(ω) =

m∑
i=1

ϕ2
i (k)

µi(ω2
i − ω2)

+Rkk (2.48)

All the residues are positive (square of the modal amplitude) and, as a
result, Gkk(ω) is a monotonously increasing function of ω, which behaves
as illustrated in Fig.2.7. The amplitude of the FRF goes from −∞ at the
resonance frequencies ω+

i (corresponding to a pair of imaginary poles at
s = ±jωi) to +∞ at the next resonance frequency ω−

i+1. Since the function
is continuous, in every interval, there is a frequency zi such that ωi < zi <
ωi+1 where the amplitude of the FRF vanishes, and there is one in every
interval between two resonances. In structural dynamics, such frequencies
are called anti-resonances; they correspond to purely imaginary zeros at
±jzi. Thus, undamped collocated systems have alternating poles and zeros
on the imaginary axis. The pole / zero pattern is that of Fig.2.8.a. The



2.6 Anti-resonances 35

static

response

residual

mode

resonance

anti-

resonance

Gkk(!)

zi

Gkk(0) = K
à1
kk

Rkk

!i+1!i

!

Fig. 2.7. Open-loop FRF of an undamped structure with a collocated actuator/sensor
pair (no rigid body modes).

situation depicted in Fig.2.7 is that where there is no rigid body mode.
In presence of rigid body modes, the FRF starts from −∞ at ω = 0 and
there is an additional zero such that 0 < z1 < ω1. For a lightly damped
structure, the poles and zeros are just moved a little in the left-half plane,
but they are still interlacing, Fig.2.8.b.

If the undamped structure is excited harmonically by the actuator at
the frequency of the transmission zero, zi, the amplitude of the response of
the collocated sensor vanishes. This means that the structure oscillates at
the frequency zi according to the shape shown in dotted line on Fig.2.10.b.
We will establish in the next section that this shape, and the frequency

Re(s) Re(s)

Im(s) Im(s)

x x

x x

x x

(a) (b)

Fig. 2.8. Pole/Zero pattern of a structure with collocated (dual) actuator and sensor;
(a) undamped; (b) lightly damped (only the upper half of the complex plane is shown,
the diagram is symmetrical with respect to the real axis).
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zi, are actually a mode shape and a natural frequency of the system
obtained by constraining (blocking) the d.o.f. k. The natural frequencies
of the constrained system depend on the d.o.f. where the constraint has
been added.3 However, from the foregoing discussion, for every component
Gkk(ω), that is for every actuator/sensor configuration, there will be one
and only one zero between two consecutive poles, and the interlacing
property applies for any location of the collocated pair.

Referring once again to Fig.2.7, one easily sees that neglecting the
residual mode in the modelling [Rkk in Equ.(2.48)] amounts to translat-
ing the FRF diagram vertically in such a way that its high frequency
asymptote becomes tangent to the frequency axis. This produces a shift
in the location of the transmission zeros to the right, and the last one even
moves to infinity as the feedthrough (constant) component Rkk disappears
from the FRF. Thus, neglecting the residual modes tends to overestimate
the anti-resonance frequencies. The open-loop transfer function of a un-
damped structure with a collocated actuator/sensor pair can be written

G(s) = G0

∏
i(s

2/z2i + 1)∏
j(s

2/ω2
j + 1)

(ωi < zi < ωi+1) (2.49)

For a lightly damped structure, it reads

Im(G)

Re(G)w = 0
G

f

0°

-90°

-180°

w

w

dB

iw
!= zi

zi

! = !i

Fig. 2.9. Nyquist diagram and Bode plots of a lightly damped structure with collocated
actuator and sensor.

3 It is indeed well known in system theory that the open-loop poles are independent
of the actuator and sensor configuration while the open-loop zeros do depend on it.
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G(s) = G0

∏
i(s

2/z2i + 2ξis/zi + 1)∏
j(s

2/ω2
j + 2ξjs/ωj + 1)

(ωi < zi < ωi+1) (2.50)

The corresponding Bode and Nyquist plots are represented in Fig 2.9.
Every imaginary pole at ±jωi introduces a 1800 phase lag and every
imaginary zero at ±jzi a 1800 phase lead. In this way, the phase diagram is
always contained between 0 and −1800, as a consequence of the interlacing
property. For the same reason, the Nyquist diagram consists of a set
of nearly circles (one per mode), all contained in the third and fourth
quadrants. Thus, the entire curveG(ω) is below the real axis (the diameter
of every circle is proportional to ξ−1

i ).

2.6.1 Anti-resonances and constrained system

We now establish that the anti-resonances (transmission zeros) of the
undamped system are the poles (natural frequencies) of the constrained
system. Consider the undamped structure of Fig.2.10.a (a displacement
sensor is assumed for simplicity). The governing equations are

(a)

(b)

(c)

g

u

y

Fig. 2.10. (a) Structure with collocated actuator and sensor; (b) structure with addi-
tional constraint; (c) structure with additional stiffness along the controlled d.o.f.

Structure:
M ẍ+Kx = bu (2.51)

Output sensor :
y = bTx (2.52)
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u is the actuator input (scalar) and y is the sensor output (also scalar).
The fact that the same vector b appears in the two equations is due to
collocation. For a stationary harmonic input at the actuator, u = u0e

jω0t;
the response is harmonic, x = x0e

jω0t, and the amplitude vector x0 is
solution of

(K − ω2
0M)x0 = bu0 (2.53)

The sensor output is also harmonic, y = y0e
jω0t and the output amplitude

is given by
y0 = bTx0 = bT (K − ω2

0M)−1bu0 (2.54)

Thus, the antiresonance frequencies ω0 are solutions of

bT (K − ω2
0M)−1b = 0 (2.55)

Now, consider the system with the additional stiffness g along the same
d.o.f. as the actuator/sensor pair, Fig 2.10.c. The stiffness matrix of the
modified system is K + gbbT . The natural frequencies of the modified
system are solutions of the eigenvalue problem

[K + gbbT − ω2M ]ϕ = 0 (2.56)

For all g, the solution (ω,ϕ) of the eigenvalue problem is such that

(K − ω2M)ϕ+ gbbTϕ = 0 (2.57)

or
bTϕ = −bT (K − ω2M)−1gbbTϕ (2.58)

Since bTϕ is a scalar, this implies that

bT (K − ω2M)−1b = −1

g
(2.59)

Taking the limit for g → ∞, one sees that the eigenvalues ω satisfy

bT (K − ω2M)−1b = 0 (2.60)

which is identical to (2.55). Thus, ω = ω0; the imaginary zeros of the
undamped collocated system, solutions of (2.55), are the poles of the
constrained system (2.56) at the limit, when the stiffness g added along
the actuation d.o.f. increases to ∞:

lim
g→∞

[(K + gbbT )− ω2
0M ]x0 = 0 (2.61)

This is equivalent to placing a kinematic constraint along the control d.o.f.
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2.7 Natural frequencies of a n-storey building∗

The construction of the mass and stiffness matrices of a building with 5
identical floors was examined in section 2.1. In this section we examine
the more general case of a building with n identical floors and, rather than
constructing the mass and stiffness matrices and solving the eigenvalue
problem for a specific value of n, we seek an analytical solution to the
difference equation, with appropriate boundary conditions.4

mode 1 mode 2 mode 3

i

(b)(a)

Fig. 2.11. (a) Model of a building with n identical floors; the floor is considered as
a rigid slab of mass m and the columns are massless and clamped at both ends; the
lateral stiffness of one floor is k. (b) Mode shapes.

The equation governing the motion of floor i is obtained by expressing
the equilibrium between the inertia forces and the elastic restoring forces
coming from the neighboring floors:

mẍi = −k(xi − xi−1)− k(xi − xi+1)

or
−xi−1 + 2xi − xi+1 = −m

k
ẍi (2.62)

(which is essentially the equation of motion of a set of identical spring-
mass systems attached in series). Assuming an harmonic motion, xi =
xie

jωt, and introducing the reduced frequency

4 Reading the chapter on continuous systems is recommended before reading this
section.
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µ2 = ω2m

k
=
ω2

ω2
0

(2.63)

(ω0 =
√
k/m is the natural frequency of a single storey, Problem 1.3),

the eigenvalue problem is

−xi−1 + 2xi − xi+1 = µ2xi (i = 1, . . . , n− 1) (2.64)

with the boundary conditions x0 = 0 (structure fixed at the base) and

xn − xn−1 = µ2xn (2.65)

at the free end. The difference equation (2.64) has a solution of the form
xi = Aezi if z is solution of

−e−z + (2− µ2)− ez = 0

or

cosh z = 1− µ2

2

(if z is solution, −z is also solution). Since the cosh of any real number
is always larger than 1, there cannot be a solution with z real. If µ2 < 4,
the solution is z = ±jλ, with

cosλ = 1− µ2

2
or sin2

λ

2
=
µ2

4

µ = 2 sin
λ

2
(2.66)

At this stage, the set of values possible for λ is still unknown. The general
solution for the mode shape is

xi = Aejλi +Be−jλi or xi = C sinλi+D cosλi

Taking into account the boundary condition at the lower end, x0 = 0,
D = 0. The eigenvalue is determined by enforcing the boundary condition
(2.65) at the upper end of the structure:

sinλn− sinλ(n− 1) = µ2 sinλn

or
(1− µ2) sinλn− sinλ(n− 1) = 0

which, after expanding sinλ(n− 1) and using (2.66), can be rewritten



2.8 Problems 41

2 sin
λ

2
cos(λn+

λ

2
) = 0 (2.67)

sin λ
2 = 0 is a trivial solution which corresponds to µ = 0. The other

solutions correspond to

λrn+
λr
2

= (2r − 1)
π

2
(r = 1, 2, ..., n)

or

λr =
2r − 1

2n+ 1
π

Finally, using Equ.(2.66) and (2.63), one finds the natural frequencies:

ωr = 2

√
k

m
sin[

(2r − 1)

(2n+ 1)

π

2
] (r = 1, 2, ..., n) (2.68)

The corresponding mode shape is

xr(i) = C sin[i
(2r − 1)

(2n+ 1)
π] (2.69)

The first few mode shapes are illustrated in Fig.2.11.

2.8 Problems

k

c

m
k

m

k

c

k
m

k
m

k

c

Fig. 2.12. Two d.o.f. lumped mass system with various damping configurations.

P.2.1 For the various configurations shown in Fig.2.12, discuss the as-
sumption of modal damping and calculate the modal damping ratios.
P.2.2 Consider the system of Fig.2.13, consisting of two disks of polar
moment of inertia J mounted on a shaft in three parts of identical tor-
sional stiffness Kθ. The system is supported by two bearings in A and
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B. Write the equations governing the torsional vibration of the system
and find the natural frequencies and the mode shapes for the following
boundary conditions:

(a) Clamped in A and B.
(b) Free to rotate in A and B.
(c) Clamped in A and free in B.

Kq K

J J

q
1

q
2

qKq

A B

Fig. 2.13. Shaft with two disks.

x1 x2 x3

c

k

mM m

k

c

f

Fig. 2.14. Three mass system.

P.2.3 Write the equations governing the vibration of the three-mass sys-
tem of Fig.2.14. Find the mode shapes in the particular case M = m.

kc

M J,

k c

l

x

q

Fig. 2.15. Plane motion of a rigid body on a suspension.
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P.2.4 Write the equations governing the vibration of the suspension sys-
tem of Fig.2.15. Find the natural frequencies, the modes and the modal
damping ratios.
P.2.5 Show that if ϕi and ϕj are mode shapes with the same natural
frequency ωi, aϕi + bϕj is also a mode shape with the same natural
frequency, for any a and b.
P.2.6 (a) Show that the projection matrix

Ak =

[
I −

ϕkϕ
T
kM

ϕTkMϕk

]
(2.70)

is such that
Akϕk = 0
Akϕi = ϕi

(2.71)

Ak projects any vector in the subspace orthogonal to ϕk.
(b) What would be the matrix which projects any vector in the sub-

space orthogonal to ϕk and ϕl ?
P.2.7 Sketch the evolution of the modal damping ξi with the modal fre-
quency for the Rayleigh damping assumption (2.25).
P.2.8 Consider the three mass system of section 2.5.2. Show that chang-
ing the dummy constraint to mass 2 does not change the pseudo-static
flexibility matrix PGisoP

T .

k
m

x
1

x
2

m

xi

m
k

xn

m
kk k

Fig. 2.16. Spring mass system with n identical massesm connected with n+1 identical
springs k.

P.2.9 Consider the system of Fig.2.16, formed of n identical masses m
connected with identical springs of stiffness k. Show that the natural
frequencies of the system are given by

ωr = 2

√
k

m
. sin[

rπ

2(n+ 1)
] (2.72)

and the corresponding mode shapes

xr(i) = C sin[i
rπ

n+ 1
] (2.73)
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k
m

x
1

x
2

m

x
3

m
kk k

Fig. 2.17. Spring mass system with 3 identical masses m connected with 4 identical
springs k.

[Hint: Solve the difference equation (2.64) with the boundary conditions
x0 = 0, xn+1 = 0.]
P.2.10 Consider the system of Fig.2.17, formed of three identical masses
m connected with 4 identical springs of stiffness k. (a) Using the results of
the previous problem, sketch the pole/zero pattern of the structure with
a collocated actuator and sensor pair acting at the d.o.f. 1. (b) Do the
same for an actuator and sensor pair acting at d.o.f. 2. Compare the two
plots.
P.2.11Write the stiffness matrices of the systems of Fig.2.11 and Fig.2.16.
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Lagrangian dynamics

Le bon sens est la chose la mieux
répartie au monde, parce que nul
ne se plaint de ne pas en avoir
assez.

Descartes, Discours de la
Méthode, 1637

3.1 Introduction

Lagrangian dynamics has been motivated by the substitution of scalar
quantities (energy and work) for vector quantities (force, momentum,
torque, angular momentum) in classical vector dynamics. Generalized co-
ordinates are substituted for physical coordinates, which allows a formula-
tion independent of the reference frame. Systems are considered globally,
rather than every component independently, with the advantage of elimi-
nating the interaction forces (resulting from constraints) between the var-
ious elementary parts of the system. The choice of generalized coordinates
is not unique.

The derivation of the variational form of the equations of dynamics
from its vector counterpart (Newton’s laws) is done through the principle
of virtual work, extended to dynamics thanks to d’Alembert’s principle,
leading eventually to Hamilton’s principle and the Lagrange equations for
discrete systems.

Hamilton’s principle is an alternative to Newton’s laws and it can be
argued that, as such, it is a fundamental law of physics which cannot
be derived. We believe, however, that its form may not be immediately
comprehensible to the unexperienced reader and that its derivation for
a system of particles will ease its acceptance as an alternative formula-
tion of dynamic equilibrium. Hamilton’s principle is in fact more general
than Newton’s laws, because it can be generalized to distributed systems
(governed by partial differential equations) and to electromechanical sys-
tems. It is also the starting point for the formulation of many numerical
methods in dynamics, including the finite element method.
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3.2 Generalized coordinates, kinematic constraints

A kinematically admissible motion denotes a spatial configuration that
is always compatible with the geometric boundary conditions. The gen-
eralized coordinates are a set of coordinates that allow a full geometric
description of the system with respect to a reference frame. This represen-
tation is not unique; Fig.3.1 shows two sets of generalized coordinates for
the double pendulum in a plane; in the first case, the relative angles are
adopted as generalized coordinates, while the absolute angles are taken
in the second case. Note that the generalized coordinates do not always
have a simple physical meaning such as a displacement or an angle; they
may also represent the amplitude of an assumed mode in a distributed
system, as is done extensively in the analysis of flexible structures.

ò1

ò2

l1

l2

O

(a)

ò1

ò2

l1

l2

O

(b)

Fig. 3.1. Double pendulum in a plane (a) relative angles (b) absolute angles.

The number of degrees of freedom (d.o.f.) of a system is the minimum
number of coordinates necessary to provide its full geometric descrip-
tion. If the number of generalized coordinates is equal to the number of
d.o.f., they form a minimum set of generalized coordinates. The use of
a minimum set of coordinates is not always possible, nor advisable; if
their number exceeds the number of d.o.f., they are not independent and
they are connected by kinematic constraints. If the constraint equations
between the generalized coordinates qi can be written in the form

f(q1, ....., qn, t) = 0 (3.1)

they are called holonomic. If the time does not appear explicitly in the
constraints, they are called scleronomic.
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f(q1, ....., qn) = 0 (3.2)

The algebraic constraints (3.1) or (3.2) can always be used to eliminate
the redundant set of generalized coordinates and reduce the coordinates
to a minimum set. This is no longer possible if the kinematic constraints
are defined by a (non integrable) differential relation∑

i

aidqi + a0dt = 0 (3.3)

or ∑
i

aidqi = 0 (3.4)

if the time is excluded; non integrable constraints such as (3.3) and (3.4)
are called non-holonomic.

As an example of non-holonomic constraints, consider a vertical disk
rolling without slipping on an horizontal plane (Fig.3.2). The system is
fully characterized by four generalized coordinates, the location (x, y) of
the contact point in the plane, and the orientation of the disk, defined by
(θ, ϕ). The reader can check that, if the appropriate path is used, the four
generalized variables can be assigned arbitrary values (i.e. the disc can be
moved to all points of the plane with an arbitrary orientation). However,
the time derivatives of the coordinates are not independent, because they
must satisfy the rolling conditions:

v = rϕ̇

(x; y)

ò

r

v

x

y

þ

Fig. 3.2. Vertical disk rolling without slipping on an horizontal plane.



48 3 Lagrangian dynamics

ẋ = v cos θ, ẏ = v sin θ

combining these equations, we get the differential constraint equations :

dx− r cos θ dϕ = 0

dy − r sin θ dϕ = 0

which actually restrict the possible paths to go from one configuration to
the other.

3.2.1 Virtual displacements

A virtual displacement, or more generally a virtual change of configura-
tion, is an infinitesimal change of coordinates occurring at constant time,
and consistent with the kinematic constraints of the system (but other-
wise arbitrary). The notation δ is used for the virtual changes of coordi-
nates; they follow the same rules as the derivatives, except that time is
not involved. It follows that, for a system with generalized coordinates qi
related by holonomic constraints (3.1) or (3.2), the admissible variations
must satisfy

δf =
∑
i

∂f

∂qi
δqi = 0 (3.5)

Note that the same form applies, whether t is explicitly involved in the
constraints or not, because the virtual displacements are taken at constant
time. For non-holonomic constraints (3.3) or (3.4), the virtual displace-
ments must satisfy ∑

i

aiδqi = 0 (3.6)

Comparing Equ.(3.3) and (3.6), we note that, if the time appears explic-
itly in the constraints, the virtual displacements are not possible displace-
ments. The differential displacements dqi are along a particular trajectory
as it unfolds with time, while the virtual displacements δqi measure the
separation between two different trajectories at a given instant.

Consider a single particle constrained to move on a smooth surface

f(x, y, z) = 0

The virtual displacements must satisfy the constraint equation
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∂f

∂x
δx+

∂f

∂y
δy +

∂f

∂z
δz = 0

which is in fact the dot product of the gradient to the surface,

gradf = ∇f = (
∂f

∂x
,
∂f

∂y
,
∂f

∂z
)T

and the vector of virtual displacement δx = (δx, δy, δz)T :

gradf.δx = (∇f)T δx = 0

Since ∇f is parallel to the normal n to the surface, this simply states
that the virtual displacements belong to the plane tangent to the surface.
Let us now consider the reaction force F which constraints the particle
to move along the surface. If we assume that the system is smooth and
frictionless, the reaction force is also normal to the surface; it follows that

F.δx = FT δx = 0 (3.7)

the virtual work of the constraint forces on any virtual displacements is
zero. We will accept this as a general statement for a reversible system
(without friction); note that it remains true if the surface equation de-
pends explicitly on t, because the virtual displacements are taken at con-
stant time.

3.3 Principle of virtual work

The principle of virtual work is a variational formulation of the static
equilibrium of a mechanical system without friction. Consider a system
of N particles with position vectors xi, i = 1, .., N . Since the static equi-
librium implies that the resultant Ri of the force applied to each particle
i is zero, each dot product Ri.δxi = 0, and

N∑
i=1

Ri.δxi = 0

for all virtual displacements δxi compatible with the kinematic con-
straints. Ri can be decomposed into the contribution of external forces
applied Fi and the constraint (reaction) forces F′

i
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Ri = Fi + F′
i

and the previous equation becomes∑
Fi.δxi +

∑
F′
i.δxi = 0

For a reversible system (without friction), Equ.(3.7) states that the virtual
work of the constraint forces is zero, so that the second term vanishes, it
follows that ∑

Fi.δxi = 0 (3.8)

The virtual work of the external applied forces on the virtual displacements
compatible with the kinematics is zero. The strength of this result comes
from the fact that (i) the reaction forces have been removed from the
equilibrium equation, (ii) the static equilibrium problem is transformed
into kinematics, and (iii) it can be written in generalized coordinates:∑

Qk.δqk = 0 (3.9)

where Qk is the generalized force associated with the generalized coordi-
nate qk.
As an example of application, consider the one d.o.f. motion amplification
mechanism of Fig.3.3. Its kinematics is governed by

x = 5a sin θ y = 2a cos θ

It follows that

f

ò

w

y

x

a

Fig. 3.3. Motion amplification mechanism.
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δx = 5a cos θ δθ δy = −2a sin θ δθ

The principle of virtual work reads

f δx+ w δy = (f.5a cos θ − w.2a sin θ) δθ = 0

for arbitrary δθ, which implies that the static equilibrium forces f and w
satisfy

f = w
2

5
tan θ

3.4 D’Alembert’s principle

D’Alembert’s principle extends the principle of virtual work to dynamics.
It states that a problem of dynamic equilibrium can be transformed into
a problem of static equilibrium by adding the inertia forces - mẍi to the
externally applied forces Fi and constraints forces F′

i.
Indeed, Newton’s law implies that, for every particle,

Ri = Fi + F′
i −miẍi = 0

Following the same development as in the previous section, summing over
all the particles and taking into account that the virtual work of the
constraint forces is zero, one finds

N∑
i=0

(Fi −miẍi).δxi = 0 (3.10)

The sum of the applied external forces and the inertia forces is sometimes
called the effective force. Thus, the virtual work of the effective forces
on the virtual displacements compatible with the constraints is zero. This
principle is most general; unfortunately, it is difficult to apply, because it
still refers to vector quantities expressed in an inertial frame and, unlike
the principle of virtual work, it cannot be translated directly into gener-
alized coordinates. This will be achieved with Hamilton’s principle in the
next section.

If the time does not appear explicitly in the constraints, the virtual
displacements are possible, and Equ.(3.10) is also applicable for the actual
displacements dxi = ẋidt
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∑
i

Fi.dxi −
∑
i

miẍi.ẋidt = 0

If the external forces can be expressed as the gradient of a potential V
which does not depend explicitly on t,

∑
Fi.dxi = −dV (if V depends

explicitly on t, the total differential includes a partial derivative with
respect to t). Such a force field is called conservative. The second term in
the previous equation is the differential of the kinetic energy:

∑
i

miẍi.ẋidt =
d

dt

(
1

2

∑
i

mi ẋi.ẋi

)
dt = dT

It follows that
d(T + V ) = 0

and

T + V = Ct (3.11)

This is the law of conservation of total energy. Note that it is restricted
to systems where (i) the potential energy does not depend explicitly on t
and (ii) the kinematic constraints are independent of time.

3.5 Hamilton’s principle

D’Alembert’s principle is a complete formulation of the dynamic equilib-
rium; however, it uses the position coordinates of the various particles of
the system, which are in general not independent; it cannot be formu-
lated in generalized coordinates. On the contrary, Hamilton’s principle
expresses the dynamic equilibrium in the form of the stationarity of a
definite integral of a scalar energy function. Thus, Hamilton’s principle be-
comes independent of the coordinate system. Consider again Equ.(3.10);
the first contribution

δW =
∑

Fi.δxi

represents the virtual work of the applied external forces. The second
contribution to Equ.(3.10) can be transformed using the identity

ẍi.δxi =
d

dt
(ẋi.δxi)− ẋi.δẋi =

d

dt
(ẋi.δxi)− δ

1

2
(ẋi.ẋi)



3.5 Hamilton’s principle 53

where we have used the commutativity of δ and ( ˙ ). It follows that

N∑
i=1

miẍi.δxi =

N∑
i=1

mi
d

dt
(ẋi.δxi)− δT

where T is the kinetic energy of the system. Using this equation, we
transform d’Alembert’s principle (3.10) into

δW + δT =

N∑
i=0

mi
d

dt
(ẋi.δxi)

The left hand side consists of scalar work and energy functions. The right
hand side consists of a total time derivative which can be eliminated by
integrating over some interval [t1, t2], assuming that the system configu-
ration is known at t1 and t2, so that

δxi(t1) = δxi(t2) = 0 (3.12)

Taking this into account, one gets∫ t2

t1

(δW + δT )dt =

N∑
i=1

mi[ẋi.δxi]
t2
t1
= 0

If some of the external forces are conservative,

δW = −δV + δWnc (3.13)

where V is the potential and δWnc is the virtual work of the nonconser-
vative forces. Thus, Hamilton’s principle is expressed by the variational
indicator (V.I.):

V.I. =

∫ t2

t1

[δ(T − V ) + δWnc]dt = 0 (3.14)

or

V.I. =

∫ t2

t1

[δL+ δWnc]dt = 0 (3.15)

where
L = T − V (3.16)

is the Lagrangian of the system. The statement of the dynamic equi-
librium goes as follows: The actual path is that which cancels the value
of the variational indicator (3.14) or (3.15) with respect to all arbitrary
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t1

t2

îxi(t2) = 0

îxi(t1) = 0
îxi

x i(t)

True path

Perturbed path

Fig. 3.4. True and perturbed paths.

variations of the path between two instants t1 and t2, compatible with the
kinematic constraints, and such that δxi(t1) = δxi(t2) = 0.

Again, we stress that δxi does not measure displacements on the true
path, but the separation between the true path and a perturbed one at a
given time (Fig.3.4).

Note that, unlike Equ.(3.11) which requires that the potential V does
not depend explicitly on time, the virtual expression (3.13) allows V to
depend on t, since the virtual variation is taken at constant time (δV =
∇V.δx, while dV = ∇V.dx+ ∂V/∂t.dt).

Hamilton’s principle, that we derived here from d’Alembert’s principle
for a system of particles, is the most general statement of dynamic equi-
librium, and it is, in many respects, more general than Newton’s laws,
because it applies to continuous systems and more. Some authors argue
that, being a fundamental law of physics, it cannot be derived, just ac-
cepted. Thus we could have proceeded the opposite way: state Hamilton’s
principle, and show that it implies Newton’s laws. It is a matter of taste,
but also of history: 150 years separate Newton’s Principia (1687) from
Hamilton’s principle (1835). From now on, we will consider Hamilton’s
principle as the fundamental law of dynamics.

Consider the plane pendulum of Fig.3.5; taking the altitude of the
pivot O as reference, we find the Lagrangian

L = T − V =
1

2
m(lθ̇)2 +mgl cos θ

δL = ml2θ̇δθ̇ −mgl sin θδθ

Hamilton’s principle states that the variational indicator (V.I).
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òl

g

m

o

Fig. 3.5. Plane pendulum.

V.I. =

∫ t2

t1

[ml2θ̇δθ̇ −mgl sin θδθ]dt = 0

for all virtual variations δθ such that δθ(t1) = δθ(t2) = 0. As always in
variational calculus, δθ̇ can be eliminated from the variational indicator

by integrating by part over t. Using θ̇δθ̇ =
d

dt
(θ̇δθ)− θ̈δθ one gets

V.I. = [ml2θ̇δθ]t2t1 −
∫ t2

t1

(ml2θ̈ +mgl sin θ)δθdt = 0

for all virtual variations δθ such that δθ(t1) = δθ(t2) = 0. Since the in-
tegral appearing in the second term must vanish for arbitrary δθ, we
conclude that

ml2θ̈ +mgl sin θ = 0

which is the differential equation for the oscillation of the pendulum. The
Lagrange’s equations give a much quicker way of solving this type of
problem.

3.6 Lagrange’s equations

Hamilton’s principle relies on scalar work and energy quantities; it does
not refer to a particular coordinate system. The system configuration can
be expressed in generalized coordinates qi. If the generalized coordinates
are independent, the virtual change of configuration can be represented
by independent virtual variations of the generalized coordinates, δqi. This
allows us to transform the variational indicator (3.14) into a set of differ-
ential equations which are Lagrange’s equations.
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First, consider the case where the system configuration is described by
a finite set of n independent generalized coordinates qi. All the material
points of the system follow

xi = xi(q1, ..., qn; t) (3.17)

We also allow an explicit dependency on time t, which is important for
analyzing gyroscopic systems such as rotating machinery. The velocity of
the material point i is given by

ẋi =
∑
j

∂xi
∂qj

q̇j +
∂xi
∂t

(3.18)

where the matrix of partial derivatives ∂xi/∂qj has the meaning of a
Jacobian. From Equ.(3.18), the kinetic energy can be written in the form

T =
1

2

∑
i

miẋi.ẋi = T2 + T1 + T0 (3.19)

where T2, T1 and T0 are respectively homogeneous functions of order 2,1
and 0 in the generalized velocities q̇j ; the coefficients of Tk depend on the
partial derivatives ∂xi/∂qj , which are themselves functions of the gener-
alized coordinates qj . Note that without explicit dependency on t, the last
term in (3.18) disappears and T = T2 (homogenous quadratic function of
q̇j). Being independent of q̇j , the term T0 appears as a potential; it is in
general related to centrifugal forces, while the linear term T1 is responsible
for the gyroscopic forces. The general form of the kinetic energy is

T = T (q1, ..., qn, q̇1, ..., q̇n; t) (3.20)

The potential energy V does not depend on the velocity; it can be assumed
to be of the general form

V = V (q1, ..., qn; t) (3.21)

From these two equations, it can be assumed that the most general form
of the Lagrangian is

L = T − V = L(q1, ..., qn, , q̇1, ..., q̇n; t) (3.22)

Let us now examine the virtual work of the non-conservative forces; ex-
pressing the virtual displacement δxi in terms of δqi, one finds
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δWnc =
∑
i

Fi.δxi =
∑
i

∑
k

Fi
∂xi
∂qk

δqk =
∑
k

Qkδqk (3.23)

where

Qk =
∑
i

Fi
∂xi
∂qk

(3.24)

Qk is the generalized force associated with the generalized variable qk;
they are energetically conjugate (their product has the dimension of en-
ergy). Introducing Equ.(3.23) in Hamilton’s principle (3.14), one finds

V.I. = δI =

∫ t2

t1

[δL(q1, ..., qn, , q̇1, ..., q̇n; t) +
∑

Qiδqi]dt

=

∫ t2

t1

[
∑
i

(
∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i) +

∑
Qiδqi]dt

and, upon integrating by part to eliminate δq̇i, using

∂L

∂q̇i
δq̇i =

d

dt

(
∂L

∂q̇i
δqi

)
− d

dt

(
∂L

∂q̇i

)
δqi

one finds

δI =
∑
i

[
δL

δq̇i
δqi]

t2
t1
−
∫ t2

t1

∑
i

[
d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
−Qi]δqidt = 0 (3.25)

The first term vanishes because δqi(t1) = δqi(t2) = 0, and since the virtual
variations are arbitrary (qi are independent), one must have

d

dt
(
∂L

∂q̇i
)− ∂L

∂qi
= Qi i = 1, ...n (3.26)

These are Lagrange’s equations, their number is equal to the number n
of independent coordinates. The generalized forces contain all the non-
conservative forces; they are obtained from the principle of virtual work
(3.23). Once the analytical expression of the Lagrangian in terms of the
generalized coordinates has been found, Equ.(3.26) allows us to write the
differential equations governing the motion in a straightforward way.
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3.6.1 Vibration of a linear non-gyroscopic discrete system

The general form of the kinetic energy of a linear non-gyroscopic, discrete
mechanical system is

T =
1

2
ẋTM ẋ (3.27)

where x is a set of generalized coordinates, and M is the mass matrix.
M is symmetric and semi-positive definite, which translates the fact that
any velocity distribution must lead to a non-negative value of the kinetic
energy;M is strictly positive definite if all the coordinates have an inertia
associated to them, so that it is impossible to find a velocity distribution
such that T = 0. Similarly, the general form of the strain energy is

V =
1

2
xTKx (3.28)

where K is the stiffness matrix, also symmetric and semi-positive definite.
A rigid body mode is a set of generalized coordinates with no strain energy
in the system. K is strictly positive definite if the system does not have
rigid body modes.

The Lagrangian of the system reads,

L = T − V =
1

2
ẋTM ẋ− 1

2
xTKx (3.29)

If, in addition, one assumes that the virtual work of the non-conservative
external forces can be written δWnc = fT δx, applying the Lagrange equa-
tions (3.26), one gets the equation of motion

M ẍ+Kx = f (3.30)

3.6.2 Dissipation function

In the literature, it is customary to define the dissipation function D such
that the dissipative forces are given by

Qi = −∂D
∂q̇i

(3.31)

If this definition is used, Equ.(3.26) becomes

d

dt

(
∂L

∂q̇i

)
+
∂D

∂q̇i
− ∂L

∂qi
= Qi (3.32)
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where Qi includes all the non-conservative forces which are not already
included in the dissipation function. Viscous damping can be represented
by a quadratic dissipation function. If one assumes

D =
1

2
ẋTCẋ (3.33)

in previous section, one gets the equation of motion

M ẍ+ Cẋ+Kx = f (3.34)

where C is the viscous damping matrix, also symmetric and semi-positive
definite. We now examine a few examples of mechanical systems, to illus-
trate some of the features of the method.

3.6.3 Example 1: Pendulum with a sliding mass

Consider the pendulum of Fig.3.6.a where a massm slides without friction
on a massless rod in a constant gravity field g; a linear spring of stiffness
k connects the mass to the pivot O of the pendulum. This system has two
d.o.f. and we select q1 (position of the mass along the bar) and q2 (angle
of the pendulum) as the generalized coordinates. It is assumed that, when
q1 = 0, the spring force vanishes.

The kinetic energy is associated with the point mass m; its velocity
can be expressed in two orthogonal directions as in Fig.3.6.b; it follows
that

T =
1

2
m(q̇21 + q̇22q

2
1)

o

q1 q
:

2

q
:

1

(b)

q1

q2

o
(c)

Disk of mass

and moment

of inertia

m

I

q1

q2

g

o

(a)

m

k k

Fig. 3.6. Pendulum with a sliding mass attached with a spring. (a) and (b): Point
mass. (c) Disk.
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The potential energy reads

V = −mg q1 cos q2 +
1

2
k q21

The first contribution comes from gravity (the reference altitude has been
taken at the pivot O) and the second one is the strain energy in the spring
(assumed unstretched when q1 = 0). The Lagrange equations are

d

dt
(mq21 q̇2) +mg q1 sin q2 = 0

m q̈1 −mq1q̇
2
2 −mg cos q2 + kq1 = 0

If one assumes that the mass m is no longer a point mass, but a disk
of moment of inertia I sliding along the massless rod [Fig.3.6.c], it con-
tributes with an extra term to the kinetic energy, representing the kinetic
energy of rotation of the disk (the kinetic energy of a rigid body is the
sum of the kinetic energy of translation of the total mass lumped at the
center of mass and the kinetic energy of rotation around the center of
mass):

T =
1

2
m(q̇21 + q̇22q

2
1) +

1

2
Iq̇22

The disk has the same potential energy as the point mass. Furthermore,
if the rod is uniform with a total mass M and a length l, its moment of
inertia with respect to the pivot is

Io =

∫ l

0
ϱx2dx = ϱl3/3 =Ml2/3

(M = ϱl); the additional contribution to the kinetic energy is Ioq̇
2
2/2.

Note that, this includes the translational energy as well as the rotational
energy of the rod, because the moment of inertia I0 refers to the fixed
point at the pivot. The rod has also an additional contribution to the
potential energy: −M g (l/2) cos q2 (the center of mass is at mid length).

3.6.4 Example 2: Rotating pendulum

Consider the rotating pendulum of Figure 3.7.a. The point mass m is
connected by a massless rod to a pivot which rotates about a vertical
axis at constant velocity Ω; the system is in a vertical gravity field g.
Because Ω is constant, the system has a single d.o.f., with coordinate θ.
In order to write the kinetic energy, it is convenient to project the velocity
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Fig. 3.7. Rotating pendulum.

of the point mass in the orthogonal frame shown in Fig.3.7.b. One axis is
tangent to the circular trajectory when the pendulum rotates about the
vertical axis with θ fixed, while the other one is tangent to the trajectory
of the mass in the plane of the pendulum when it does not rotate about
the vertical axis; the projected components are respectively lΩ sin θ and
lθ̇. Being orthogonal, it follows that

T =
m

2

[
(lθ̇)2 + (lΩ sin θ)2

]
Note that the first term is quadratic in θ̇ [T2 in (3.19)], while the second
term is independent of θ̇ and appears as a potential of centrifugal forces [T0
in (3.19)]. Taking the reference altitude at the pivot, the gravity potential
is V = −gml cos θ and

L = T − V =
m

2

[
(lθ̇)2 + (lΩ sin θ)2

]
+ gml cos θ

The corresponding Lagrange equation reads

ml2θ̈ −ml2Ω2 sin θ cos θ +mgl sin θ = 0

For small oscillations near θ = 0, the equation can be simplified using the
approximations sin θ ≃ θ and cos θ = 1; this leads to

θ̈ +
g

l
θ −Ω2θ = 0
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Introducing ω2
0 =

g

l
, the pendulum frequency

θ̈ +
(
ω2
0 −Ω2

)
θ = 0

One sees that the centrifugal force introduces a negative stiffness. Figure
3.7.c shows the evolution of the frequency of the small oscillations of
the pendulum with Ω; the eigenvalues are solutions of the characteristic
equation s2 + (ω2

0 −Ω2) = 0; the system is unstable beyond Ω = ω0.

3.6.5 Example 3: Rotating spring mass system

A spring mass system is rotating in the horizontal plane at a constant
velocity Ω, Fig.3.8.a. The system has a single d.o.f., described by the
coordinate u measuring the extension of the spring. The absolute velocity
of the point mass m can be conveniently projected in the moving frame
(x, y); the components are (u̇, uΩ). It follows that

T =
1

2
m
[
u̇2 + (uΩ)2

]
Once again, there is a quadratic contribution, T2, and a contribution
independent of the generalized velocity, T0 (potential of centrifugal force).
It is not necessary to include the kinetic energy of the rotating mechanism,
because it is constant, and will disappear when writing the Lagrange
equation. Since the system is not subjected to gravity, the potential energy
is associated with the extension of the spring; assuming that the spring
force is equal to zero when u = 0,

V =
1

2
ku2

The Lagrangian reads

L = T − V =
1

2
mu̇2 − 1

2
(k −mΩ2)u2

leading to the Lagrange equation

mü+ (k −mΩ2)u = 0

or
ü+ (ω2

n −Ω2)u = 0
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after introducing ω2
n = k/m. This equation is identical to the linearized

form of the previous example; the eigenvalues are solutions of the char-
acteristic equation s2 + (ω2

n − Ω2) = 0; the system becomes unstable for
Ω > ωn.

u

k
m

x
y

Ò Ò

y

x

c1
m

k1

k2

(a) (b)

Fig. 3.8. Rotating spring-mass systems (a) Single axis (b) Two-axis with anisotropic
stiffness. The frame Oxy is rotating at Ω.

3.6.6 Example 4: Gyroscopic effects

Next, consider the system of Fig.3.8.b, where the constraint along y = 0
has been removed and replaced by another spring orthogonal to the pre-
vious one. This system has 2 d.o.f. with a stiffness k1 along Ox and k2
along Oy;1 it is fully described by the generalized coordinates x and y,
the displacements along the moving axes rotating at constant speed Ω.
We assume small displacements and, in Fig.3.8.b, the stiffness k1 and k2
represent the global stiffness along x and y, respectively. We assume vis-
cous damping along x, with damping coefficient c1. The absolute velocity
in the rotating frame is (ẋ−Ωy, ẏ +Ωx), leading to the kinetic energy
of the point mass

T =
1

2
m
[
(ẋ−Ωy)2 + (ẏ +Ωx)2

]
(3.35)

As in the previous example, we disregard the constant term associated
with the rotation at constant speed of the supporting mechanism. Upon

1 This system is in fact a model of the Jeffcott rotor with an anisotropic shaft; it will
be reexamined in chapter 10.
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expanding T , one gets
T = T2 + T1 + T0

with

T2 =
1

2
m(ẋ2 + ẏ2)

T1 = mΩ(xẏ − ẋy)

T0 =
1

2
mΩ2(x2 + y2)

Note that a contribution T1 of the first order in the generalized velocities
appears for the first time; it will be responsible for gyroscopic forces [the
system of Fig.3.8.b is actually the simplest, where gyroscopic forces can
be illustrated]. The potential V is associated with the extension of the
springs; with the assumption of small displacements,

V =
1

2
k1x

2 +
1

2
k2y

2

The damping force can be handled either by the virtual work, δWnc = −c1ẋδx
or with the dissipation function (3.33). In this case,

D =
1

2
c1ẋ

2

The Lagrange equations read

mẍ− 2mΩẏ + c1ẋ+ k1x−mΩ2x = 0

mÿ + 2mΩẋ+ k2y −mΩ2y = 0

or, in matrix form, with q = (x, y)T ,

M q̈+ (C +G)q̇+ (K −Ω2M)q = 0 (3.36)

where

M =

[
m 0
0 m

]
C =

[
c1 0
0 0

]
K =

[
k1 0
0 k2

]
are respectively the mass, damping and stiffness matrices, and

G =

[
0 −2mΩ

2mΩ 0

]
(3.37)

is the anti-symmetric matrix of gyroscopic forces, which couples the mo-
tion in the two directions; its magnitude is proportional to the inertia (m)
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and to the rotating speed Ω. The contribution −Ω2M is, once again, the
centrifugal force. Note that, with the previous definitions of the matrices
M,G,K and C, the various energy terms appearing in the Lagrangian
can be written

T2 =
1

2
q̇TM q̇

T1 =
1

2
q̇TGq

T0 =
Ω2

2
qTMq

V =
1

2
qTKq

D =
1

2
q̇TCq̇

Note that the modified potential

V + = V − T0 =
1

2
qT
(
K −Ω2M

)
q (3.38)

is no longer positive definite if Ω2 > k1/m or k2/m.
Let us examine this system a little further, in the particular case where

k1 = k2 = k and c1 = 0. If ω2
n = k/m, the equations of motion become

ẍ− 2Ωẏ +
(
ω2
n −Ω2

)
x = 0

ÿ + 2Ωẋ+
(
ω2
n −Ω2

)
y = 0

To analyze the stability of the system, let us assume a solution of the
form x = Xest, y = Y est; the corresponding eigenvalue problem is

[
s2 + ω2

n −Ω2 −2Ωs
2Ωs s2 + ω2

n −Ω2

]{
X
Y

}
= 0

Nontrivial solutions of this homogenous system of equations require that
the determinant be zero, leading to the characteristic equation

s4 + 2s2(ω2
n +Ω2) + (ω2

n −Ω2)2 = 0

The roots of this equation are

s21 = −(ωn −Ω)2, s22 = −(ωn +Ω)2
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!

Ò

!n

!n

Fig. 3.9. Campbell diagram of the system of Fig.3.8.b, in the particular case k1 = k2
and c1 = 0.

Thus, the eigenvalues are all imaginary, for all values of Ω. Figure 3.9
shows the evolution of the natural frequencies with Ω (this plot is called
Campbell diagram). We note that, in contrast with the previous example,
the system does not become unstable beyond Ω = ωn; it is stabilized by
the gyroscopic forces.

3.7 Lagrange’s equations with constraints

Consider the case where the n generalized coordinates are not indepen-
dent. In this case, the virtual changes of configuration δqk must satisfy a
set of m constraint equations of the form of Equ.(3.6):∑

k

alkδqk = 0 l = 1, ...m (3.39)

The number of degrees of freedom of the system is n−m. In Hamilton’s
principle (3.25), the variations δqi are no longer arbitrary, because of
Equ.(3.39), and the step leading from Equ.(3.25) to (3.26) is impossible.
This difficulty can be solved by using Lagrange multipliers. The technique
consists of adding to the variational indicator a linear combination of the
constraint equations

m∑
l=1

λl

(
n∑
k=1

alkδqk

)
=

n∑
k=1

δqk

(
m∑
l=1

λlalk

)
= 0 (3.40)

where the Lagrange multipliers λl are unknown at this stage. Equation
(3.40) is true for any set of λl. Adding to Equ.(3.25), one gets
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t1

n∑
k=1

[
d

dt
(
∂L

∂q̇k
)− ∂L

∂qk
−Qk −

m∑
l=1

λlalk]δqkdt = 0

In this equation, n−m variations δqk can be taken arbitrarily (the in-
dependent variables) and the corresponding expressions between brackets
must vanish; the m terms left in the sum do not have independent varia-
tions δqk, but we are free to select the m Lagrange multipliers λl to cancel
them too. Overall, one gets

d

dt
(
∂L

∂q̇k
)− ∂L

∂qk
= Qk +

m∑
l=1

λlalk k = 1, ..., n

The second term in the right hand side represents the generalized con-
straint forces, which are linear functions of the Lagrange multipliers. This
set of n equations has n+m unknown (the generalized coordinates qk and
the Lagrange multipliers λl). Combining with them constraints equations,
we obtain a set of n+m equations. For non-holonomic constraints of the
form (3.3), the equations read∑

k

alkdqk + al0dt l = 1, ...,m (3.41)

d

dt
(
∂L

∂q̇k
)− ∂L

∂qk
= Qk +

m∑
l=1

λlalk k = 1, ..., n (3.42)

with the unknown qk, k = 1, ..., n and λl, l = 1, ...,m. If the system is holo-
nomic, with constraints of the form (3.1), the equations become

gl(q1, q2, ...qn; t) = 0 l = 1, ...,m (3.43)

d

dt
(
∂L

∂q̇k
)− ∂L

∂qk
= Qk +

m∑
l=1

λl
∂gl
∂qk

k = 1, ..., n (3.44)

This is a system of algebro-differential equations. This formulation is fre-
quently met in multi-body dynamics.

3.8 Conservation laws

3.8.1 Jacobi integral

If the generalized coordinates are independent, the Lagrange equations
constitute a set of n differential equations of the second order; their so-
lution requires 2n initial conditions describing the configuration and the
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velocity at t = 0. In special circumstances, the system admits first inte-
grals of the motion, which contain derivatives of the variables of one order
lower than the order of the differential equations. The most celebrated of
these first integrals is that of conservation of energy (3.11); it is a partic-
ular case of a more general relationship known as a Jacobi integral.

If the system is conservative (Qk = 0) and if the Lagrangian does not
depend explicitly on time,

∂L

∂t
= 0 (3.45)

The total derivative of L with respect to time reads

dL

dt
=

n∑
k=1

∂L

∂qk
q̇k +

n∑
k=1

∂L

∂q̇k
q̈k

On the other hand, from the Lagrange’s equations (taking into account
that Qk = 0)

∂L

∂qk
=

d

dt

(
∂L

∂q̇k

)
Substituting into the previous equation, one gets

dL

dt
=

n∑
k=1

[
d

dt

(
∂L

∂q̇k

)
q̇k +

∂L

∂q̇k
q̈k] =

n∑
k=1

d

dt
[

(
∂L

∂q̇k

)
q̇k]

It follows that

d

dt
[
n∑
k=1

(
∂L

∂q̇k

)
q̇k − L] = 0 (3.46)

or

n∑
k=1

(
∂L

∂q̇k

)
q̇k − L = h = Ct (3.47)

Recall that the Lagrangian reads

L = T − V = T2 + T1 + T0 − V (3.48)

where T2 is a homogenous quadratic function of q̇k, T1 is homogenous
linear in q̇k, and T0 and V do not depend on q̇k.
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According to Euler’s theorem on homogeneous functions, if Tn(xi) is
an homogeneous function of order n in some variables xi, it satisfies the
identity ∑

xi
∂Tn(xi)

∂xi
= nTn(xi) (3.49)

It follows from this theorem that∑
q̇i
∂Tn
∂q̇i

= nTn

and ∑(
∂L

∂q̇k

)
q̇k =

∑[
∂(T2 + T1 + T0)

∂q̇k

]
q̇k = 2T2 + T1

and (3.47) can be rewritten

h = T2 − T0 + V = Ct (3.50)

This result is known as the Jacobi integral, or also the Painlevé integral.
If the kinetic energy is a homogeneous quadratic function of the velocity,
T = T2 and T0 = 0; Equ.(3.50) becomes

T + V = Ct (3.51)

which is the integral of conservation of energy. From the above discussion,
it follows that it applies to conservative systems whose Lagrangian does
not depend explicitly on time [Equ.(3.45)] and whose kinetic energy is a
homogeneous quadratic function of the generalized velocities (T = T2).
We have met this equation earlier [Equ.(3.11)], and it is interesting to
relate the above conditions to the earlier ones: Indeed, (3.45) implies that
the potential does not depend explicitly on t, and T = T2 implies that
the kinematical constraints do not depend explicitly on t [see (3.18) and
(3.19)].

3.8.2 Ignorable coordinate

Another first integral can be obtained if a generalized coordinate (say qs)
does not appear explicitly in the Lagrangian of a conservative system (the
Lagrangian contains q̇s but not qs, so that ∂L/∂qs = 0). Such a coordinate
is called ignorable. From Lagrange’s equation (3.26),
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d

dt

(
∂L

∂q̇s

)
=
∂L

∂qs
= 0

It follows that

ps =
∂L

∂q̇s
= Ct

and, since V does not depend explicitly on the velocities, this can be
rewritten

ps =
∂L

∂q̇s
=
∂T

∂q̇s
= Ct (3.52)

ps is the generalized momentum conjugate to qs.
2 Thus, the generalized

momentum associated with an ignorable coordinate is conserved.
Note that the existence of the first integral (3.52) depends very much

on the choice of coordinates, and that it may remain hidden if inappropri-
ate coordinates are used. The ignorable coordinates are also called cyclic,
because they often happen to be rotational coordinates.

O
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y

z

ò

þ

l

mg

lò

lþ sin ò

Fig. 3.10. The spherical pendulum.

2 by analogy with the relation between the linear momentum, p = mv, with the kinetic
energy, T = 1

2
mv2, of a point mass: p = dT/dv.
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3.8.3 Example: The spherical pendulum

To illustrate the previous paragraph, consider the spherical pendulum of
Fig.3.10. Its configuration is entirely characterized by the two general-
ized coordinates θ and ϕ. the kinetic energy and the potential energy are
respectively

T =
1

2
m[(lθ̇)2 + (ϕ̇l sin θ)2]

V = −mgl cos θ

and the Lagrangian reads

L = T − V =
1

2
ml2[θ̇2 + (ϕ̇ sin θ)2] +mgl cos θ

The Lagrangian does not depend explicitly on t, nor on the coordinate
ϕ. The system is therefore eligible for the two first integrals discussed
above. Since the kinetic energy is homogeneous quadratic in θ̇ and ϕ̇, the
conservation of energy (3.51) applies.

As for the ignorable coordinate ϕ, the conjugate generalized momen-
tum is

pϕ = ∂T/∂ϕ̇ = ml2ϕ̇ sin2 θ = Ct

This equation simply states the conservation of the angular momentum
about the vertical axis Oz (indeed, the moments about Oz of the external
forces from the cable of the pendulum and the gravity vanish).

3.9 Prestresses, geometric strain energy

When a structure is prestressed, its natural frequencies are subject to
changes. For example, the centrifugal force is a significant contributor
to the total stiffness of an helicopter rotor blade and, similarly, large
civil engineering structures have their natural frequencies lowered by the
compression stresses due to the dead loads.3 The tuning of a guitar string
is done by adjusting its prestress. The prestresses are responsible of an
additional contribution to the strain energy called the geometric strain
energy. Its evaluation, however, is not easy and requires the introduction
of the Green strain tensor.

3 This is sometimes called the “P-Delta” effect.
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Fig. 3.11. Elastic body in the initial state and after deformation.

3.9.1 Green strain tensor

Consider the segment joining two points A : xi and B : xi + dxi in
the initial configuration (Fig.3.11); the two points move to the position
A′ : xi + ui and B

′ : xi + ui + d(xi + ui) in the deformed configuration.
If dl0 is the initial length of AB and dl the length of A′B′, the difference
dl2 − dl20 is

dl2 − dl20 = d(xi + ui)d(xi + ui)− dxi dxi

and, expanding dui according to

dui =
∂ui
∂xj

dxj

it is readily established that

dl2 − dl20 = (
∂ui
∂xj

+
∂uj
∂xi

+
∂um
∂xi

∂um
∂xj

)dxidxj (3.53)

The Green strain tensor is defined as

εij =
1

2
(
∂ui
∂xj

+
∂uj
∂xi

+
∂um
∂xi

∂um
∂xj

) (3.54)

It is symmetric, and its linear part is the classical strain measure in linear
elasticity; there is an additional quadratic part which accounts for large
rotations.4 Comparing the foregoing equations,

dl2 − dl20 = 2εijdxidxj (3.55)

which shows that if εij = 0, the length of the segment is indeed unchanged,
even for large ui. The Green strain tensor can be partitioned according
to
4 The sum is intended on the repeated index m.
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εij = ε
(1)
ij + ε

(2)
ij (3.56)

where ε
(1)
ij is linear in the displacements, and ε

(2)
ij is quadratic.

To illustrate the Green tensor, let us examine the case of a straight bar
(Fig.3.12.a) in the plane; the displacement field is u(x), v(x). The Green
strain measure εxx is given by

εxx =
du

dx
+

1

2
[(
du

dx
)2 + (

dv

dx
)2] (3.57)

If the bar is subjected to a global rotation as a rigid body (Fig.3.12.b),

u(x) = −2x sin
α

2
sin

α

2
v(x) = 2x sin

α

2
cos

α

2

and

εxx =
du

dx
+

1

2
[(
du

dx
)2+(

dv

dx
)2] = −2 sin2

α

2
+2 sin4

α

2
+2 sin2

α

2
cos2

α

2
= 0

Thus, there is no strain (in the sense of Green) associated with the rigid
body rotation, which is what one expects; the linear part alone (first term)
is different from 0 for finite α.

If the axial deformations remain small with respect to the rotations,

du

dx
≪ 1 and

du

dx
≪ dv

dx

Then, Equ.(3.57) can be simplified into

εxx ≃ du

dx
+

1

2
(
dv

dx
)2 (3.58)

This assumption is frequently done in nonlinear analysis: it accounts for
the large rotations while assuming that the strains remain small.

u x( (

v x( (

x u

v

x

y
a

a/2

(a) (b)

Fig. 3.12. (a) Bar deformed in the plane, including transverse displacements. (b) Bar
subjected to a large rotation as a rigid body in the plane.
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3.9.2 Geometric strain energy due to prestress

The constitutive equations of a linear elastic material are

σij = cijkl εkl (3.59)

where cijkl is the tensor of elastic constants. The strain energy density
reads

U(εij) =

∫ εij

0
σij dεij (3.60)

from which the constitutive equation may be rewritten

σij =
∂U

∂εij
(3.61)

For a linear elastic material

U(εij) =
1

2
cijkl εij εkl (3.62)

W

uiPrestress

0
W W(t (

e0

ij s0

ij

x
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x
2

x
3

*eij *s ij

Fig. 3.13. Continuous system in a prestressed state.

Next, consider a continuous system in a prestressed state (σ0ij , ε
0
ij)

independent of time, and then subjected to a dynamic motion involving
additional stresses and strains (σ∗ij , ε

∗
ij). The total stress and strain state

is (Fig.3.13)
εij = ε0ij + ε∗ij

σij = σ0ij + σ∗ij (3.63)

It is impossible to account for the strain energy associated with the pre-
stress if the linear strain tensor is used. If the Green tensor is used,

ε∗ij = ε∗ij
(1) + ε∗ij

(2) (3.64)
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it can be shown5 that the strain energy can be written

V = V ∗ + Vg (3.65)

where

V ∗ =
1

2

∫
Ω∗
cijkl ε

∗
ij
(1)ε∗kl

(1)dΩ (3.66)

is the additional strain energy due to the linear part of the deformation
beyond the prestress (it is the unique term if there is no prestress), and

Vg =

∫
Ω∗
σ0ij ε

∗
ij
(2)dΩ (3.67)

is the geometric strain energy due to prestress involving the prestressed
state σ0ij and the quadratic part of the strain tensor. Unlike V ∗ which is
always positive, Vg may be positive or negative, depending on the sign
of the prestress. If Vg is positive, it tends to rigidify the system and to
increase the resonance frequencies, as in the case of the centrifugal force
in a rotor blade; the geometric strain energy softens the structure if it is
negative, reducing the resonance frequencies, as in the case of the com-
pression stresses due to the gravity loads in civil engineering structure.
For a discrete system, Vg takes the general form of a quadratic function
of the generalized coordinates describing the dynamic motion (we will see
examples in later chapters)

Vg =
1

2
xTKgx (3.68)

where Kg is the geometric stiffness matrix, no longer positive definite
since Vg may be negative. If the geometric strain energy is included in the
Lagrangian,

L = T − (V + Vg) =
1

2
ẋTM ẋ− 1

2
xTKx− 1

2
xTKgx (3.69)

applying the Lagrange equations (3.26), one gets the equation of motion

M ẍ+ (K +Kg)x = f (3.70)

Once again, it must be stressed that Kg is not positive definite and the
geometric stiffness may either increase or decrease the resonance frequency
of the structure, depending on the nature of the prestress. The natural
frequencies are solutions of the eigenvalue problem

[(K +Kg)− ω2M ]ϕ = 0 (3.71)

5 see (Geradin & Rixen, 1997, p.149-152)
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3.9.3 Buckling

The buckling occurs when the smallest natural frequency is reduced to
ω = 0. If a structure is subjected to a static loading f0 leading to a
prestress state σ0ij and a geometric stiffness matrixKg(σ

0
ij); a proportional

loading λf0 will lead to the stress state λσ0ij and, according to Equ.(3.67),
to a geometric stiffness matrix

Kg(λσ
0
ij) = λKg(σ

0
ij)

The solution λ of the eigenvalue problem (corresponding to ω = 0)

[K + λKg]ϕ = 0 (3.72)

gives the critical buckling amplification factor λ for the static load dis-
tribution defined by f0, and ϕ is the corresponding buckling mode. A
different load distribution f0 will lead to a different amplification factor λ
and a different buckling mode ϕ.

3.10 Negative stiffness

The mechanism of Fig.3.14 is used to reduce the natural frequency of a
spring-mass system in vibration isolation. The mass m is loaded laterally
by a pair of loads P transmitted by the two bars AB and AC of length
l; the bars are horizontal in the equilibrium position and the two forces
P act horizontally at B and C as indicated in the figure. The stiffness
F/x of the mechanism near the equilibrium point may be evaluated by
expressing the static equilibrium of point A with the theorem of virtual
work. Considering the deformed configuration (Fig.3.14.b), it is easily
established that

x

A

B PP

F

l

Cm

k

x
ly

f

l

(a) (b)

Fig. 3.14. (a) Mechanism used to reduce the stiffness of a spring k. (b) Deformed
configuration.
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y = l −
√
l2 − x2

leading to
dy

dx
=

x√
l2 − x2

It follows that the relationship between the virtual displacements δy and
δx is

δy =
x√

l2 − x2
δx

Using the theorem of virtual work, the static equilibrium of point A is
expressed by

2P.δy + F.δx− kx.δx = 0

or
2Px√
l2 − x2

+ F − kx = 0

Thus,
F

x
= k − 2P√

l2 − x2

and the static stiffness about the equilibrium point x = 0 is

{F
x
}x=0 = k − 2P

l

It follows that the natural frequency of the mechanism is

ωn =

√
k

m
− 2P

ml

3.11 Problems

P.3.1 Assuming small displacements, write the equation governing the
dynamics of the suspended mass of Fig.3.15. The spring is assumed to be
unstressed for x = 0.
P.3.2 Write the Lagrange equation governing the system of Fig.1.12.
P.3.3 Write the Lagrange equations governing the system of Fig.2.1.
P.3.4 Write the Lagrange equations governing the system of Fig.2.2.a.
P.3.5 Write the Lagrangian of the system of Fig.2.13, for the various
boundary conditions mentioned in problem 2.2.
P.3.6 Write the Lagrangian for the small oscillations of the system of
Fig.2.15.
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k

M

l

x

l/2

a

Fig. 3.15. Suspended mass (the angle α may be assumed constant for small oscilla-
tions).

P.3.7 Write the Lagrangian of the motion amplification mechanism of
Fig.3.16; the system has two masses m1 and m2 placed as indicated in the
figure, and the massm2 is connected to a spring of stiffness k (assumed un-
stretched in the reference configuration). Evaluate the natural frequency
for the small oscillations about a fixed configuration θ .

q

1

a
k

m

2

my

x

Fig. 3.16. Vibration of the motion amplification mechanism.

P.3.8 Consider a cart of mass M free to move horizontally carrying a
pendulum of length l and mass m and moment of inertia J . Write the
Lagrangian of the system for the two configurations of Fig.3.17. Discuss.
P.3.8 Consider the system of Fig.3.18, consisting of two pendulums con-
nected by a pair of gears with pitch radius and moment of inertia of
respectively r1, J1 and r2, J2 (the reduction ratio is r1/r2). The system is
in equilibrium when both pendulums are in vertical position. Write the
Lagrangian and estimate the natural frequency for the small oscillations
near the equilibrium position.
P.3.9 Consider the system of Fig.3.19; it consists of a bar of mass M and
moment of inertia J ; sliding without friction along two orthogonal surfaces
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m J,

M

xg

q

l

M

x

q
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g

Fig. 3.17. Cart carrying a pendulum in two different configurations.
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q
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q
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Fig. 3.18. System involving two pendulums connected by a gear.

with contacts at points A and B. The system is subjected to gravity and
is attached by a vertical spring at point A; the spring is unstressed when
θ = 450. Write the Lagrangian of the system.

l

x l cos.

M J,

C

g

q

k

q

y l sin. q A

B

Fig. 3.19. Bar sliding on two orthogonal surfaces and attached with a spring.

P.3.10 Consider the plane double pendulum of Fig.3.1, with point masses
m1 and m2. Write the Lagrangian of the system for the two choices of
coordinates shown in the figure.



80 3 Lagrangian dynamics

W

O

a

m

l
f

Fig. 3.20. Centrifugal pendulum.

P.3.11 Centrifugal pendulum: Consider a disk rotating in the horizontal
plane at the constant rotating speed Ω. A pendulum of length l is attached
at a distance a from the center of the disk (Fig.3.20). Show that the small
oscillations of the pendulum take place at the frequency

ω1 =

√
a

l
.Ω (3.73)

This result leads to an interesting family of vibration absorbers, because
once tuned, the centrifugal pendulum vibration absorber is tuned for all
values of the spin velocity (see Chapter 11).
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Continuous systems

Le motif seul fait le mérite des
actions des hommes, et le
désintéressement y met la
perfection.

La Bruyère, Les Caractères, 1688

This chapter consists of a brief introduction to the continuous systems
described by partial differential equations. It begins with the plane vi-
bration of a beam without shear, the vibration of a string, and the axial
vibration of a bar. The end of this chapter considers the bending vibra-
tion of rectangular and circular plates and the response of rotationally
periodic structures to rotating forces.

4.1 Planar vibration of a beam (Euler-Bernoulli)

Consider the transverse deformation of a beam vibrating in a plane
(Fig.4.1.a). The beam has a symmetric cross section of area A and mo-
ment of inertia I; the mass density is ϱ and the Young modulus is E. It
is subjected to a distributed load p(x, t); the transverse displacement is
v(x, t). The free body diagram of a small slice dx of the beam is shown in
Fig.4.1.b, with all the forces acting on the two cross sections. According to
classical notations, M and S represent respectively the bending moment
and the shear force acting on left side, while M + dM and S + dS are
those acting on the right side. The inertia load −ϱAv̈dx is applied to the
center of mass of the small element, in the direction opposing the motion.
The vertical equilibrium reads:

S + p(x, t)dx− (S + dS)− ϱAv̈dx = 0

or
dS

dx
= −ϱAv̈ + p(x, t) (4.1)

The rotational equilibrium (moment about the point P on the left side of
Fig.4.1.b, positive clockwise; the rotational inertia is neglected.)
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x
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x
dx
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p(x).dx

S

S dS+

M M+dM

r .Av dx
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(c)

neutral axis

y

v’

P

Fig. 4.1. (a) Transverse vibration of a beam; the transverse displacement is v(x, t). (b)
Free body diagram of a slice dx of the beam. (c) Euler-Bernoulli kinematic assumption.

M + (S + dS)dx+ (ϱAv̈ − p)dx.dx/2− (M + dM) = 0

and, if one neglects the second order terms dS.dx and (dx)2,

dM

dx
= S (4.2)

These are the equilibrium equations. The kinematic assumptions of the
Euler-Bernoulli theory of beam are that (i) the plane cross section of the
beam remains plane after deformation, and normal to the neutral axis (no
shear strain); (ii) there is no stretching of the neutral axis, and (iii) the
loading acts in the plane (x, y) which is a plane of symmetry, so that the
beam remains in the same plane after deformation.

The vertical displacement, common to all points in the same cross
section is v(x). Since the cross section remains plane and orthogonal to
the neutral axis, the axial displacements vary linearly with the distance
to the neutral axis:

u(x, y) = −y dv
dx

= −y v′(x) (4.3)

Every fiber in the beam is assumed to be in a uniaxial state of stress and
strain:

εx =
∂u

∂x
= −y v′′(x) σx = Eεx (4.4)
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In absence of axial loading, ∫
A
σxdA = 0

which states that the neutral fiber is at the geometrical center of the
cross section. Taking into account that a positive bending moment induces
negative stresses above the neutral axis, the bending moment reads

M = −
∫
A
σx y dA = E v′′(x)

∫
A
y2 dA = EI v′′(x) (4.5)

where

I =

∫
A
y2dA

is the moment of inertia of the cross section. EI is called the bending
stiffness. Combining Equ.(4.1)and (4.2),

d2M

dx2
= −ϱA v̈ + p(x, t)

and, using Equ.(4.5), one gets the partial differential equation governing
the vibration of the beam

(EI v′′)′′ + ϱA v̈ = p(x, t) (4.6)

It is of the second order in time and of the fourth order in space. Before
discussing the boundary conditions, let us examine how this equation may
be derived from Hamilton’s principle.

4.1.1 Hamilton’s principle

Consider Figure 4.2; according to Hamilton’s principle, the virtual dis-
placements δv(x, t) satisfy the geometric (kinematic) boundary conditions
and are such that the configuration is fixed at the limit times t1 and t2:

δv(x, t1) = δv(x, t2) = 0 (4.7)

The first step is to evaluate the Lagrangian. The strain energy resulting
from the uniaxial stress state defined by Equ.(4.4) is

V (εij) =
1

2

∫
V
Eε2x dV =

1

2

∫ L

0

∫
A
E(v

′′
)2y2dAdx
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îv(x; t) v(x; t)

L0

x

Fig. 4.2. Transverse vibration of a beam; δv(x, t) is a virtual displacement compatible
with the boundary conditions and such that δv(x, t1) = δv(x, t2) = 0.

or

V =
1

2

∫ L

0
EI(v′′)2dx (4.8)

If one includes only the translational inertia, the kinetic energy is

T =
1

2

∫ L

0
ϱA(v̇)2dx (4.9)

The virtual work of the non-conservative forces is associated with the
distributed load:

δWnc =

∫ L

0
p δv dx (4.10)

From (4.8) and (4.9),

δV =

∫ L

0
EIv′′δv′′dx and δT =

∫ L

0
ϱAv̇ δv̇ dx

As in the previous chapter, δv̇ can be eliminated by integrating by parts
over t, using v̇δv̇ = d

dt(v̇δv)− v̈δv, and similarly, δv′′ can be eliminated by
integrating twice by parts over x; one gets

δV =

∫ L

0
EIv′′δv′′dx = [EIv′′δv′]L0 −

∫ L

0
(EIv′′)′δv′dx

= [EIv′′δv′]L0 − [(EIv′′)′δv]L0 +

∫ L

0
(EIv′′)′′δv dx

and similarly∫ t2

t1

δTdt =

∫ t2

t1

dt

∫ L

0
ϱAv̇ δv̇ dx = [

∫ L

0
ϱAv̇ δv dx]t2t1−

∫ t2

t1

dt

∫ L

0
ϱAv̈ δv dx
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The expression in brackets vanishes because of (4.7). Substituting the
above expressions in Hamilton’s principle, one gets∫ t2

t1

dt{−[EIv′′δv′]L0 +[(EIv′′)′δv]L0 +

∫ L

0
[−(EIv′′)′′−ϱAv̈+p]δv dx} = 0

(4.11)
This variational indicator must vanish for all arbitrary variations δv com-
patible with the kinematic constraints and satisfying (4.7). This implies
that, because δv is arbitrary within the beam [0, L], the dynamic equilib-
rium is governed by the following partial differential equation

(EIv′′)′′ + ϱAv̈ = p (4.12)

Besides, cancelling the terms within brackets in Equ.(4.11), we find that
the following conditions must be fulfilled at x = 0 and x = L,

EIv′′.δv′ = 0 (4.13)

(EIv′′)′.δv = 0 (4.14)

The first equation expresses that, at both ends, one must have either δv′ =
0, which is the case if the rotation is fixed, or EIv′′ = 0, which means that
the bending moment is equal to 0. Similarly, the second one implies that
at both ends, either δv = 0, which is the case if the displacement is fixed,
or (EIv′′)′ = 0, which means that the shear force is equal to 0. δv = 0 and
δv′ = 0 are kinematic (geometric) boundary conditions; EIv′′ = 0 and
(EIv′′)′ = 0 are sometimes called natural boundary conditions, because
they come naturally from the variational principle. A free end allows
arbitrary δv and δv′; this implies EIv′′ = 0 and (EIv′′)′ = 0. A clamped
end implies that δv = 0 and δv′ = 0. A pinned end implies that δv = 0,
but δv′ is arbitrary; it follows that EIv′′ = 0. Note that the kinematic and
the natural boundary conditions are energetically conjugate: displacement
and shear force, rotation and bending moment.

4.2 Beam with axial prestress

If the beam is subjected to an axial preload N , the axial force inter-
acts with the lateral displacement to produce an additional term in the
moment equilibrium equation (Fig.4.3). The moment associated with the
axial loading is N dv = Nv′dx (N positive in traction). It follows that the
moment equilibrium equation (moment about the point P ) reads
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Fig. 4.3. Free body diagram of the beam in presence of an axial preload N .

M + (S + dS)dx+ (N + dN)dv + (ϱAv̈ − p)dx.dx/2− (M + dM) = 0

and, if one neglects the second order terms,

Sdx+Nv′dx− dM = 0

S =
dM

dx
−Nv′ (4.15)

Using this equation instead of Equ.(4.2) and pursuing the same develop-
ment, one gets the partial differential equation governing the vibration of
a prestressed beam:

(EI v′′)′′ − (Nv′)′ + ϱA v̈ = p(x, t) (4.16)

This equation may be obtained alternatively from Hamilton’s principle
by including the geometric strain energy in the Lagrangian. Using the
strain measure (3.58), the nonlinear part of the axial strain is

ε∗xx
(2) =

1

2
(
dv

dx
)2

and the prestress is σ0xx = N/A. It follows that the geometric strain energy
is

Vg =

∫
Ω∗
σ0ij ε

∗
ij
(2)dΩ =

1

2

∫ L

0

N

A
(
dv

dx
)2Adx =

1

2

∫ L

0
N(v′)2dx (4.17)

Repeating the developments of the previous section, there is an additional
term

δVg =

∫ L

0
Nv′δv′dx
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Integrating by parts and using Nv′δv′ = (Nv′δv)′ − (Nv′)′δv, one finds

δVg = [Nv′δv]L0 −
∫ L

0
(Nv′)′δv dx

and Equ.(4.11) becomes in this case∫ t2

t1

dt{−[EIv′′δv′]L0 + [(EIv′′)′δv]L0 − [Nv′δv]L0

+

∫ L

0
[−(EIv′′)′′ − ϱAv̈ + p+ (Nv′)′]δv dx} = 0 (4.18)

Since the virtual displacement δv is arbitrary, this implies that the dy-
namic equilibrium within the beam is governed by Equ.(4.16). The bound-
ary conditions must satisfy:

EIv′′.δv′ = 0 (4.19)

[(EIv′′)′ −Nv′].δv = 0 (4.20)

This last equation expresses the static equilibrium between the axial force
and the shear force at a free tip. We will return to this problem at the end
of this chapter when we analyze the static buckling of a uniform beam.

4.3 Free vibration of a beam

The free vibration of a (Euler Bernoulli) beam without axial load is gov-
erned by Equ.(4.12) (with p = 0). If the beam is uniform,

EI vIV + ϱA v̈ = 0 (4.21)

A non trivial harmonic solution v(x, t) = V (x)ejωt exists if V (x) and ω
satisfy the eigenvalue problem

EI V (x)IV − ω2ϱAV (x) = 0 (4.22)

Introducing the non-dimensional quantities η = V (x)/L and ξ = x/L,
using

V (x)IV =
d4V

dx4
=
Ld4η

L4dξ4
=

1

L3

d4η

dξ4

we get
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d4η

dξ4
− ω2ϱAL4

EI
η = 0 (4.23)

or
ηIV − µ4η = 0 (4.24)

after introducing the non-dimensional frequency

µ4 =
ω2ϱAL4

EI
(4.25)

The characteristic equation of this ordinary differential equation is

z4 − µ4 = 0

with four solutions:
z = ±µ z = ±jµ

and the general solution has the form:

η = C1e
µξ + C2e

−µξ + C3e
jµξ + C4e

−jµξ (4.26)

where C1, · · · , C4 are constants which depend on the four boundary con-
ditions, two at each end. These can be kinematic η = 0 (blocked displace-
ment), η′ = 0 (blocked rotation), or natural, η′′ = 0 (no bending moment)
or η′′′ = 0 (no shear force); they must satisfy the requirements of (4.13)
and (4.14).

4.3.1 Decoupling the boundary conditions

Solving for the constants C1, · · · , C4 involves the solution of a system of
four equations with four unknowns. However, the solution of the prob-
lem may be considerably simplified if, instead of using the exponential
functions of Equ.(4.26), one uses linear combinations of them defined as
follows

s1(µξ) = 1/2[sin(µξ) + sinh(µξ)]
c1(µξ) = 1/2[cos(µξ) + cosh(µξ)]
s2(µξ) = 1/2[− sin(µξ) + sinh(µξ)]
c2(µξ) = 1/2[− cos(µξ) + cosh(µξ)]

(4.27)

Note that all these functions vanish at the origin ξ = 0 except c1 and
their derivatives are related by
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s′1 = µc1 s1(0) = 0
c′1 = µs2 c1(0) = 1
s′2 = µc2 s1(0) = 0
c′2 = µs1 c2(0) = 0

(4.28)

The general solution (4.26) may be written alternatively

η = As1(µξ) +Bc1(µξ) + Cs2(µξ) +Dc2(µξ) (4.29)

so that the derivatives with respect to ξ are respectively

η′ = µ[Ac1(µξ) +Bs2(µξ) + Cc2(µξ) +Ds1(µξ)]
η′′ = µ2[As2(µξ) +Bc2(µξ) + Cs1(µξ) +Dc1(µξ)]
η′′′ = µ3[Ac2(µξ) +Bs1(µξ) + Cc1(µξ) +Ds2(µξ)]

(4.30)

Note that the relationship between the constants A,B,C,D and the value
of η and its derivatives at ξ = 0 is totally decoupled

η(0) = B
η′(0) = µA
η′′(0) = µ2D
η′′′(0) = µ3C

(4.31)

which allows a considerable simplification of the problem, as we can see
in the following examples.

4.3.2 Simply supported beam

Consider the simply supported beam of Fig.4.4; it is pinned at both ends,
so that the displacement v = 0 and the bending moment M = 0 (or
equivalently v′′ = 0) vanish at both ends. Thus, we have η(0) = 0 and
η′′(0) = 0; it follows from the foregoing equation that B = 0 and D = 0.
Expressing the boundary conditions at ξ = 1, η(µ) = 0 and η′′(µ) = 0
one gets the following system of equations[

s1(µ) s2(µ)
s2(µ) s1(µ)

]{
A
C

}
= 0 (4.32)

In order to have a solution, the determinant must vanish:

s21(µ)− s22(µ) = 0

or
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mode 3

mode 4

(a)

(b)

Fig. 4.4. Simply supported beam. (a) boundary conditions. (b) Mode shapes.

sinµ. sinhµ = 0 (4.33)

The solution µ = 0 would lead to η = 0. The non trivial solutions are
µ = kπ for which s1(µ) = s2(µ) = sinhµ, thus leading to

A+ C = 0

or A = −C. Substituting this (and B = D = 0) in (4.29), one finds

η = A[s1(µξ)− s2(µξ)] = A sinµξ = A sin kπξ

The natural frequencies are obtained by substituting µ = kπ in Equ.(4.25).
Finally, the natural frequencies and the mode shapes are

ωk = k2

√
π4EI

ϱAL4
Vk(x) = V0 sin

kπx

L
(k = 1, . . . ,∞) (4.34)

As for all distributed systems, there is an infinite set of modes; the first
four mode shapes are displayed in Fig.4.4.b. The natural frequencies vary
with the square of the order k of the mode and the inverse of the square
of the length L.
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4.3.3 Free-free beam

Consider a uniform beam in free-free support conditions; the boundary
conditions are S =M = 0 at both ends, ξ = 0 and ξ = 1. Thus, η′′(0) = 0
and η′′′(0) = 0 and, according to (4.31), D = C = 0. Expressing the
boundary conditions at ξ = 1, η′′(1) = 0 and η′′′(1) = 0, one gets[

s2(µ) c2(µ)
c2(µ) s1(µ)

]{
A
B

}
= 0 (4.35)

The eigenvalues cancel the determinant

s2(µ)s1(µ)− c22(µ) = 0

coshµ cosµ = 1

or

cosµ =
1

coshµ
(4.36)

This equation is illustrated in Fig.4.5. The eigenvalues correspond to
the crossing between the two curves. Once the value of µ is obtained, the
natural frequency may be computed from (4.25). Note that the two curves
are tangent to each other at the origin, leading to a double root at µ = 0.
Substituting in Equ.(4.24), one gets ηIV = 0, meaning that

η = a ξ3 + b ξ2 + c ξ + d

and, taking into account the boundary conditions η′′(1) = η′′′(1) = 0,
a = b = 0, and the solution is

m3p
2

5p
2

p
2

double root

cosm
coshm

1

Fig. 4.5. Free-free beam. The solutions of the equation cosµ = (coshµ)−1 are the
eigenvalues of the problem.
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rigid body
modes

flexible
modes

1k

2k

3k

4k

x 0

0h’’ 0M( )

x
0h’’ 0M( )

1

(a)

(b)

0h’’ 0S( ) 0h’’ 0S( )’ ’

Fig. 4.6. Free-free beam. (a) Boundary conditions. (b) Mode shapes (rigid body modes
and flexible modes).

η = c ξ + d

It consists of a family of two rigid body modes (there are two free param-
eters c and d).

On the other hand, the function (coshµ)−1 decreases extremely fast,
so that the solution converges quite quickly towards its asymptotic value

µk ≃
(2k + 1)π

2
(k ≫ 1)

For small values of k, a better estimate can be obtained by an asymptotic
method whereby a first order correction εk is added to the asymptotic
value:

µk ≃
(2k + 1)π

2
+ εk (4.37)

Introducing into the characteristic equation (4.36) and expanding,
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[cosh
(2k + 1)π

2
cosh εk + sinh

(2k + 1)π

2
sinh εk]

.[cos
(2k + 1)π

2
cos εk − sin

(2k + 1)π

2
sin εk] = 1

Taking into account that cos (2k+1)π
2 = 0, sin (2k+1)π

2 = (−1)k, and using
the approximations cosh εk ≃ 1, sinh εk ≃ εk and sin εk ≃ εk, this becomes

[cosh
(2k + 1)π

2
+ εk sinh

(2k + 1)π

2
](−1)k+1εk = 1

and finally, keeping only the first order term in εk in the left hand side,

εk ≃
(−1)k+1

cosh (2k+1)π
2

(k ≥ 1) (4.38)

The first order correction is alternately positive and negative, and de-
creases rapidly with k. For a given eigenvalue µ the mode shape is ob-
tained from anyone of the equation (4.35); from the first one we get:

As2(µ) +Bc2(µ) = 0 ⇒ B = −s2(µ)
c2(µ)

A

leading to the mode shape

η(ξ) = A[s1(µξ)−
s2(µ)

c2(µ)
c1(µξ)] (4.39)

The first few modes are represented in Fig.4.6.

4.4 Orthogonality relationships

We now establish, as we did for discrete systems in Chapter 2, the or-
thogonality relationships between the mode shapes. Consider two modes
with distinct frequencies; mode i satisfies

(EI v′′i )
′′ − ϱAω2

i vi = 0

Multiplying by vj and integrating over the length of the beam, one gets∫ L

0
[vj(EI v

′′
i )

′′ − ϱAω2
i vjvi]dx = 0



94 4 Continuous systems

We then integrate by parts twice, in order to distribute evenly the spatial
derivatives over vi and vj :∫ L

0
vj(EI v

′′
i )

′′dx = [(EIv′′i )
′vj ]

L
0 − [EIv′′i v

′
j ]
L
0 +

∫ L

0
EI v′′i v

′′
j dx

The two expressions in brackets vanish, because of the boundary condi-
tions [at each end of the beam, either EIv′′ = 0 or v′ = 0, and similarly
(EIv′′)′ = 0 or v = 0]; substituting into the previous equation, one gets∫ L

0
EI v′′i v

′′
j dx = ω2

i

∫ L

0
ϱAvjvi dx

Similarly, permuting i and j, one gets∫ L

0
EI v′′j v

′′
i dx = ω2

j

∫ L

0
ϱAvivj dx

and, subtracting these two equations,

0 = (ω2
i − ω2

j )

∫ L

0
ϱAvivj dx

Thus, if ωi ̸= ωj , one must have∫ L

0
ϱAvivj dx = 0 (4.40)

This is the first orthogonality relationship: the mode shapes corresponding
to distinct frequencies are orthogonal with respect to the mass distribution
(ϱA is the mass per unit length). Returning to the previous equation, it
follows also that ∫ L

0
EI v′′i v

′′
j dx = 0 (4.41)

The mode shapes are also orthogonal with respect to the stiffness distri-
bution (EI is the bending stiffness). By analogy with Equ.(2.8) and (2.9),
these equations are conveniently written∫ L

0
ϱAvivj dx = µi δij (4.42)

∫ L

0
EI v′′i v

′′
j dx = µi ω

2
i δij (4.43)
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where δij is the Kronecker delta (δij = 1 if i = j, δij = 0 if i ̸= j), µi is the
modal mass (also called generalized mass) of mode i. From the foregoing
equations,

ω2
i =

∫ L
0 EI (v′′i )

2 dx∫ L
0 ϱAv2i dx

(4.44)

This result should be compared to Equ.(2.10). We will return to it when
we study the Rayleigh quotient. The discussion of section 2.2.3 about
multiple eigenvalues applies also here.

4.5 Modal decomposition

We now return to the general equation (4.12) and perform a modal de-
composition according to

v(x, t) =

∞∑
i=1

zi(t) vi(x) (4.45)

where vi(x) are the mode shapes and the modal amplitudes zi(t) form an
infinite set of modal coordinates. Substituting into (4.12), one finds

∞∑
i=1

zi(t) (EIv
′′
i )

′′ +

∞∑
i=1

z̈i(t)ϱAvi(x) = p (4.46)

Upon multiplying by vk and integrating over the beam length,

∞∑
i=1

zi(t)

∫ L

0
vk(EIv

′′
i )

′′dx+

∞∑
i=1

z̈i(t)

∫ L

0
ϱAvkvi dx =

∫ L

0
vkp dx

After integrating by parts the first term, as in the previous section, it is
rewritten

∞∑
i=1

zi(t)

∫ L

0
EI v′′i v

′′
k dx+

∞∑
i=1

z̈i(t)

∫ L

0
ϱAvkvi dx =

∫ L

0
vkp dx

and, upon using the orthogonality conditions (4.40) (4.41), one finds a set
of decoupled equations:

µk(z̈k + ω2
kzk) =

∫ L

0
vkp dx (4.47)
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which is identical to (2.23). This equation states that every mode behaves
like a single d.o.f. oscillator of mass µk and frequency ωk; the generalized
force is once again the work of the external distributed force p on the
mode vk. A point force F (t) applied at x0 is represented by p(x, t) =
F (t)δ(x− x0) where δ(x) is the Dirac function such that

δ(x) = 0 (x ̸= 0) and

∫
δ(x) dx = 1 (4.48)

so that the work is F (t).vk(x0). The modal damping can be added as in
(2.23). The displacement at a point x1 along the beam is

v(x1) =
∞∑
k=1

zk(t)vk(x1)

Using (4.47) and duplicating what we did in section 2.5, the FRF between
a point force excitation at x0 and the displacement at x1 reads

G(ω) =
∞∑
i=1

vk(x0)vk(x1)

µkω
2
k

.Dk(ω) (4.49)

with Dk(ω) being the dynamic amplification factor of mode k, given by
(2.30). What has been said about truncating the modal expansion in
section 2.5 applies fully here and will not be reproduced.

4.6 Vibration of a string

The transverse stiffness of a taut string comes entirely from the axial
preload T0 (uniform along the string). The governing equation can be
obtained by expressing the equilibrium in the transverse direction, Fig.4.7.
The vertical projection of the string tension is related to the slope of the

p dx.
y

x x+dx

T
0

T
0

r .Av dx

v(x t, )

Fig. 4.7. Vibration of a string, free body diagram of a segment dx.
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string, which is v′(x) at x, and v′(x) + dv′ = v′(x) + v′′dx at x+ dx. The
vertical equilibrium reads

ϱAv̈ dx = p dx− T0v
′ + T0(v

′ + v′′dx)

This leads to the partial differential equation

ϱAv̈ − T0v
′′ = p (4.50)

It is of the second order, both in time and in space. Note that this equation
can be obtained from that of a preloaded beam, Equ.(4.16), by cancelling
the bending stiffness EI and taking a uniform axial preload N = T0. The
free vibration of a string is governed by

ϱAv̈ − T0v
′′ = 0

A solution of the form v(x, t) = V (x)ejωt exists if V (x) and ω satisfy the
eigenvalue problem

V ′′ +
ω2ϱA

T0
V = 0 (4.51)

The characteristic equation is

z2 +
ω2ϱA

T0
= 0 ⇒ z = ±jω

√
ϱA

T0

The general solution is

V (x) = A sin(ω

√
ϱA

T0
x) +B cos(ω

√
ϱA

T0
x) (4.52)

Assuming that the string is pinned at x = 0 and x = L, the boundary
condition V (0) = 0 enforces B = 0 and V (L) = 0 provides the equation
governing the eigenvalues:

sin(ω

√
ϱA

T0
L) = 0 ⇒ ω

√
ϱA

T0
L = kπ

The mode shape is obtained by back substituting this frequency in
Equ.(4.52); one finds

ωk = k
π

L

√
T0
ϱA

Vk(x) = A sin
kπx

L
(k = 1, . . . ,∞) (4.53)

The natural frequencies vary linearly with the order k of the mode and
with the inverse of the length L; thus, halving the length doubles the
frequency.1 The mode shapes are identical to those of a simply supported
beam, Fig.4.4.

1 one octave higher; this fact is well known to all musicians.
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p dx.

x x+dx

u(x t, )(a) (b)
N N dN+

x

p(x t, )

r .Au dx
ex

du u’
dx

Fig. 4.8. (a) Vibration of a bar. (b) Free body diagram of a segment dx.

4.7 Axial vibration of a bar

A beam vibrates in the transverse direction; a bar vibrates in the axial
direction with a uniform strain in every cross section. Once again, the
governing equation may be obtained either from the equilibrium of a
segment of the bar, or from Hamilton’s principle.

Consider the free body diagram of Fig.4.8, N(x) is the axial force
acting on the left side of the segment and N(x)+dN is that acting on the
right side; the distributed force is p dx and the inertia force is −ϱAüdx.
The equilibrium equation is

N + ϱAü dx = p dx+N + dN

or

ϱAü = p+
dN

dx

Since the bar is in a uniaxial stress state, N = AEεx = AE(du/dx) =
AEu′; substituting in the previous equation, one gets the partial differ-
ential equation

ϱAü− (AEu′)′ = p (4.54)

It is of the second order, both in time and in space.
This equation may also be derived from Hamilton’s principle, by using

the appropriate expressions for the strain energy and the kinetic energy:

V =
1

2

∫ L

0
AEε2xdx =

1

2

∫ L

0
AE(u′)2dx (4.55)

T =
1

2

∫ L

0
ϱA(u̇)2dx (4.56)

The virtual work of the non-conservative forces is associated with the
distributed load p

δWnc =

∫ L

0
p δu dx (4.57)
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Substituting the above expressions into Hamilton’s principle and integrat-
ing by parts to eliminate δu̇ and δu′, one gets2∫ t2

t1

dt{−[AEu′δu]L0 +

∫ L

0
[(AEu′)′ − ϱAü+ p]δu dx} = 0 (4.58)

Since the variational indicator must vanish for arbitrary variations δu,
the second term of the integral implies (4.54). The term within brackets
must also vanish at both ends

AEu′δu = 0

which means that either the displacement is fixed (and δu = 0), or the
axial force AEu′ must be zero, meaning a free end.

4.7.1 Free vibration

The free vibration of a bar with uniform cross section is governed by

AEu′′ − ϱAü = 0

A solution of the form u(x, t) = U(x)ejωt exists if U(x) and ω satisfy the
eigenvalue problem

U ′′ +
ω2ϱ

E
U = 0 (4.59)

The characteristic equation is

z2 +
ω2ϱ

E
= 0 ⇒ z = ±jω

√
ϱ

E
= ±j ω

c

where

c =

√
E

ϱ
(4.60)

is the speed of sound in the bar. The general solution is

U(x) = C1 sin
ωx

c
+ C2 cos

ωx

c

At this point, one must enforce the boundary conditions. If the bar is
fixed at x = 0, C2 = 0 and, assuming that it is free at x = L, the strain
must vanish:

2 The developments are very similar to those of section 4.1.1 and are omitted.
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U ′(L) = C1
ω

c
cos

ωL

c
= 0

leading to
ωL

c
=

(2k − 1)π

2

Finally,

ωk =
(2k − 1)π

2
(
c

L
) Uk(x) = C1 sin[

(2k − 1)π

2
(
x

L
)] (k = 1, . . . ,∞)

(4.61)

4.8 Static buckling of a beam∗

In this section, we return to the beam with axial prestress. The free vi-
bration is governed by

(EI v′′)′′ − (Nv′)′ + ϱA v̈ = 0

with the boundary conditions (4.19) and (4.20). The solution of the eigen-
value problem is slightly more cumbersome than when N = 0, because
the boundary conditions cannot be decoupled as we did in section 4.3.1.
A complete solution of this problem may be found in [Shaker, 1975];
approximate solutions will be considered in the next chapter with the
Rayleigh-Ritz method.

The equation governing the static buckling of a beam is obtained from
the previous equation by removing the inertia term:

(EIv′′)′′ − (Nv′)′ = 0 (4.62)

where the axial preload N is positive in traction. If the bending stiffness
EI and the compression load N(x) = −P are uniform along the beam,

EIvIV + Pv′′ = 0 (4.63)

Using once again the non-dimensional quantities η = v(x)/L and ξ = x/L,
using

v(x)IV =
d4v

dx4
=

1

L3

d4η

dξ4
v(x)′′ =

d2v

dx2
=

1

L

d2η

dξ2

one gets

ηIV +
PL2

EI
η′′ = 0
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or
ηIV + µ2η′′ = 0 (4.64)

with

µ2 =
PL2

EI
(4.65)

The characteristic equation is

z4 + µ2z2 = 0

with the solutions
z = 0 z = ±jµ

(z = 0 is a double root) and the general solution has the form

η(ξ) = A sinµξ +B cosµξ + C +Dξ (4.66)

4.8.1 Simply supported beam

The boundary conditions are such that

η(0) = 0 η′′(0) = 0 η(1) = 0 η′′(1) = 0

The first two conditions enforce B = C = 0; the two conditions at ξ = 1
enforce D = 0 and sinµ = 0, leading to µ = kπ. Thus,

η(ξ) = A sinµξ (4.67)

and the critical buckling load, corresponding to k = 1, is

PL2

EI
= π2

or

Pcr =
π2EI

L2
(4.68)

This is the well known Euler critical buckling load. The corresponding
buckling mode is

η(ξ) = A sinπξ = A sin
πx

L
(4.69)

It is represented in Fig.4.9.a.
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(a) (b) (c)

P

L

P

P

P

P

L

P

2L

Fig. 4.9. (a) Simply supported beam with uniform axial compression load P and shape
of the first buckling mode. (b) Clamped-free beam with uniform axial compression load
P and shape of the first buckling mode beam. (c) Relation between the buckling of a
clamped-free beam and that of a simply supported beam of double length.

4.8.2 Clamped-free beam

As a second example, consider the clamped-free beam (Fig.4.9.b); the
boundary conditions derive from Equ.(4.19) and (4.20): At the clamped
end,

η(0) = η′(0) = 0

and at the free end,

η′′(1) = 0, η′′′(1) = −µ2η′(1)

The last condition enforces D = 0; η′(0) = 0 enforces A = 0; η(0) = 0
enforces B + C = 0 and η′′(1) = 0 leads to cosµ = 0. It follows that
the eigenvalues are µ = (2k − 1)π/2. Thus, the critical load of the first
buckling mode is

PL2

EI
= (

π

2
)2

or

Pcr =
π2EI

4L2
(4.70)

and the corresponding buckling mode is
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η(ξ) = C(1− cosµξ) = C(1− cos
πξ

2
) (4.71)

It is represented in Fig.4.9.b. Note that the critical buckling load is that
of a simply supported beam of double length, and this can be deduced
from symmetry considerations, as illustrated in Fig.4.9.c.

4.9 Bending vibration of thin plates∗

4.9.1 Kirchhoff plate

According to the Kirchhoff theory of plates, a straight line normal to the
midplane remains straight and normal to the midplane in the deformed
state. If the midplane undergoes a displacement u0, v0, w0, a point located
on the same normal at a distance z from the midplane undergoes the
displacements (Fig.4.10)

u = u0 − z ∂w0
∂x

v = v0 − z ∂w0
∂y

w = w0

(4.72)

In this study, it is assumed that the mid plane is not stretched (no mem-
brane strains), so that u0 = 0 and v0 = 0. It follows that the strains are
only related to bending (and twisting):

ε =


εx
εy
γxy

 =


∂u/∂x
∂v/∂y

∂u/∂y + ∂v/∂x

 = −z


∂2w/∂x2

∂2w/∂y2

2∂2w/∂x∂y

 = zκ (4.73)

A

B

B

A

wo

ë = @w0=@x

u = uoà ëz

uo

z

w

x

Fig. 4.10. Kinematics of a Kirchhoff plate.
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where the subscript 0 has been dropped. κ is the vector of curvatures; the
third component represents twisting. For an isotropic elastic material, the
strains in the (x, y) plane are related to the stresses by

εx = 1
E [σx − ν(σy + σz)]

εy =
1
E [σy − ν(σx + σz)]

γxy = τxy/G = 2(1+ν)
E τxy

(4.74)

If one assumes that σz = 0 (plane stress),
εx
εy
γxy

 =
1

E

 1 −ν 0
−ν 1 0
0 0 2(1 + ν)


σx
σy
τxy

 (4.75)

This equation can be inverted into

σ =


σx
σy
τxy

 =
E

1− ν2

1 ν 0
ν 1 0
0 0 1−ν

2


εx
εy
γxy

 = Hε (4.76)

These are the constitutive equations for plane stresses. They can be inte-
grated through the thickness of the plate and, combining with the strain-
curvature relationship (4.73), one finds the moment-curvature relation-
ship:

M =


Mx

My

Mxy

 =

∫ h/2

−h/2
z


σx
σy
τxy

 dz = D

1 ν 0
ν 1 0
0 0 1−ν

2

κ (4.77)

where D is the flexural rigidity, defined by

D =
Eh3

12(1− ν2)
(4.78)

The Lagrangian is now developed. The strain energy density is

1

2
σTε =

1

2
εTHε (4.79)

The strain energy is obtained by integrating over the volume of the plate,

V =
1

2

∫
S
dS

∫ h/2

−h/2
εTHε dz =

1

2

∫
S
DκT

1 ν 0
ν 1 0
0 0 1−ν

2

κ dS (4.80)
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and, upon substituting the vector of curvatures κ from Equ.(4.73),

V =
1

2

∫
S
D{(∂

2w

∂x2
+
∂2w

∂y2
)2 − 2(1− ν)[

∂2w

∂x2
.
∂2w

∂y2
− (

∂2w

∂x∂y
)2]}dS (4.81)

This form of V corresponds to Equ.(4.8) for an Euler-Bernoulli beam.
Similarly, if one considers only the translational inertia, the kinetic energy
reads

T =
1

2

∫
V
ϱ ẇ2dV =

1

2

∫
S
m ẇ2dS (4.82)

where m is the areal density (in kg/m2). If one assumes that the external
load is a distributed force p acting normally to the plate (i.e. a pressure,
in N/m2), the virtual work of the external loads is

δWnc =

∫
S
p δw dS (4.83)

Once the analytical expressions of the potential, the kinetic energy and the
virtual work of the external forces have been derived, the partial differen-
tial equation may be established from Hamilton’s principle; however, the
derivation is significantly more complicated than for a beam and it will be
skipped here.3 The partial differential equation governing the transverse
vibration of a thin plate without prestress is

D∇4w +mẅ = p (4.84)

where ∇4 = ∆2 is the double Laplacian operator. The nabla operator ∇
and the Laplacian operator ∆ are respectively (in Cartesian coordinates)

∇ = (
∂

∂x
,
∂

∂y
)T (4.85)

∆ = [
∂2

∂x2
+

∂2

∂y2
] (4.86)

Note the perfect similarity with Equ.(4.21) governing the vibration of
beams, with D being substituted to EI and ∇ to ∂/∂x. Equation (4.84)
may be solved analytically for some simple geometries; two of them are
examined below.

3 see, for example, Geradin & Rixen, 1997, p.221.
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4.9.2 Free vibration of a simply supported rectangular plate

The governing equation of the free vibration is

D∇4w +mẅ = 0 (4.87)

A non trivial harmonic solution w = W (x, y)ejωt exists if W (x, y) and ω
satisfy the eigenvalue problem

(∇4 − β4)W = 0 (4.88)

where

β4 =
mω2

D
(4.89)

This equation may be factored into

(∇2 + β2)(∇2 − β2)W = 0 (4.90)

The complete solution of this equation is given by the superposition W =
W1 +W2 of the solutions W1 and W2 of the equations

(∇2 + β2)W1 = 0
(∇2 − β2)W2 = 0

(4.91)

The general solutions are respectively

W1 = A1 cosαx cos γy +B1 sinαx cos γy
+C1 cosαx sin γy +D1 sinαx sin γy

W2 = A2 coshαx cosh γy +B2 sinhαx cosh γy
+C2 coshαx sinh γy +D2 sinhαx sinh γy

(4.92)

with
α2 + γ2 = β2 (4.93)

At any point of the rectangular contour, the boundary conditions must
be as follows:
(1) the shear force or the vertical displacement must be zero.
(2) the bending moment or the slope normal to the contour must be zero.

For the particular case of a simply supported rectangular plate of size
(a, b), this becomes

w = 0 and ∂2w
∂x2

= 0 at x = 0 and x = a

w = 0 and ∂2w
∂y2

= 0 at y = 0 and y = b

(4.94)
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Using these conditions, the general form of the eigen modes of the rect-
angular plate is

W (x, y) = A sinαx sin γy (4.95)

with the additional conditions

sinαa = 0 and sin γb = 0 (4.96)

Thus, the eigenvalues are

αi =
iπ

a
, γk =

kπ

b
, i, k = 1, 2, . . . ,∞

Using (4.93) and (4.89), the corresponding frequencies are given by

ωik = π2
√
D

m
.[(
i

a
)2 + (

k

b
)2] (4.97)

A few mode shapes are shown in Fig.4.11; the natural frequencies and
the mode shapes have two indexes; i refer to the waviness in the direction
x and k to the waviness in the direction y. The number of nodal lines
(where the amplitude is zero) are respectively i − 1 along x and k − 1
along y. Table 4.1 gives the ratio ωik/ω11 for the first few modes; notice
that the modal density (i.e. the number of modes in a given frequency
band) of plates is significantly larger than that of beams (the natural
frequencies of a simply supported beam was found to follow ωk/ω1 = k2).

ωik

ω11

i
1 2 3 4 5

k

1 1 1.6 2.6 4 5.8
2 3.4 4 5 6.4 8.2
3 7.4 8 9 10.4 12.2
4 13 13.6 14.6 16 17.8
5 20.2 20.8 21.8 23.2 25

Table 4.1. Simply supported rectangular plate with a = 2b; ratio ωik/ω11 for increasing
values of i and k.

4.9.3 Free vibration of a clamped circular plate

For a circular plate (of radius a), it is convenient to use the polar coor-
dinates (r, θ). Equation (4.87) still applies, with the Laplacian operator
expressed in polar coordinates:
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i 1 k 1,

i 4 k 1,

i 1 k 2,

i 5 k 2,

,

i 2 k 1,

i 4 k 3,

i 3 k 2,

i 2 k 2,

Fig. 4.11. Level lines of a few mode shapes of a simply supported rectangular plate
with a = 2b. The nodal lines are in dotted lines.

∇2 =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
(4.98)

If the plate is clamped, the boundary conditions along the contour are

w = 0 ,
∂w

∂r
= 0 at r = a (4.99)

Once again, a non trivial harmonic solution w = W (r, θ)ejωt exists if
W (r, θ) and ω satisfy the eigenvalue problem (4.90)
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(∇2 + β2)(∇2 − β2)W = 0

The complete solution is given by the superposition W =W1+W2 of the
solutions of (4.91); assuming Fourier components in θ,

W (r, θ) =

∞∑
n=0

Wn(r) cosnθ +

∞∑
n=1

W ∗
n(r) sinnθ (4.100)

Since the boundary conditions are axisymmetric, the terms involving the
sinnθ are not needed. Substituting into Equ.(4.91) yields

d2Wn1(r)

dr2
+

1

r

dWn1(r)

dr
− (

n2

r2
− β2)Wn1 = 0 (4.101)

d2Wn2(r)

dr2
+

1

r

dWn2(r)

dr
− (

n2

r2
+ β2)Wn2 = 0 (4.102)

These are Bessel’s equations with solutions

Wn1 = An Jn(βr) +Bn Yn(βr)

Wn2 = Cn In(βr) +DnKn(βr)
(4.103)

where Jn(βr) and Yn(βr) are Bessel functions of the first and second
kinds, and In(βr) and Kn(βr) are modified Bessel functions of the first
and second kinds, respectively; An, . . . , Dn are constants depending on the
boundary conditions. The terms in Yn(βr) andKn(βr) must be discarded,
because they are singular at r = 0 (they would lead to infinite deflections);
it follows that Bn = Dn = 0. The general solution is reduced to the sum
of modes

Wn(r, θ) = [An Jn(βr) + Cn In(βr)] cosnθ (n = 0, . . . ,∞) (4.104)

Since the plate is clamped at r = a, the boundary conditions (4.99) lead
to the system of equations[

Jn(λ) In(λ)
J ′
n(λ) I ′n(λ)

]{
An
Cn

}
= 0 (4.105)

where the primes indicate the derivative with respect to the argument and
λ = βa. The values of λ which cancel the determinant are the eigenvalues
of the problem; using recursive properties of the Bessel’s functions, one
can show that they are solutions of
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n 0 s 0, n 0 s 1,

n 1 s 0, n 1 s 1,

n 0 s 2, n 3 s 1,

Fig. 4.12. Level lines of a few mode shapes of a circular plate clamped on the outer
edge. n is the number of nodal diameters and s is the number of nodal circles. The
nodal lines are in dotted lines.
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Jn(λ)In+1(λ) + In(λ)Jn+1(λ) = 0 (4.106)

Thus, for any number of nodal diameters n, there is a set of solutions
corresponding to an increasing number of nodal circles s.4 Once λns has
been determined, the natural frequency is obtained from Equ.(4.89):

ωns = β2ns

√
D

m
=
λ2ns
a2

.

√
D

m
(4.107)

For every eigenvalue λ, the first equation (4.105) provides

Cn = −Jn(λ)
In(λ)

An

and the mode shape corresponding to n nodal diameters and s nodal
circles is

Wns(r, θ) = An[ Jn(βr)−
Jn(βa)

In(βa)
In(βr)] cosnθ (4.108)

where β = λns/a (the subscript ns is dropped from β for clarity). A few
mode shapes are shown in Fig.4.12.

4.9.4 Rotating modes

Since the disk is axisymmetric, the modes occur by pairs, with the same
natural frequency: IfWns(r, θ) =Wns(r) cosnθ is a mode shape of natural
frequency ωns (with n nodal diameters and s nodal circles), W ∗

ns(r, θ) =
Wns(r) sinnθ is also a mode shape, with the same natural frequency ωns;
W ∗
ns is simply rotated by π/2 with respect to Wns. If these modes are

excited equally at ω with a phase shift of π/2, their combined response
may be written

W (r, θ, t) =Wns(r)(cosnθ cosωt+ sinnθ sinωt)

or
W (r, θ, t) =Wns(r) cos(nθ − ωt) (4.109)

The result is a traveling wave with n nodal diameters turning in the
positive direction (progressive wave) with a velocity ω/n. The situation is
similar for any axisymmetric boundary conditions: the mode shapes have
the form
4 The values of λns are tabulated in Leissa, 1969.
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Wns(r, θ) =Wns(r) cosnθ

W ∗
ns(r, θ) =Wns(r) sinnθ

(4.110)

with different radial shapes Wns(r) and different natural frequencies (de-
pending on the boundary conditions).

4.10 Response of a disk to a rotating point force∗

The response of rotationally periodic structures (such as circular saws,
bladed turbine disks) to rotating forces is important in the analysis of ro-
tating machines. These structures possess the notable feature that their
mode shapes are harmonic in the circumferential direction, which makes
them very similar to axisymmetric structures. In this section, we examine
the response of a disk with axisymmetric boundary conditions to a rotat-
ing point force and analyze the conditions under which a rotating force is
able to excite resonances (Wildheim, 1979).

The general response of a disk may be written

W (r, θ, t) =

∞∑
n=0

∞∑
s=0

Wns(r)[cns(t) cosnθ + sns(t) sinnθ] (4.111)

where Wns(r) is the mode shape with n nodal diameters and s nodal
circles, and cns(t) and sns(t) are the modal amplitudes of respectively the
cosine mode and the sine mode (with the same frequency ωns).

4.10.1 Constant rotating point force

Let us first consider a constant point force F applied at r = R and rotating
at the angular speed Ω:

f(r, θ, t) = Fδ(θ −Ωt)δ(r −R) (4.112)

where δ is the Dirac function; the generalized forces in modal coordinates,
equal to the work of the point force on the cosine modes, pns(t) and the
sine modes, qns(t) are respectively

pns(t) =

∫ a

0

∫ 2π

0
f(r, θ, t)Wns(r) cosnθ dr rdθ
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pns(t) =

∫ a

0

∫ 2π

0
Fδ(θ −Ωt)δ(r −R)Wns(r) cosnθ dr rdθ

pns(t) = FRWns(R) cosnΩt (4.113)

and

qns(t) =

∫ a

0

∫ 2π

0
f(r, θ, t)Wns(r) sinnθ dr rdθ

qns(t) = FRWns(R) sinnΩt (4.114)

Neglecting the damping, the modal coordinates [respectively cns(t) and
sns(t)] are governed by

µnsc̈ns + µnsω
2
nscns = pns = FRWns(R) cosnΩt

µnss̈ns + µnsω
2
nssns = pns = FRWns(R) sinnΩt

(4.115)

where µns is the modal mass. If the modes are normalized in such a way
that RWns(R)/µns = 1, these equations become

c̈ns + ω2
nscns = F cosnΩt

s̈ns + ω2
nssns = F sinnΩt

(4.116)

The steady state modal response is harmonic:

cns(t) =
F cosnΩt

ω2
ns − (nΩ)2

, sns(t) =
F sinnΩt

ω2
ns − (nΩ)2

From (4.111), the global response reads

W (r, θ, t) =

∞∑
n=0

∞∑
s=0

Wns(r)
F

ω2
ns − (nΩ)2

(cosnΩt cosnθ + sinnΩt sinnθ)

or

W (r, θ, t) =
∞∑
n=0

∞∑
s=0

Wns(r)
F cosn(θ −Ωt)

ω2
ns − (nΩ)2

(4.117)

The forced response of the various modes has the character of a traveling
wave, whose amplitude is magnified in the vicinity of the resonance

ωns = nΩ (4.118)

where n is the number of nodal diameters of the mode.
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4.10.2 Harmonic rotating point force

If the forcing function is harmonic of frequency ωf , in addition to rotating
at Ω,

f(r, θ, t) = F cosωf t.δ(θ −Ωt)δ(r −R) (4.119)

The generalized modal forces become

pns(t) = FRWns(R) cosnΩt. cosωf t

qns(t) = FRWns(R) sinnΩt. cosωf t
(4.120)

Normalizing according to RWns(R)/µns = 1 as in the previous case, the
modal forces may be written as the superposition of two forcing functions,
respectively at nΩ + ωf and nΩ − ωf

pns(t) =
F
2 [cos(nΩ + ωf )t+ cos(nΩ − ωf )t]

qns(t) =
F
2 [sin(nΩ + ωf )t+ sin(nΩ − ωf )t]

(4.121)

The modal responses are

cns =
F
2 [

cos(nΩ+ωf )t

ω2
ns−(nΩ+ωf )2

+
cos(nΩ−ωf )t

ω2
ns−(nΩ−ωf )2

]

sns =
F
2 [

sin(nΩ+ωf )t

ω2
ns−(nΩ+ωf )2

+
sin(nΩ−ωf )t

ω2
ns−(nΩ−ωf )2

]

(4.122)

After substituting in Equ.(4.111) and resolving the products of cosine and
sine functions with trigonometric identities, the global response reads

W (r, θ, t) =
∑
n,s

Wns(r)
F

2
[
cosn[θ − (Ω +

ωf

n )t]

ω2
ns − (nΩ + ωf )2

+
cosn[θ − (Ω − ωf

n )t]

ω2
ns − (nΩ − ωf )2

]

(4.123)
which appears also as a combination of traveling waves whose amplitudes
are magnified in the vicinity of the resonances defined by

ωns = | ± nΩ ± ωf | (4.124)

This relation defines the resonance conditions which must be avoided in
the operation of the system.
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4.11 Problems

P.4.1 Solve the eigenvalue problem for the vibration of a uniform beam
without preload with the following boundary conditions:

(a) Clamped-free [µ1 = 1.875, µ2 = 4.694, µn ≈ (2n− 1)π/2]
(b) Clamped-clamped [µ1 = 4.73, µ2 = 7.853, µn ≈ (2n+ 1)π/2]

P.4.2 Solve the eigenvalue problem of a uniform bar with free-free bound-
ary conditions.
P.4.3 Derive the partial differential equation governing the vibration of a
string from Hamilton’s principle. [Hint: The strain energy is entirely due
to the preload T0.]
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Rayleigh-Ritz method

La sagesse a ses excès et n’a pas
moins besoin de modération que
la folie.

Montaigne, Essais, 1572-1588

5.1 introduction

The partial differential equations of structural dynamics are difficult to
solve, except for very simple configurations; a few of them were examined
in the previous chapter. For more complicated systems, approximate so-
lutions are sought, by transforming the partial differential equation into
a system of second order ordinary differential equations which carry the
dominant (low frequency) behavior of the system. This process is called
discretization and the number of ordinary differential equations is the
number of degrees of freedom (d.o.f.) of the discretized system. If the
method is well conditioned and convergent, the degree of approximation
will improve with the number of degrees of freedom and the error can be
made arbitrarily small in a limited frequency band.

In this chapter,we consider a global method of approximation known
as the Rayleigh-Ritz method;1 the method relies on the selection of global
shape functions which satisfy the global boundary conditions; it is very
elegant and works very well for rather simple structures where a set of
shape functions is not too difficult to guess. Once the shape functions have
been selected, the various energies involved in the problem are expressed
in terms of a finite set of generalized variables and introduced in the La-
grange equations. With a good choice of shape functions, the convergence
is very quick; however, when the structure is more complicated, global
shape functions become almost impossible to guess and the method is
difficult to use. The problem can be solved by using finite elements, as
discussed later.

1 It is also called “global assumed modes method”.
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For simplicity, the method is presented here for structures with one
spatial coordinate; however, there is no restriction and the method ap-
plies identically to structures with several spatial coordinates (x simply
becomes a vector). The mathematical developments are reduced to the
strict minimum, to focus on the physical aspects.

5.2 Shape functions

In the Rayleigh-Ritz method, the global displacement field u(x, t) is ap-
proximated according to a finite expansion with n d.o.f.

u(x, t) =

n∑
i=1

ψi(x)qi(t) (5.1)

where the qi(t) are the generalized variables and ψi(x) are a set of shape
functions, linearly independent and complete, and satisfying the global
kinematic boundary conditions of the problem.

By linearly independent, it is meant that one cannot find a set of
coefficients ak ̸= 0 such that

∑
akψk(x) = 0. Shape functions which

are not linearly independent do not enlarge the space spanned by the
approximation.

The set of functions ψi(x) is complete if the error εn in the approxi-
mation of any function f(x) satisfying the same boundary conditions,

εn = ||f(x)−
n∑
i=1

ψi(x)ai|| (5.2)

can be made arbitrarily small by increasing the number of terms n in the
approximation:

lim
n→∞

εn = 0

In Equ.(5.2), ||.|| stands for some norm measuring the distance between
the function f(x) and its approximation. The most frequent norm is the
quadratic norm:

||u||2 = (u, u)1/2 (5.3)

where (u, v) is the inner product between the two functions u and v: (u, v)
is a real number satisfying the following properties

(a) Symmetric : (u, v) = (v, u)
(b) Homogeneous : (αu, v) = α(u, v)
(c) Additive : (u1 + u2, v) = (u1, v) + (u2, v)
(d) Positive definite : (u, u) > 0 for all u ̸= 0

(5.4)
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A simple example is

(u, v) =

∫
Ω
uv dΩ (5.5)

where the integral extends over the complete domain Ω where the func-
tions are defined. There can also be a positive weight w(Ω) included in
the integral.

To illustrate the necessity of a complete set of shape functions, consider
a continuous function f(x) defined on [0, L] and such that f(0) = 0 and
f(L) = 0. The harmonic functions

ψi(x) = sin
iπx

L
i = 1, 2, · · · , n (5.6)

satisfy the boundary conditions and constitute a complete set of n admis-
sible shape functions. On the contrary, assume that one of the harmonic
components is missing, for example that for i = 2; the set of admissible
functions

sin
πx

L
, sin

3πx

L
, sin

4πx

L
, · · ·

is not complete, because the contribution associated with any compo-
nent in sin(2πx/L) present in f(x) cannot be matched by increasing the
number of terms in the expansion.

The case of orthogonal functions is particularly interesting, because
the coefficients of the expansion can be determined independently. A set
of functions ui(x) is orthogonal with respect to an inner product operator
(u, v) if

(ui, uj) = ||ui||2δij (5.7)

where δij is the Kronecker delta (δij = 1 if i = j, δij = 0 if i ̸= j). In this
case, the coefficients αk of the expansion

f(x) =

n∑
i=1

αiui(x) (5.8)

are determined independently according to

αk =
(uk, f)

(uk, uk)
(5.9)

The harmonic functions (5.6)(which are in fact the well known Fourier
series expansion) are orthogonal with respect to the inner product (5.5):∫ L

0
sin

iπx

L
. sin

jπx

L
dx =

L

2
δij

The methodology is now explained with a few examples.



120 5 Rayleigh-Ritz method

u(x t, )

x

p(x t, )

ex
du u’
dx

Fig. 5.1. Axial vibration of a bar.

5.3 Axial vibration of a bar

Consider the bar of cross section A(x) with an axial distributed load p(x),
Fig.5.1. The strain is uniform across the section, εx = u′ and the strain
energy reads

V =
1

2

∫ L

0
EA(u′)2dx (5.10)

If the axial displacement is approximated according to (5.1), the axial
strain can be written

u′(x, t) =

n∑
i=1

ψ′
i(x)qi(t) (5.11)

Substituting into the strain energy,

V =
1

2

∫ L

0
EA[

n∑
i=1

ψ′
i(x)qi(t)][

n∑
j=1

ψ′
j(x)qj(t)]dx

V =
1

2

n∑
i=1

n∑
j=1

[

∫ L

0
EAψ′

i(x)ψ
′
j(x) dx] qi(t)qj(t)

or

V =
1

2
qTKq (5.12)

where q = (q1, · · · , qn)T is the vector of generalized coordinates and K is
the stiffness matrix of the discretized system:

Kij =

∫ L

0
EAψ′

i(x)ψ
′
j(x) dx (5.13)

K is symmetric and positive definite (by construction, since V > 0 for all
u such that u′ ̸= 0; K is semi-positive definite if rigid body displacements
are allowed).
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Similarly, the velocity u̇ is uniform in the cross section and the kinetic
energy reads

T =
1

2

∫ L

0
ϱAu̇2dx (5.14)

If the axial displacement is approximated according to (5.1), the axial
velocity can be written

u̇(x, t) =

n∑
i=1

ψi(x)q̇i(t) (5.15)

Substituting into the kinetic energy,

T =
1

2

∫ L

0
ϱA[

n∑
i=1

ψi(x)q̇i(t)][

n∑
j=1

ψj(x)q̇j(t)]dx

T =
1

2

n∑
i=1

n∑
j=1

[

∫ L

0
ϱAψi(x)ψj(x) dx] q̇i(t)q̇j(t)

or

T =
1

2
q̇TM q̇ (5.16)

where q̇ = (q̇1, · · · , q̇n)T is the vector of generalized velocities and M is
the mass matrix of the discretized system:

Mij =

∫ L

0
ϱAψi(x)ψj(x) dx (5.17)

M is symmetric and positive definite (by construction, since T > 0).
Finally, the virtual displacements can be expressed in terms of the

generalized variables:

δu(x, t) =
n∑
i=1

ψi(x)δqi (5.18)

and the virtual work of the non conservative forces p reads

δWnc =

∫ L

0
p δu dx =

n∑
i=1

δqi[

∫ L

0
p(x, t)ψi(x) dx] = fT δq (5.19)

where f(t) = (f1, · · · , fn)T is the vector of generalized forces:
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fi =

∫ L

0
p(x, t)ψi(x) dx (5.20)

fi is in fact the work of the distributed load on the shape function ψi(x).
In summary, the Rayleigh-Ritz approximation transforms the infi-

nite dimensional problem into a problem with n degrees of freedom
[q = (q1, · · · qn)T ], with the following expressions

V = 1
2q

TKq

T = 1
2 q̇

TM q̇

L = T − V = 1
2 q̇

TM q̇− 1
2q

TKq

δWnc = fT δq

(5.21)

From Lagrange’s equations

d

dt
(
∂L

∂q̇
)− ∂L

∂q
= f (5.22)

one gets the governing equation which was already discussed in section
3.6.1:

M q̈+Kq = f (5.23)

5.4 Planar vibration of a beam

Consider the planar vibration of a beam with the Euler-Bernoulli kine-
matic assumption discussed in section 4.1, Fig.5.2. The uniaxial bending
strain is related to the transverse displacement according to Equ.(4.3) and
(4.4)

u(x, y) = −y dv
dx

= −y v′(x) εx =
∂u

∂x
= −y v′′(x)

p dx.

y

xv(x)

Fig. 5.2. Planar vibration of a beam.
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It follows that the strain energy reads

V =
1

2

∫
Ω
Eε2xdx =

1

2

∫ L

0
[E(v′′)2

∫
A
y2dA]dx =

1

2

∫ L

0
EI(v′′)2dx (5.24)

The kinetic energy and the virtual work of the non conservative forces are
respectively

T =
1

2

∫ L

0
ϱA(v̇)2dx, δWnc =

∫ L

0
p δv dx (5.25)

In the Rayleigh-Ritz methods, the transverse displacement field v(x, t) is
approximated according to a finite expansion with n d.o.f.

v(x, t) =
n∑
i=1

ψi(x)qi(t) (5.26)

where the shape functions ψi(x) satisfy the global boundary conditions.
It follows that

v′′(x, t) =
n∑
i=1

ψ′′
i (x)qi(t) (5.27)

Substituting into the strain energy,

V =
1

2

∫ L

0
EI[

n∑
i=1

ψ′′
i (x)qi(t)][

n∑
j=1

ψ′′
j (x)qj(t)]dx

V =
1

2

n∑
i=1

n∑
j=1

[

∫ L

0
EI ψ′′

i (x)ψ
′′
j (x) dx] qi(t)qj(t)

or

V =
1

2
qTKq (5.28)

where q = (q1, · · · , qn)T is the vector of generalized coordinates and K is
the stiffness matrix of the discretized system:

Kij =

∫ L

0
EI ψ′′

i (x)ψ
′′
j (x) dx (5.29)

K is symmetric and positive definite (by construction, since V > 0 for all
v(x) such that v′′ ̸= 0; K is semi-positive definite if rigid body displace-
ments are allowed).

Similarly, the transverse velocity can be written
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v̇(x, t) =

n∑
i=1

ψi(x)q̇i(t) (5.30)

Substituting into the kinetic energy,

T =
1

2

∫ L

0
ϱA[

n∑
i=1

ψi(x)q̇i(t)][
n∑
j=1

ψj(x)q̇j(t)]dx

T =
1

2

n∑
i=1

n∑
j=1

[

∫ L

0
ϱAψi(x)ψj(x) dx] q̇i(t)q̇j(t)

or

T =
1

2
q̇TM q̇ (5.31)

where q̇ = (q̇1, · · · , q̇n)T is the vector of generalized velocities and M is
the mass matrix of the discretized system:

Mij =

∫ L

0
ϱAψi(x)ψj(x) dx (5.32)

M is symmetric and positive definite (by construction, since T > 0).
Finally, the virtual displacements can be expressed in terms of the

generalized variables:

δv(x, t) =
n∑
i=1

ψi(x)δqi (5.33)

and the virtual work of the non conservative forces p reads

δWnc =

∫ L

0
p δv dx =

n∑
i=1

δqi[

∫ L

0
p(x, t)ψi(x) dx] = fT δq (5.34)

where f(t) = (f1, · · · , fn)T is the vector of generalized forces:

fi =

∫ L

0
p(x, t)ψi(x) dx (5.35)

fi is the work of the distributed load on the shape function ψi(x).
Thus, the developments follow closely those of the axial vibration of a

bar, leading to the same general form (5.21) for the various energy terms
involved in the Lagrange equation, leading to the same governing equation
(5.23) with the appropriate definition of the stiffness and mass matrices.
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Comparing the elements of the mass and stiffness matrices with the or-
thogonality relationships (4.40) and (4.41), one sees that, if the shape
functions ψi(x) are chosen to be the mode shapes vi(x) corresponding to
the same boundary conditions, both matrices become diagonal, leading
to a set of decoupled equations.

5.4.1 Damping

v(x t, )

Fig. 5.3. Planar vibration of a beam with distributed damping, p(x, t) = −ξ(x)v̇(x, t).

Consider the distributed damping (Fig.5.3) generating the distributed
force

p(x, t) = −ξ(x)v̇(x, t) (5.36)

with ξ(x) > 0. Using Equ.(5.30) and (5.33),

δWnc =

∫ L

0
p δv dx =

∫ L

0
[−ξ(x)

n∑
i=1

ψi(x)q̇i(t)][

n∑
j=1

ψj(x)δqj ] dx

δWnc = −
n∑
i=1

n∑
j=1

q̇i(t)δqj [

∫ L

0
ξ(x)ψi(x)ψj(x) dx] = −δqTCq̇ (5.37)

with the damping matrix C defined as

Cij =

∫ L

0
ξ(x)ψi(x)ψj(x) dx (5.38)

(C is symmetric and positive definite). It follows that the generalized
damping forces read

f = −Cq̇ (5.39)

5.4.2 Beam with axial load

Because of the axial load, there is an additional contribution due to the
geometric strain energy; it is given by (4.17)
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Vg =
1

2

∫ L

0
N(v′)2dx (5.40)

where N is positive in traction. From (5.26),

v′(x, t) =

n∑
i=1

ψ′
i(x)qi(t) (5.41)

Vg =
1

2

∫ L

0
N [

n∑
i=1

ψ′
i(x)qi(t)][

n∑
j=1

ψ′
j(x)qj(t)]dx

Vg =
1

2

n∑
i=1

n∑
j=1

[

∫ L

0
N ψ′

i(x)ψ
′
j(x) dx] qi(t)qj(t)

or

Vg =
1

2
qTKgq (5.42)

(Kg)ij =

∫ L

0
N ψ′

i(x)ψ
′
j(x) dx (5.43)

The novelty here is that the geometric stiffness matrix Kg is not posi-
tive definite, because N may be positive or negative. The global stiffness
matrix is K +Kg.

5.4.3 Simply supported beam with uniform axial load

As an example, consider the simply supported beam with uniform axial
load N = −P (Fig.4.9.a). The first natural frequency is evaluated with a
single term approximation

v(x, t) = q(t). sin
πx

L
(5.44)

where the shape function ψ(x) = sin πx
L satisfies the kinematic boundary

conditions x(0) = 0 and x(L) = 0. From (5.29), (5.43) and (5.32), one
gets:

K =

∫ L

0
EI (ψ′′)2 dx = EI(

π

L
)4
∫ L

0
sin2

πx

L
dx =

EIπ4

2L3

Kg = −
∫ L

0
P (ψ′)2 dx = −P (π

L
)2
∫ L

0
cos2

πx

L
dx = −Pπ

2

2L
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M =

∫ L

0
ϱAψ2 dx = ϱA

∫ L

0
sin2

πx

L
dx =

ϱAL

2

and the equation of motion is

ϱAL

2
q̈ + [

EIπ4

2L3
− Pπ2

2L
]q = 0

or

ϱALq̈ +
EIπ4

L3
[1− P

Pcr
]q = 0 (5.45)

where P is positive in compression and Pcr is Euler’s critical buckling
load (4.68). Thus, the natural frequency is

ω1 =

√
EIπ4

ϱAL4
.

√
1− P

Pcr
(5.46)

This result is in fact the analytical solution of the eigenvalue problem

EI vIV + Pv′′ − ϱAω2v = 0

as can be checked by substitution. This is because the selected shape
function happens to be the first mode shape of the problem. This illus-
trates that the Rayleigh-Ritz method gives the best possible approxima-
tion within the space defined by the assumed shape functions. Equation
(5.46) defines the buckling load as the compression load which reduces
the first natural frequency to zero.

5.5 Rayleigh quotient

5.5.1 Continuous beam

According to Equ.(4.44), the mode shape vi(x) and the natural frequency
ωi of a beam satisfy

ω2
i =

∫ L
0 EI (v′′i )

2 dx∫ L
0 ϱAv2i dx

(5.47)

In this section, we study a more general form called the Rayleigh quotient :

R(v) =

∫ L
0 EI (v′′)2 dx∫ L
0 ϱAv2 dx

(5.48)
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where v(x) is any displacement field compatible with the kinematics of
the problem. R(v) is a functional, because every function v(x) leads to a
scalar value R(v) ≥ 0 (by construction). If v(x) is expanded in the mode
shapes according to

v(x) =
∞∑
k=1

ck vk(x) (5.49)

the denominator of R(v) can be written∫ L

0
ϱAv2 dx =

∫ L

0
ϱA[

∞∑
i=1

ci vi(x)][
∞∑
j=1

cj vj(x)] dx

=

∞∑
i=1

∞∑
j=1

cicj{
∫ L

0
ϱAvivj dx} =

∞∑
i=1

µic
2
i

after using the orthogonality condition (4.40). Similarly, using the second
orthogonality condition (4.43), the numerator of R(v) can be written∫ L

0
EI (v′′)2 dx = · · · =

∞∑
i=1

µiω
2
i c

2
i

leading to

R(v) =

∑∞
i=1 µiω

2
i c

2
i∑∞

i=1 µic
2
i

=
µ1ω

2
1c

2
1 + µ2ω

2
2c

2
2 + µ3ω

2
3c

2
3 + · · ·

µ1c21 + µ2c22 + µ3c23 + · · ·
(5.50)

Thus, if the modes are ordered by increasing frequencies,

R(v) ≥ ω2
1 (5.51)

It follows that any approximate solution obtained with the Rayleigh-Ritz
method will provide an estimate by excess of the first natural frequency
ω1. Similarly, if the function v(x) belongs to the subspace orthogonal to
mode 1, c1 = 0 and R(v) ≥ ω2

2, and etc... The Rayleigh quotient is a very
general concept which extends far beyond the beam theory; next section
considers a general discrete non-gyroscopic system.

5.5.2 Discrete system

According to Equ.(2.10), the mode shape ϕi and the corresponding fre-
quency ωi of a discrete non-gyroscopic system satisfy
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ω2
i =

ϕTi Kϕi

ϕTi Mϕi
(5.52)

The general form of the Rayleigh quotient for a discrete system is:

R(x) =
xTKx

xTMx
(5.53)

where x is a vector of generalized displacements compatible with the kine-
matics of the problem (i.e. satisfying the kinematic boundary conditions).
R(x) is a functional, because for every function x (x is a function of the
space coordinates), it has a scalar value (≥ 0, because of the properties
of K and M). Observe that the numerator is twice the strain energy as-
sociated with the displacement field x, and the denominator looks very
similar to twice the kinetic energy, except that x appears instead of ẋ; for
an harmonic vibration, x = x0e

jωt and ẋ = jωx0e
jωt, so that R(x) has

indeed the dimension of a frequency squared, ω2.

5.5.3 Principle of stationarity

We now establish that the Rayleigh quotient is stationary in the vicinity
of the natural frequencies ωk of the system, and that an error of the first
order on the mode shape ϕk leads to an error of the second order on ω2

k.
To demonstrate this, let

x = ϕk + εy

where y is the shape of the error, and the small scalar ε fixes the ampli-
tude. R(x) being homogeneous in x, the amplitude may be normalized in
such a way that

xTMx = ϕTkMϕk (5.54)

Since
xTMx = ϕTkMϕk + 2 εyTMϕk + ε2yTMy

It follows that
yTMϕk = −ε

2
yTMy

On the other hand, since ϕk satisfies the eigenvalue problem

Kϕk − ω2
kMϕk = 0 (5.55)

it follows that
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yTKϕk = ω2
ky

TMϕk = −ε
2
ω2
k y

TMy

We will use this result to evaluate the numerator of R(x):

xTKx = ϕTkKϕk + 2 εyTKϕk + ε2yTKy = ϕTkKϕk + ε2yT (K − ω2
kM)y

Thus,

R(x) =
xTKx

xTMx
= ω2

k + ε2
yT (K − ω2

kM)y

ϕTkMϕk
(5.56)

One sees that, in the vicinity of x = ϕk, the error on R(x) with respect
to ω2

k is a function of ε2, which means that R(x) is indeed stationary;
however, the matrix K −ω2

kM is not positive definite and one cannot say
that R(x) is minimum. The matrix of second derivative

K − ω2
kM

ϕTkMϕk
(5.57)

is called the Hessian matrix of the Rayleigh quotient near the stationary
point ωk. If the error shape y is expanded into the modes:

y =
∑

αiϕi (5.58)

The error associated with the Rayleigh quotient may be written

δω2 = R(x)− ω2
k = ε2

∑
i,j

αiαj
ϕTi (K − ω2

kM)ϕj

ϕTkMϕk

and, taking into account the orthogonality conditions (2.8) and (2.9),

δω2 = R(x)− ω2
k = ε2

∑
i

α2
i

µi
µk

(ω2
i − ω2

k) (5.59)

Since the µi are all positive, this equation indicates that the frequencies
below ωk have a negative contribution while the frequencies above ωk
contribute positively. If the error y is restricted to the space orthogonal
to the k − 1 first modes, αi = 0 (i = 1, · · · , k − 1); then δω2 ≥ 0 and the
Rayleigh quotient constitutes a true minimum. The above property leads
naturally to a recursive search of eigenvalues and eigenvectors based on
the Rayleigh quotient.
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5.5.4 Recursive search of eigenvectors

From the previous section, the eigenvectors ϕk and eigenvalues ωk can be
obtained as solution of

min
x
R(x) =

xTKx

xTMx
(5.60)

for all x in the subspace orthogonal to mode 1 to k − 1:

xTMϕi = 0, (i = 1, · · · , k − 1) (5.61)

(the first mode is the absolute minimum). It remains to examine how to
project a vector in the space orthogonal to one or several modes ϕi. The
coefficient αi of the expansion

x =

n∑
i=1

αiϕi (5.62)

can be determined independently because of the orthogonality condition
(2.8):

αk =
ϕTkMx

ϕTkMϕk
(5.63)

The projection in the subspace orthogonal to ϕk is obtained by removing
the contribution along ϕk,

x− αkϕk = x−
ϕTkMx

ϕTkMϕk
ϕk

= x−
ϕkϕ

T
kM

ϕTkMϕk
x = [I −

ϕkϕ
T
kM

ϕTkMϕk
]x

Thus, the projection matrix

Ak = [I −
ϕkϕ

T
kM

ϕTkMϕk
] (5.64)

is such that

Ak ϕk = 0
Ak ϕi = ϕi (i ̸= k)

(5.65)

It projects an arbitrary vector in the subspace orthogonal to ϕk. In order
to eliminate a set of modes, one can apply successively the various pro-
jection matrices. Taking into account the orthogonality condition (2.8),
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one finds that the matrix projecting a vector in a subspace orthogonal to
modes 1 to m is

A∗
m =

m∏
k=1

Ak =

m∏
k=1

[I −
ϕkϕ

T
kM

ϕTkMϕk
] = [I −

m∑
k=1

ϕkϕ
T
kM

ϕTkMϕk
] (5.66)

Thus, the eigenvectors ϕk+1 and eigenvalues ωk+1 can be obtained as
solution of minimum without constraint

min
x
R(x) =

xT [A∗T
k KA∗

k]x

xT [A∗T
k MA∗

k]x
(5.67)

5.6 Building with gravity loads

5.6.1 Single storey building

In order to further illustrate the Rayleigh-Ritz method and the Rayleigh
principle, consider the vibration of a single story building with massless
columns (Fig.5.4). This system is analyzed in Problem 1.3 in absence
of gravity loads; using standard results of beam theory, the stiffness of
the equivalent spring-mass system is k = 24EI/l3. In this section, we
reconsider this problem including the gravity loads, and we estimate the
natural frequency of the system with the Rayleigh-Ritz method, assuming
that the columns deform according to

ψ(x) =
1

2
(1− cos

πx

l
) (5.68)

The transverse displacement along the beam is w(x, t) = q(t).ψ(x) where
q(t) is the horizontal displacement of the mass m. From Equ.(5.29), the
bending stiffness due to one column is

m

EIl

g

q
x

Fig. 5.4. Single storey building with gravity loads.
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k1 =

∫ l

0
EI[ψ′′(x)]2dx =

π4

8

EI

l3

The total bending stiffness of the two columns is

k = 2k1 =
π4

4

EI

l3
= 24.35

EI

l3

Thus, the stiffness is slightly larger (24.35 > 24) than that obtained in
Problem 1.3 which was based on ψ(x) = 3x2/l2− 2x3/l3 (the exact static
solution which is also appropriate in dynamics since the columns are mass-
less). As a result, the natural frequency ω1 =

√
k/m is overestimated, as

expected from the Rayleigh quotient.
Let us now include the gravity loads. The geometric stiffness of one

column is given by Equ.(5.43), with N = −mg/2 being the compression
load in one column:

kg1 = −mg
2

∫ l

0
[ψ′(x)]2dx =

−mgπ2

16 l

The total geometric stiffness is

kg = 2kg1 =
−mgπ2

8 l
(5.69)

Finally, the total geometric stiffness (bending + geometric) is

kt = k + kg =
π4

4

EI

l3
+

−mgπ2

8 l
=
π4

4

EI

l3
[1− mgl2

2π2EI
]

kt =
π4

4

EI

l3
(1− mg

Pcr
) (5.70)

where Pcr is the critical buckling load of the system,2 Pcr = 2.(π2EI/l2)
Once kt has been obtained, the natural frequency is given by ω∗

1 =√
kt/m, leading, once again, to

ω∗
1 = ω1

√
1− mg

Pcr
(5.71)

where ω1 is the natural frequency without gravity loads; this result is very
similar to (5.46).

2 The buckling load of one column is equal to that of a pinned-pinned beam with
the same length and the same properties, and the buckling mode happens to be the
assumed shape (5.68).
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5.6.2 Building with n-identical floors

Using the results of the foregoing section, it is easy to build the equivalent
spring-mass model of a n-storey building (Fig.5.5). The geometric stiffness
of a floor is a linear function of the axial load applied to the columns, and
the columns below floor i have to support the n + 1 − i floors above
it, which leads to a geometric stiffness kig = (n + 1 − i)kg, where kg is
the geometric stiffness of the single storey building, given by (5.69); the
stiffness k due to the bending of the column is identical for every floor.

(a)

(b)

l EI

m

m

g

k - gkk - 2 gkk - 3 gkk - 4 gk

m m mm

Fig. 5.5. (a) Building with 4 identical floors including the geometric stiffness. (b)
Spring-mass model.

5.7 Problems

P.5.1 Consider a clamped-free beam loaded axially with a uniform com-
pression load P (Fig.4.9.b). Find an approximate solution for the first
natural frequency, assuming that

(a) ψ(x) = x2

(b) ψ(x) = 1− cos(πx/2L)
Comment on the influence of the shape function ψ(x) on the result.
P.5.2 Consider a clamped-free beam subjected to gravity loads (Fig.5.6)

N0(x) = −gϱA(L− x)

Evaluate ω1 with the Rayleigh-Ritz method, assuming ψ(x) = x2.
P.5.3 Consider the out of plane vibration of a uniform clamped-free beam
rotating with a uniform velocity Ω (Fig.5.7).
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g

L

x

N(x)

Fig. 5.6. Clamped-free beam subjected to gravity loads. The axial preload varies
linearly from 0 at the tip to −ϱgAL at the base.

x

(x)N
0

W

x

(x)N
0

r

dr

clamped

Fig. 5.7. Clamped-free beam rotating with a uniform velocity Ω.

(a) Show that the tension preload N0(x) due to the centrifugal force
is given by

N0(x) =

∫ L−x

0
ϱAΩ2(L− r)dr =

ϱAΩ2

2
(L2 − x2)

(b) Evaluate ω1 assuming a shape function ψ(x) = x2.
P.5.4 Consider the vibration of a taut string under tension T0 (Fig.5.8).
Find an approximation to the first natural frequency using the Rayleigh-
Ritz method, with the following shape functions:

(a) ψ(x) = x(L− x)
(b) ψ(x) = sin(πx/L)

v (x t, ) rA

L

T
0

T
0

Fig. 5.8. Taut string.
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Comment on the influence of the shape function ψ(x) on the result. [Hint:
The strain energy is entirely due to the preload T0.]
P.5.5 Consider a uniform beam supported at both ends by elastic sup-
ports of stiffness Kθ (Fig.5.9). Find an approximation of the first natural
frequency. Comment on the quality of the approximation for various val-
ues of Kθ.

r ,A EI

L

KqKq

Fig. 5.9. Uniform beam with elastic supports.

Mr ,A EI

L

Fig. 5.10. Simply supported uniform beam with a lumped mass in the middle.

g

L

M

EI

rA 0

Fig. 5.11. Massless vertical beam supporting a mass M in a gravity field g.

P.5.6 Consider a simply supported uniform beam with a lumped massM
in the middle (Fig.5.10). Find an approximation for the first natural fre-
quency. Comment on the quality of the approximation for various values
of the ratio M/ϱAL.
P.5.7 Consider a mass M supported by a massless vertical beam with
uniform stiffness EI and clamped at the bottom (Fig.5.11). The mass
is subjected to a gravity field g. Propose at least two shape functions
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to estimate the first natural frequency using the Rayleigh-Ritz method.
Explain your choice. Compare the approximations and comment.
P.5.8 Consider the in-plane rotation of a rigid main body with a flexible
appendage represented by a beam of uniform mass per unit length ϱA
(Fig.5.12). Let θ be the (small) angle of rotation and J0 be the moment
of inertia of the main body. Using a decomposition

w(x) = θx+
∑
i

ϕi(x)zi

where ϕi(x) are the constrained flexible modes, show that the Lagrangian
reads

L = T − V =
1

2
Jθ̇2 −

∑
i

Γiżiθ̇ +
1

2

∑
i

µiż
2
i −

1

2

∑
i

µiΩ
2
i z

2
i

where µi and Ωi are the modal masses and the natural frequencies of the
constrained modes of the flexible appendages,

J = J0 +

∫ L

0
ϱAx2dx

is the total moment of inertia, and Γi are the modal participation factors
of the flexible modes

Γi =

∫ L

0
ϱAϕixdx

[Γi is the work done on mode i of the flexible appendages by the inertia
forces associated with a unit angular acceleration of the main body].

Show that the equations of motion read

Jθ̈ −
m∑
i=1

Γiz̈i = T0

µiz̈i + µiΩ
2
i zi − Γiθ̈ = 0 i = 1, ...,m

where T0 is the torque applied to the main body,

L

0
J

q

x

Fig. 5.12. In-plane rotation of a rigid body with a flexible beam of uniform mass
distribution; w(x) = θx+Σϕi(x)zi.
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Finite elements

Notre folie, à nous autres, est de
croire que toute la nature, sans
exception, est destinée à nos
usages,...

Fontenelle, Entretiens sur la
pluralité des mondes, 1686

6.1 Introduction

The Rayleigh-Ritz method was introduced in chapter 5; it is also called
the global assumed modes method, because the discretization is achieved
by decomposition of the global displacements in a set of global shape func-
tions ψi(x) defined on the whole domain (Fig.6.1.a). The method is very
powerful for simple structures where appropriate shape functions may
be guessed from intuition, but the functions become difficult to choose
when the structure is complex. Besides, since the shape functions must
satisfy the global kinematic boundary conditions, a new set of functions
must be used for new boundary conditions. This difficulty is overcome by

element k

(a)

(b)

x

(u

y
i ( )

1

xy
i ( )

q ),

1 1

(u q ),

2 2

Fig. 6.1. Comparison between the Rayleigh-Ritz method and the finite element
method. (a) In the Rayleigh-Ritz method, the shape functions ψi(x) are defined globally
and must satisfy the kinematic boundary conditions. (b) In the finite element method,
the shape functions are defined within the element, in such a way that the generalized
coordinates are the nodal displacements ui and rotations θi of the element.



140 6 Finite elements

the finite element (FE) method which is a local assumed modes method
(Fig.6.1.b): The structure is divided into elements which are connected at
the nodes, and the shape functions ψi(x) are selected in such a way that
the displacements ui and the rotations θi at the nodes are the general-
ized coordinates. Thus, all the elements of the same family use the same
shape functions and their stiffness and mass matrices have all the same
form, that can be computed a-priori from a few geometric and material
parameters. The global stiffness and mass matrices are assembled in a
second step from the topology of the structure, and finally the boundary
conditions are enforced.

The first part of this chapter consists only of a brief introduction to
the construction of the stiffness and mass matrices from finite elements;
the discussion will be limited to bars and beams in the plane. The reader
will refer to the many good textbooks for a comprehensive treatment of
the finite element method. The second part of the chapter is devoted to
the methods for model reduction (Guyan method and Craig-Bampton
method), which aim at reducing the number of generalized coordinates
while preserving the accuracy in the prediction of the low frequency modes
of the structure.

The finite element method is very mature and commercial FE softwares
have user interfaces which simplify considerably the input of the complex
geometries as well as the display of the output results.

6.2 Formulation for a plane truss

The finite element method is an energy method, just as the Rayleigh-Ritz
method; the element stiffness and mass matrices are obtained by express-
ing the strain energy and the kinetic energy in terms of the generalized
coordinates (which are in this case the nodal displacements and rotations)
with the assumed kinematics. Contrary to the Rayleigh-Ritz method, the
shape functions (assumed modes) are selected once and for all.

6.2.1 Bar element

A bar can only deform axially. Figure 6.2 shows a bar element of length
l, with uniform cross section A and density ϱ and Young modulus E. It
is assumed that the axial displacements within the element are related to
the nodal displacements by

u(x, t) = ψ1(x)u1(t) + ψ2(x)u2(t) (6.1)
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Fig. 6.2. Bar element in the plane: The generalized coordinates are the axial dis-
placements at the extremities of the element. The shape functions are respectively
ψ1(x) = 1− x/l and ψ2(x) = x/l.

where
ψ1(x) = 1− x/l and ψ2(x) = x/l (6.2)

It follows from the kinematic assumption that the axial strain is uniform
within the element:

u′(x, t) = ψ′
1(x)u1(t) + ψ′

2(x)u2(t) =
u2 − u1

l
(6.3)

Proceeding as in section 5.3 for the Rayleigh-Ritz method, the strain
energy in the element is

Ve =
1

2

∫ l

0
EA(u′)2dx (6.4)

Ve =
1

2

∫ l

0
EA[

2∑
i=1

ψ′
i(x)ui(t)][

2∑
j=1

ψ′
j(x)uj(t)]dx

Ve =
1

2

2∑
i=1

2∑
j=1

[

∫ l

0
EAψ′

i(x)ψ
′
j(x) dx]ui(t)uj(t)

or

Ve =
1

2
uTeKeue (6.5)

where ue = (u1, u2)
T is the vector of generalized coordinates (the nodal

displacements along the axis of the element) and the elements of the
stiffness matrix are
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Kij
e =

∫ l

0
EAψ′

i(x)ψ
′
j(x) dx (6.6)

Ke =
AE

l

[
1 −1

−1 1

]
(6.7)

Similarly, the kinetic energy in the element is written

Te =
1

2

∫ l

0
ϱAu̇2dx (6.8)

Te =
1

2

∫ l

0
ϱA[

2∑
i=1

ψi(x)u̇i(t)][

2∑
j=1

ψj(x)u̇j(t)]dx

Te =
1

2

2∑
i=1

2∑
j=1

[

∫ l

0
ϱAψi(x)ψj(x) dx] u̇i(t)u̇j(t)

Te =
1

2
u̇TeMeu̇e (6.9)

where u̇e = (u̇1, u̇2)
T is the vector of generalized velocities and Me is the

mass matrix of the element:

M ij
e =

∫ l

0
ϱAψi(x)ψj(x) dx (6.10)

Me is symmetric and positive definite (by construction, since Te > 0).

Me =
ϱAl

6

[
2 1
1 2

]
(6.11)

Equations (6.7) and (6.11) are the generic forms of the mass and stiffness
matrices of a planar bar element with uniform cross section. The form
of these matrices is fixed and they depend on the geometry (A and l)
as well as the material properties (ϱ and E). An element with variable
cross section may be derived by allowing the cross section to vary linearly
between A1 and A2 along the bar (Problem 6.1).
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Fig. 6.3. Plane truss assembled from bars with uniform cross section.

6.2.2 Truss structure

The step of constructing the global stiffness and mass matrices from the
element matrices is called assembly. Consider the plane truss of Fig.6.3; it
consists of 2 identical bays formed by bars of the same material and the
same cross section (the horizontal and vertical bars have a length l while
the diagonal ones have a length l

√
2). The truss has 6 nodes with two

d.o.f. each, the displacements (ui, vi) along the global coordinate system.
The global stiffness and mass matrices are constructed by expressing that
the total energy (strain and kinetic) is the sum of the energy stored in
individual bars. To do this, one needs to relate the local coordinates of
every element to the global coordinates, taking into account the topology
of the structure. This is done by a localization matrix Le such that

ue = Leu (6.12)

Each element has its own localization matrix; in the case of the truss of
Fig.6.3, there are 12 generalized coordinates u = (u1, v1, u2, v2, . . .)

T (the
node displacements in the global coordinate system) and the dimension of
Le is therefore 2×12. It is obtained by projecting the end displacements of
each bar along the axis of the element. For the element connecting nodes
1 and 3, the localization matrix reads

Le =

[
1 0 0 0 0 0 · · ·
0 0 0 0 1 0 · · ·

]
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which indicate that the first coordinate of the element is the first global
d.o.f. of the truss and that the second coordinate of the element is the fifth
global d.o.f. of the truss. Similarly the localization matrix of the element
connecting nodes 1 and 4, which is at 450 in the global coordinate system
is

Le =

[√
2/2

√
2/2 0 0 0 0 0 0 · · ·

0 0 0 0 0 0
√
2/2

√
2/2 · · ·

]
Note that the localization matrices are sparsely populated and do not have
to be constructed explicitly to assemble the mass and stiffness matrices.
The global matrices are obtained by expressing that the total energy is
the sum of the energy contained in all the elements:

V =
1

2
uTKu =

∑
e

[
1

2
uTeKeue] =

1

2

∑
e

uTLTeKeLeu (6.13)

leading to the global stiffness matrix

K =
∑
e

LTeKeLe (6.14)

and similarly

T =
1

2
u̇TM u̇ =

∑
e

[
1

2
u̇TeMeu̇e] =

1

2
u̇TLTeMeLeu̇ (6.15)

leading to the global mass matrix

M =
∑
e

LTeMeLe (6.16)

In Equ.(6.14) and (6.16), the element matrices Ke and Me are given re-
spectively by Equ.(6.7) and (6.11), with appropriate values of A, E and l
for each element.

6.3 Planar structure made of beams

In this section, we consider the simplest case of a planar structure whose
deformations are assumed to be in pure bending. The discussion parallels
that of section 5.4; only the transverse motion v(x, t) is considered, and the
kinematics is assumed to follow the Euler-Bernoulli assumption (section
4.1). The strain energy and the kinetic energy are given respectively by

V =
1

2

∫ l

0
EI(v′′)2dx and T =

1

2

∫ l

0
ϱA(v̇)2dx, (6.17)
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6.3.1 Beam element

In the finite element of beam in pure bending, the axial extension is
ignored and the generalized coordinates are the transverse displacements
and the rotations at the two end nodes, ue = (v1, θ1, v2, θ2)

T (Fig.6.4).
The transverse displacements along the beam are assumed of the form

v(x, t) = v1(t)ψ1(x) + θ1(t)ψ2(x) + v2(t)ψ3(x) + θ2(t)ψ4(x) (6.18)

where the shape functions are polynomials of the third order:1

ψ1(x) = 1− 3x2/l2 + 2x3/l3

ψ2(x) = x− 2x2/l + x3/l2

ψ3(x) = 3x2/l2 − 2x3/l3

ψ4(x) = x3/l2 − x2/l

(6.19)

which satisfy the following conditions (Fig.6.4.b):

1 Observe that these shape functions are such that any rigid body motion such that
θ1 = θ2 and v2 = v1+θ1l will lead to a linear distribution of the transverse displace-
ments: v(x) = v1 + θ1x.
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ψ1(0) = 1 ψ′
1(0) = 0 ψ1(l) = 0 ψ′

1(l) = 0
ψ2(0) = 0 ψ′

2(0) = 1 ψ2(l) = 0 ψ′
2(l) = 0

ψ3(0) = 0 ψ′
3(0) = 0 ψ3(l) = 1 ψ′

3(l) = 0
ψ4(0) = 0 ψ′

4(0) = 0 ψ4(l) = 0 ψ′
4(l) = 1

Proceeding as in the previous section, the strain energy of the element is
written

Ve =
1

2

∫ l

0
EI(v′′)2dx =

1

2
uTeKeue (6.20)

where

Kij
e =

∫ l

0
EI ψ′′

i (x)ψ
′′
j (x) dx (6.21)

Ke =
EI

l3


12 6l −12 6l
6l 4l2 −6l 2l2

−12 −6l 12 −6l
6l 2l2 −6l 4l2

 (6.22)

and similarly for the kinetic energy

Te =
1

2

∫ l

0
ϱA(v̇)2dx =

1

2
u̇TeMeu̇e (6.23)

where

M ij
e =

∫ l

0
ϱAψi(x)ψj(x) dx (6.24)

Me =
ϱAl

420


156 22l 54 −13l
22l 4l2 13l −3l2

54 13l 156 −22l
−13l −3l2 −22l 4l2

 (6.25)

The mass matrix is again symmetric and positive definite; it is called
consistent, because it is based on the same shape functions as the stiff-
ness matrix. However, in many applications, the finite element decompo-
sition is governed by the accuracy of the representation of the structural
stiffness, rather than by the accuracy of the representation of the mass
distribution, and it may be convenient to use a simpler representation of
the inertia forces with a lumped mass model. One such a representation is
obtained by ignoring the inertia associated with the rotations and lump-
ing half of the mass of the element at the translational d.o.f. at both ends;
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the kinetic energy of the element is in this case Te =
1
2(ϱAl/2)[v̇

2
1 + v̇22],

leading to

Me =
ϱAl

2


1 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 (6.26)

The error associated with the use of a lumped mass model is illustrated
in Fig.6.6; in many applications, this representation will be sufficient.
Note, however, that Me is no longer positive definite, because no inertia
is associated with the rotational d.o.f.

6.3.2 Beam structure

Consider the structure formed of two elements of planar beam of equal
length (Fig.6.5); the global coordinate vector is u = (v1, θ1, v2, θ2, v3, θ3)

T .
The localization matrices of the two elements are respectively

L1 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0


and

L2 =


0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1


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Fig. 6.5. Beam structure formed of two finite elements. (a) Global d.o.f. (b) Clamped-
clamped boundary conditions.
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The global stiffness is constructed according to Equ.(6.14), with the ap-
propriate form of Le and the element matrix; one finds easily

K =
EI

l3



12 6l −12 6l 0 0
6l 4l2 −6l 2l2 0 0

−12 −6l 12 + 12 −6l + 6l −12 6l
6l 2l2 −6l + 6l 4l2 + 4l2 −6l 2l2

0 0 −12 −6l 12 −6l
0 0 6l 2l2 −6l 4l2

 (6.27)

where l is the length of one element. The contributions from the two finite
elements to the global stiffness matrix has been highlighted and the con-
tributions to the central block of the matrix have been written explicitly
for clarity. Similarly, the global mass matrix is constructed according to
Equ.(6.16):

M =
ϱAl

420



156 22l 54 −13l 0 0
22l 4l2 13l −3l2 0 0

54 13l 156 + 156 −22l + 22l 54 −13l
−13l −3l2 −22l + 22l 4l2 + 4l2 13l −3l2

0 0 54 13l 156 −22l
0 0 −13l −3l2 −22l 4l2

 (6.28)

6.3.3 Boundary conditions

Both K andM are 6×6 matrices, because there are 6 d.o.f. in the model.
The next step consists of enforcing the boundary conditions associated
with the supports of the structure. If the d.o.f. u are partitioned into the
those which remain free u1 and those associated with the supports where
u2 = 0, uT = (uT1 ,u

T
2 ), the strain energy may be written

V =
1

2
(uT1 ,u

T
2 )

[
K11 K12

KT
12 K22

]{
u1

u2

}
= uT1K11u1 + 2uT1K12u2 + uT2K22u2

= uT1K11u1

since u2 = 0. Thus, the global stiffness matrix after enforcing the bound-
ary conditions consists of the sub-matrix K11 relative to the d.o.f. which
remain free. It is obtained by elimination of all the lines and columns
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corresponding to the d.o.f. of supports. A similar result is obtained for
the mass matrix by considering the kinetic energy.

To illustrate this, consider the example of Fig.6.5.b where the beam is
clamped at both ends. There are only 2 d.o.f. which remain free (v2, θ2)
and, after deleting the lines and columns corresponding to the blocked
d.o.f. in the stiffness and mass matrices, one gets

K =
EI

l3

[
24 0
0 8l2

]
M =

ϱAl

420

[
312 0
0 8l2

]
(6.29)

The corresponding eigenvalue problem, [K − ω2
iM ]ϕi = 0 reads:{

EI

l3

[
24 0
0 8l2

]
− ω2

i

ϱAl

420

[
312 0
0 8l2

] }
ϕi = 0 (6.30)

and, upon introducing the reduced eigenvalue2

λi =
ϱAl4

420EI
ω2
i =

µ4i
420.24

it becomes [
24− 312λi 0

0 8l2(1− λi)

]
ϕi = 0 (6.31)

The first eigenvalue is λ1 =
24
312 corresponding to µ41 = 517, which is quite

close, and slightly larger than to the analytical result µ41 = 500.5 from
the solution of the partial differential equation (Problem 4.1). The corre-
sponding mode shape involves only the d.o.f. of translation v2. Similarly,
the second eigenvalue is λ2 = 1, corresponding to µ42 = 6720 which is
much larger than the analytical prediction µ42 = 3803; the corresponding
mode shape is a pure rotation θ2.

6.3.4 Convergence

Although extremely simple, the foregoing example illustrates important
properties the finite element method: (i) It tends to overestimate the

2 In section 4.3 devoted to the analysis of continuous beams, the reduced eigenvalue
was defined as

µ4 =
ϱAL4

EI
ω2

where L is the length of the beam; in this case, L = 2l.
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elements in the model. Full line: Consistent mass matrix with convergence from above.
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natural frequencies. As the number of elements increases, the natural fre-
quencies of the low order modes obtained with a consistent mass model
converge from above towards the analytical results. This is in fact a con-
sequence of the Rayleigh quotient as discussed in section 5.5. (ii) For a
given discretization, the error on the natural frequency of higher modes
increases rapidly, and achieving a reasonable accuracy requires a number
of d.o.f. significantly larger than the index of the highest mode of inter-
est. This is illustrated in Figure 6.6 for a uniform clamped-free beam;
the figure shows the evolution of the first five natural frequencies with
the number n of elements (the number of d.o.f. is 2n). In the figure, the
full lines refer to the consistent mass model (6.25), which converge from
above; the dashed lines correspond to the lumped mass model (6.26); they
converge more slowly, and from below.

Note also that the mode shapes of higher orders depend on the dis-
cretization and have no or little physical meaning. The best way to be-
come familiar with the finite element method is to run computations with
a commercial FE code; performing convergence analysis on simple cases
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will give some feeling about the convergence properties and the accuracy
which is possible to achieve (Problem 6.2).

6.3.5 Geometric stiffness of a planar beam element

When a beam is subjected to an axial load N , there is an additional
contribution to the geometric strain energy:

Vg =
1

2

∫ L

0
N(v′)2dx (6.32)

where N is positive in traction. The geometric strain energy in a beam
element subject to a constant axial force is expressed in the form

Vge =
1

2

∫ l

0
N(v′)2dx =

1

2
uTeKgeue (6.33)

where ue = (v1, θ1, v2, θ2)
T and the elements of the geometric stiffness

matrix are given by

Kij
ge = N

∫ l

0
ψ′
i(x)ψ

′
j(x) dx (6.34)

Using the shape functions (6.19), one finds

Kge =
N

30l


36 3l −36 3l
3l 4l2 −3l −l2

−36 −3l 36 −3l
3l −l2 −3l 4l2

 (6.35)

In order to illustrate the geometric stiffness, let us consider once again
the single storey building with gravity loads (Fig.5.4). Each of the two
massless columns can be modeled by a single finite element (the shape
functions are statically exact regarding the transverse displacements of
the column); there is a single d.o.f., the horizontal displacement q at the
top (rotation θ = 0 at the top). The stiffness corresponding to a single
column is obtained from Equ.(6.22):

k1 = 12
EI

l3

The geometric stiffness of one column corresponds to a compression load
of half the floor weight, −mg/2, leading to
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kg1 = −mg
2
.
36

30 l
=

−6mg

10 l

Overall, the total stiffness for the two columns is

kt = 2(k1 + kg1) =
24EI

l3
[1− mgl2

20EI
] (6.36)

This result must be compared with (5.70) obtained by assuming the shape
function (5.68) corresponding to the buckling mode of the column.3

To account for the geometric stiffness of a structure made of beams, the
analysis must proceed in two steps: (i) The first step consists of a static
analysis under the external constant loads, to evaluate the static axial
loads Ne applied to all the beam elements. (ii) The geometric stiffness
matrix of every element is computed from Equ.(6.35) and added to the
stiffness matrix (6.22) coming from the bending strain energy.

6.4 Guyan reduction

As already mentioned, the size of a discretized model obtained by finite
elements is essentially governed by the representation of the stiffness of
the structure. For complicated geometries, it may become very large, es-
pecially with automated mesh generators. Before solving the eigenvalue
problem, it may be advisable to reduce the size of the model by condens-
ing the degrees of freedom with little or no inertia and which are not
used to apply external forces, or equipped with a sensor to measure the
structural response. The degrees of freedom to be condensed, denoted x2

in what follows, are often referred to as slaves; those kept in the reduced
model are called masters and are denoted x1.

To begin with, consider the undamped forced vibration of a structure
where the slaves x2 are not excited and have no inertia; the governing
equation is [

M11 0
0 0

]{
ẍ1

ẍ2

}
+

[
K11 K12

K21 K22

]{
x1

x2

}
=

{
f1
0

}
(6.37)

or
M11ẍ1 +K11x1 +K12x2 = f1 (6.38)

3 This model leads to a buckling load of Pcr = 20EI/l2, instead of the analytical value
of Pcr = 2π2EI/l2 obtained in section 5.6.1 when using the analytical buckling shape
as shape function.
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K21x1 +K22x2 = 0 (6.39)

According to the second equation, the slaves x2 are completely determined
by the masters x1:

x2 = −K−1
22 K21x1 (6.40)

Substituting into Equ.(6.38), we find the reduced equation

M11ẍ1 + (K11 −K12K
−1
22 K21)x1 = f1 (6.41)

which involves only x1. Note that in this case, the reduced equation has
been obtained without approximation.

The idea in the so-called Guyan reduction is to assume that the master-
slave relationship (6.40) applies even if the degrees of freedom x2 have
some inertia (i.e. when the sub-matrix M22 ̸= 0), or have forces applied
to them. Thus, one assumes the following transformation

x =

{
x1

x2

}
=

[
I

−K−1
22 K21

]
x1 = L x1 (6.42)

The reduced mass and stiffness matrices are obtained by substituting the
above transformation into the kinetic and strain energy:

T =
1

2
ẋTM ẋ =

1

2
ẋT1 L

TMLẋ1 =
1

2
ẋT1 M̂ ẋ1

U =
1

2
xTKx =

1

2
xT1 L

TKLx1 =
1

2
xT1 K̂x1

with
M̂ = LTML K̂ = LTKL (6.43)

The second equation produces K̂ = K11 −K12K
−1
22 K21 as in Equ.(6.41).

If external loads are applied to x2, the reduced loads are obtained by
equating the virtual work

δxT f = δxT1 L
T f = δxT1 f̂1

or
f̂1 = LT f = f1 −K12K

−1
22 f2 (6.44)

Finally, the reduced equation of motion reads

M̂ ẍ1 + K̂x1 = f̂1 (6.45)
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Usually, it is not necessary to consider the damping matrix in the re-
duction, because it is rarely known explicitly at this stage. The Guyan
reduction can be performed automatically in commercial finite element
packages, the selection of masters and slaves being made by the user. In
the selection process the following aspects should be kept in mind:

• The degrees of freedom without inertia and applied load can be con-
densed without affecting the accuracy.

• Translational degrees of freedom carry more information than rota-
tional ones. In selecting the masters, preference should be given to
translations, especially if large modal amplitudes are expected (Prob-
lem 6.4).

• The error in the natural frequencies ωi and the mode shape ϕi associ-
ated with the Guyan reduction is an increasing function of the ratio

ω2
i

ν21
(6.46)

where ν1 is the first natural frequency of the constrained system, where
all the degrees of freedom x1 (masters) have been blocked [ν1 is the
smallest solution of det(K22 − ν2M22) = 0]. Therefore, the quality of
a Guyan reduction is strongly related to the natural frequencies of the
constrained system and ν1 should be kept far above the frequency band
ωb where the model is expected to be accurate. If this is not the case,
the model reduction can be improved by the Craig-Bampton reduction
discussed below after the example.

6.4.1 Examples

Consider the clamped-free beam of Fig.6.7, modeled with a single finite
element. The stiffness and mass matrices are respectively

K =
EI

l3

[
12 −6l
−6l 4l2

]
M =

ϱAl

420

[
156 −22l
−22l 4l2

]
(6.47)

Introducing the reduced eigenvalue

λ =
ω2ϱAl4

420EI
=

µ4

420

the eigenvalue problem reads
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det

[
12− 156λ −6l − 22lλ
−6l − 22lλ 4l2(1− λ)

]
= 0

The solutions are: µ41 = 420λ1 = 12.48 which should be compared to the
analytical solution µ41 = 12.36 (Problem 4.1) and µ42 = 420λ2 = 1209.6,
to be compared with the analytical solution µ42 = 485.48. Once again,
one observes that the first natural frequency is slightly overestimated,
but quite close to the analytical value in spite of the small size of the
model, while the second natural frequency is grossly overestimated. With
this simple model, we now compare two different Guyan reductions; in
the first one, u2 is the master and θ2 is the slave; in the second one, θ2 is
the master and u2 is the slave.
Reduction 1: θ2 is the slave. In this case, the coordinates u2 and θ2
are related by the equation formed with the second row of the stiffness
matrix:

−6lu2 + 4l2θ2 = 0 ⇒ θ2 =
3

2l
u2

This is the exact ratio between u2 and θ2 for a beam loaded statically by
a point force at the tip (Fig.6.7.b).4 The transformation matrix (6.42) is
in this case {

u2
θ2

}
=

{
1

3/2l

}
u2 = Lu2

(b)

P

(u q ),

1 1

(u q ),

2 2

(a)

u
2

q
2

(c)

(d)

M

(e)

Fig. 6.7. (a) Clamped-free beam modelled with a single finite element. (b) Clamped

beam loaded statically by a point force at the tip; θ2 = Pl2

2EI
and u2 = Pl3

3EI
; θ2 = 3

2l
u2.

(c) Clamped-pinned beam corresponding to u2 blocked. (d) Clamped beam loaded

statically by a torque at the tip; θ2 = Ml
EI

and u2 = Ml2

2EI
; θ2 = 2

l
u2. (e) Beam clamped

at the left end and guided at the right end, corresponding to θ2 blocked.

4 The finite element method provides the best solution in the family of possible shape
functions; in this case, the third order polynomials contain the analytical solution.
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It follows that

M̂ = LTML =
99ϱAl

420
, K̂ = LTKL =

3EI

l3

The reduced system is governed by

99ϱAl

420
ü2 +

3EI

l3
u2 = 0

and the natural frequency is

ω2
1 =

3× 420

99

EI

ϱAl4
⇒ µ41 =

3× 420

99
= 12.73

Thus, comparing the analytical result, the two d.o.f. model and the re-
duced model, one finds

µ41 = 12.36 (analytical) < 12.48 (2 d.o.f.) < 12.73 (reduction 1)

The natural frequency ν1 of the constrained system when the master d.o.f.
is blocked is obtained by eliminating the first line and the first column of
the element matrices (6.47); one finds easily

ν21 =
4l2EI

l3
/
4l2ϱAl

420
= 420

EI

ϱAl4
⇒ ω2

1

ν21
=

1

33

A small value of this ratio indicates the good quality of the reduction.
Reduction 2: u2 is the slave. In this case, the coordinates u2 and
θ2 are related by the equation formed with the first row of the stiffness
matrix:

12u2 − 6lθ2 = 0 ⇒ θ2 =
2

l
u2

This is the exact ratio between u2 and θ2 for a beam loaded statically by
a torque applied at the tip (Fig.6.7.d). The transformation matrix (6.42)
is in this case5 {

u2
θ2

}
=

{
1
2/l

}
u2 = Lu2

It follows that

M̂ = LTML =
84ϱAl

420
, K̂ = LTKL =

4EI

l3

5 It does not matter which variable of u2 and θ2 is kept in the final model; the choice
of u2 as slave coordinate was made when the first row of the stiffness matrix was
adopted.
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The reduced system is governed by

84ϱAl

420
ü2 +

4EI

l3
u2 = 0

and the natural frequency is

ω2
1 =

4× 420

84

EI

ϱAl4
⇒ µ41 =

4× 420

84
= 20

Thus, comparing the analytical result, the two d.o.f. model and the re-
duced models, one finds

12.36 (anal.) < 12.48 (2 d.o.f.) < 12.73 (red. 1) < 20 (red. 2)

which is much worse than the previous case. This is because the choice
of θ2 as the master coordinate was a bad choice. This is confirmed by the
calculation of the natural frequency ν1 of the constrained system when
the master d.o.f. (θ2) is blocked; it is obtained by eliminating the second
line and the second column of the element matrices (6.47); one finds easily

ν21 =
12EI

l3
/
156ϱAl

420
= 32.3

EI

ϱAl4
⇒ ω2

1

ν21
=

20

32.3

which is no longer small compared to 1. This example confirms that the
translational d.o.f. are more important than the rotational ones.

Table 6.1. Comparison of various Guyan reductions for the clamped-free beam of
Fig.6.8. Natural frequencies ωi reduced with respect to the analytical result ω∗

1 . ν1 is
the natural frequency of the first constrained mode (when all the masters are blocked).
The first line shows the analytical results.

Masters N d.o.f. ω1/ω
∗
1 ω2/ω

∗
1 ω3/ω

∗
1 ω4/ω

∗
1 ν1/ω

∗
1

Analytical solution ∞ 1. 6.267 17.55 34.39 -

ui, θi (i = 1, . . . , 6) 12 1.00 6.27 17.58 34.61 -
ui (i = 1, . . . , 6) 6 1.00 6.27 17.61 34.93 115
θi (i = 1, . . . , 6) 6 1.00 6.51 19.28 41.17 9.30

u2 , θ2 , u4 , θ4 , u6 , θ6 6 1.00 6.29 17.77 40.01 58.2
u2 , u4 , u6 3 1.00 6.32 17.82 - 27.34
θ2 , θ4 , θ6 3 1.02 7.41 30.41 - 4.66
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1 3 52 4 6

Fig. 6.8. Clamped-free beam modeled with 6 finite elements of equal length.

To further illustrate the choice of the masters in the Guyan reduction,
consider the clamped-free beam of Fig.6.8; it is modeled with 6 finite ele-
ments of equal length. Table 6.1 compares the reduced natural frequencies
ωi/ω

∗
1 for i = 1 to 4, for the various Guyan reductions (ω∗

1 is the analytical
solution for mode 1). The results indicate clearly the superiority of the
translations over rotations in the reduction process.

6.5 Craig-Bampton reduction

Consider the finite element model[
M11 M12

M21 M22

]{
ẍ1

ẍ2

}
+

[
K11 K12

K21 K22

]{
x1

x2

}
=

{
f1
0

}
(6.48)

where the degrees of freedom have been partitioned into the masters x1

and the slaves x2. The masters include all the d.o.f. with a specific interest
in the problem: those where disturbance and control loads are applied,
where sensors are located and where the performance is evaluated. The
slaves include all the other d.o.f. which have no particular interest in the
problem and are ready for elimination.

The Craig-Bampton reduction is conducted in two steps. First, a
Guyan reduction is performed according to the static relationship (6.40).
In a second step, the constrained system is considered:

M22ẍ2 +K22x2 = 0 (6.49)

(obtained by setting x1 = 0 in the foregoing equation). Let us assume
that the eigen modes of this system constitute the column of the matrix
Ψ2, and that they are normalized according to ΨT2 M22Ψ2 = I. We then
perform the change of coordinates{

x1

x2

}
=

[
I 0

−K−1
22 K21 Ψ2

]{
x1

α

}
= T

{
x1

α

}
(6.50)

Comparing with (6.42), one sees that the solution has been enriched with
a set of fixed boundary modes of modal amplitude α. Using the transfor-
mation matrix T , the mass and stiffness matrices are obtained as in the
previous section:
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M̂ = T TMT K̂ = T TKT (6.51)

leading to[
M̂11 M̂12

M̂21 I

]{
ẍ1

α̈

}
+

[
K̂11 0
0 Ω2

]{
x1

α

}
=

{
f1
0

}
(6.52)

In this equation, the stiffness matrix is block diagonal, with K̂11 = K11−
K12K

−1
22 K21 being the Guyan stiffness matrix and Ω2 = ΨT2 K22Ψ2 being a

diagonal matrix with entries equal to the square of the natural frequencies
of the fixed boundary modes. Similarly, M̂11 = M11 − M12K

−1
22 K21 −

K12K
−1
22 M21 +K12K

−1
22 M22K

−1
22 K21 is the Guyan mass matrix [the same

as that given by (6.43)]. K̂11 and M̂11 are fully populated but do not
depend on the set of constrained modes Ψ2. The off-diagonal term of the
mass matrix is given by M̂12 = (M12 − K12K

−1
22 M22)Ψ2. Since all the

external loads are applied to the master d.o.f., the right hand side of this
equation is unchanged by the transformation. The foregoing equation may
be used with an increasing number of constrained modes (increasing the
size of α), until the model provides an appropriate representation of the
system in the requested frequency band.

6.6 Problems

P.6.1 Write the mass and stiffness matrices of a plane bar element with
variable cross section varying linearly from A1 to A2.
P.6.2 Convergence: Consider a simply supported beam with uniform
properties and its FE model consisting of n elements of equal length.
Plot a diagram of the evolution of the error of the natural frequency of
the first five modes with the number of elements in the model. [The exact
natural frequencies are given by Equ.(4.34)].
P.6.3 Lumped mass vs. consistent mass: Consider a simply supported
beam with uniform properties. Compare the natural frequencies predicted
by two F.E. models involving the same number of elements, one using a
consistent mass matrix, and one using a lumped mass model correspond-
ing to Equ.(6.26). Comment the results.
P.6.4Guyan reduction: Build a FE model of a uniform clamped-free beam
with 10 elements of equal size. Evaluate the accuracy of the model for the
first 4 modes (the analytical results are given in Problem 4.1 ). Suggest
one or several Guyan reductions which provide an estimate of the first 4
natural frequencies with an error of less than 1%. Comment the results.
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P.6.5 n-storey building with geometric stiffness: Using the results of sec-
tion 6.3, build a spring-mass model of a building made of n identical floors
and massless columns, including the gravity loads. Compare with section
5.6.
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Seismic excitation

On ne vit point assez pour
profiter de ses fautes.

La Bruyère, Les Caractères, 1688

7.1 Introduction

By seismic response, it is meant that the excitation comes from the motion
of the support(s). This includes civil structures during an earthquake, a
spacecraft excited by the launcher vibrations, a precision machine excited
by the floor vibrations. More specific information about earthquakes will
be discussed in Chapter 9. The seismic response has some special features
which need to be treated with care. This chapter develops the equations
governing the motion of a structure subjected to a support acceleration;
the case of a single axis excitation is considered first; the case of multiple
supports is considered next.

7.2 Equation of motion for a single axis excitation

Consider a linear structure subjected to a point force f and a single-
axis seismic excitation of acceleration ẍ0 (Fig.7.1.a). The system may be
considered as placed on a fictitious shaking table excited by an (unknown)
reaction force f0 (Fig.7.1.b).

Hamilton’s principle states that the variational indicator :∫ t2

t1

(δL+ δWnc)dt =

∫ t2

t1

[δ(T − V ) + δWnc]dt = 0 (7.1)

vanishes for arbitrary virtual variations of the path between two instants
t1 and t2 compatible with the kinematics, and such that the configuration
is fixed at t1 and t2 . In this equation, T is the kinetic energy, V the strain
energy and δWnc is the virtual work associated with the non-conservative
forces (the external force f and the support reaction f0 in this case).
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Fig. 7.1. (a) Structure subjected to a single-axis support excitation (b) Fictitious
shaking table representation highlighting the reaction force f0 (c) Partition of the
global displacement into rigid body motion and flexible motion relative to the base.

If one decomposes the global displacements x (generalized displace-
ments including translational as well as rotational degrees of freedom,
d.o.f.) into the rigid body mode and the flexible motion relative to the
base (Fig.7.1.c).

x = 1x0 + y (7.2)

where x0 is the support motion, 1 is the unit rigid body mode (all trans-
lational d.o.f. along the axis of excitation are equal to 1 and the rotational
d.o.f. are equal to 0). The virtual displacements satisfy

δx = 1δx0 + δy (7.3)

where δx0 is arbitrary and δy satisfies the clamped boundary conditions
at the base. Let b be the influence vector of the external loading f (for
a point force, b contains all 0 except 1 at the d.o.f. where the load is
applied), so that bTx is the generalized displacement of the d.o.f. where
f is applied. The various energy terms involved in Hamilton’s principle
are respectively

T =
1

2
ẋTM ẋ V =

1

2
yTKy (7.4)

δWnc = f0δx0 + fbT δx = (f0 + fbT1)δx0 + fbT δy (7.5)
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One notices that the kinetic energy depends on the absolute velocity while
the strain energy depends on the flexible motion alone, that is the motion
relative to the base. For a point force, bT1 = 1. Substituting into the
variational indicator, one finds∫ t2

t1

[ẋTMδẋ− yTKδy+ (f0 + f)δx0 + fbT δy]dt = 0 (7.6)

and, upon integrating the first term by parts, taking into account that
δx(t1) = δx(t2) = 0,∫ t2

t1

[(−ẍTM1+ f0 + f)δx0 − (ẍTM + yTK − fbT )δy]dt = 0 (7.7)

for arbitrary δx0 and δy. It follows that

M ẍ+Ky = bf (7.8)

f0 = 1TM ẍ− f (7.9)

The presence of f in the right side of this equation is necessary to achieve
static equilibrium; it is often ignored in the formulation.

Combining (7.2) with (7.8), one gets the classical equation expressed
in relative coordinates

M ÿ+Ky = −M1ẍ0 + bf (7.10)

Also combining with (7.8), (7.9) can be rewritten alternatively

f0 = −1TKy (7.11)

The first term in the right hand side of (7.10) is simply the inertia forces
associated with a rigid body acceleration ẍ0 of the support. The structural
damping has been ignored for simplicity; if a viscous damping is assumed
on the relative coordinates y, a contribution Cẏ is added to the left hand
side of (7.10), leading to

M ÿ+ Cẏ+Ky = −M1ẍ0 + bf (7.12)

Equ.(7.11) becomes
f0 = −1T (Ky+ Cẏ) (7.13)

From now on, we will assume f = 0 to focus on the response to the
support acceleration.
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7.2.1 Modal coordinates

Let ω1, · · · , ωn and Φ = (ϕ1, · · · ,ϕn) be respectively the natural frequen-
cies and the mode shapes of the structure clamped at its based (no base
motion), solution of the homogeneous equation

M ÿ+Ky = 0 (7.14)

They satisfy the eigenvalue problem

(K − ω2
iM)ϕi = 0 (7.15)

and the orthogonality conditions (2.11) and (2.12)

ΦTMΦ = diag(µi) (7.16)

ΦTKΦ = diag(µiω
2
i ) (7.17)

Once again, a modal damping is assumed, so that Equ.(2.20) applies

ΦTCΦ = diag(2ξiµiωi) (7.18)

Now, let us consider equation (7.12) again

M ÿ+ Cẏ+Ky = −M1ẍ0 (7.19)

and let us perform a change of variables from physical coordinates y
(motion relative to the base) to modal coordinates z according to

y = Φz (7.20)

z is the vector of modal amplitudes. Substituting into the foregoing equa-
tion, left multiplying by ΦT and using the orthogonality relationships, one
gets a set of decoupled equations

µiz̈i + 2ξiµiωiżi + µiω
2
i zi = −ϕTi M1ẍ0 (7.21)

Γi = −ϕTi M1 (7.22)

is known as the modal participation factor of mode i, it is simply the
work on mode i of the inertia forces associated with a unit acceleration of
the support. We define the vector of modal participation factors (modal
participation vector) Γ = (Γ1, Γ2, ..., Γi, ...)

T as

Γ = −ΦTM1 (7.23)
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7.2.2 Support reaction, dynamic mass

Now let us consider the reaction force f0 due to the seismic motion ẍ0.
From (7.9) and (7.2)

f0 = 1TM ẍ = 1TM(1ẍ0 + ÿ)

= 1TM1ẍ0 + 1TMΦz̈

f0 = mT ẍ0 − Γ T z̈ (7.24)

where (7.23) has been used and mT = 1TM1 is the total mass of the
system. The fact that mT is the total mass of the system can be seen
from the expression of the kinetic energy (7.4): if a rigid body velocity
ẋ = 1ẋ0 is applied, the total kinetic energy is

1

2
ẋTM ẋ =

1

2
ẋT0 1

TM1ẋ0 =
1

2
mT ẋ

2
0 (7.25)

The dynamic mass of the system is defined as the ratio between the
complex amplitude of the harmonic force applied to the shaker, F0 and the
amplitude of the acceleration of the shaking table, Ẍ0, for every excitation
frequency :

ẍ0 = Ẍ0e
jωt f0 = F0e

jωt z = Zejωt (7.26)

Assuming no damping for simplicity, the relationship between the ampli-
tude Ẍ0 and Z follows from (7.21):

Zi =
Γi

µi(ω2
i − ω2)

Ẍ0 (7.27)

Combining with (7.24), the dynamic mass reads

F0

Ẍ0

= mT +

n∑
i=1

Γ 2
i

µi
(

ω2

ω2
i − ω2

) (7.28)

Before discussing this result, let us consider the alternative formulation
based on (7.11); using (7.15) one gets

f0 = −1TKΦz = −1TMΦdiag(ω2
i ) z = Γ Tdiag(ω2

i ) z (7.29)

and combining with (7.27), one finds

F0

Ẍ0

=
n∑
i=1

Γ 2
i

µi
(

ω2
i

ω2
i − ω2

) (7.30)
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Comparing (7.28) and (7.30) at ω = 0, one finds that

mT =
n∑
i=1

Γ 2
i

µi
(7.31)

where the sum extends to all the modes. Γ 2
i /µi is called the effective

modal mass of mode i ; it represents the part of the total mass which
is associated with mode i for this particular type of excitation (defined
by the vector 1). Equations (7.28) and (7.30) are equivalent if all the
modes are included in the modal expansion. However, if equation (7.30)
is truncated after m < n modes, the modal mass of the high frequency
mode is simply ignored, making this result statically incorrect. A quasi-
static correction can be applied, by assuming that the high frequency
modes respond in a quasi-static manner (i.e. as for ω = 0) ; this leads to

F0

Ẍ0

≃
m∑
i=1

Γ 2
i

µi
(

ω2
i

ω2
i − ω2

) +

n∑
i=m+1

Γ 2
i

µi
(7.32)

and upon using (7.31),

F0

Ẍ0

=

m∑
i=1

Γ 2
i

µi
(

ω2
i

ω2
i − ω2

)+mT −
m∑
i=1

Γ 2
i

µi
= mT +

m∑
i=1

Γ 2
i

µi
(

ω2

ω2
i − ω2

) (7.33)

Thus, one recovers the truncated form of (7.28), which is statically correct.
If the damping in included, the equation becomes

F0(ω)

Ẍ0(ω)
= mT +

m∑
i=1

Γ 2
i

µi
(

ω2

ω2
i + 2jξiωiω − ω2

) (7.34)

It can be truncated after the m modes which belong to the bandwidth of
the excitation without any error on the static mass.

7.3 Example: n-storey building

Consider the building constituted of n identical floors already analyzed in
section 2.7 (Fig.2.11). The natural frequencies and mode shapes are given
by

ωr = 2

√
k

m
sin[

(2r − 1)

(2n+ 1)

π

2
] (r = 1, 2, ..., n) (7.35)
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ϕr(i) = C sin[i
(2r − 1)

(2n+ 1)
π] (7.36)

where m and k are the mass and the stiffness of a single floor (C is an
arbitrary constant).1 The first few mode shapes are illustrated in Fig.2.11.
The mass matrix of the system is M = mIn; the unit rigid body mode
associated with the support motion is 1 = (1, 1, . . . , 1)T , because all the
d.o.f. are translations. It follows that the modal participation factors are

Γr = −ϕTrM1 = −m
n∑
i=1

ϕr(i) (7.37)

The generalized mass is

µr = ϕTrMϕr = m
n∑
i=1

ϕ2
r(i) (7.38)

The effective modal mass of mode r is

Γ 2
r

µr
= m

[
∑n

i=1ϕr(i)]
2∑n

i=1ϕ
2
r(i)

(7.39)

1

1 2 3 4 5 6 7 8 9 10
r

G
G
r

1

1

1 2 3 4 5 6 7 8 9 10
l

Gr
2

mr(

X
1

mT
)

l

r 1=

Fig. 7.2. (a) Evolution of the modal participation factor |Γr/Γ1| with the order r of
the mode. (b) Cumulated effective modal mass 1

mT

∑l
r=1 Γ

2
r /µr. The amplitude of the

steps correspond to the effective modal mass of individual modes.

1 In Equ.(7.36), r refers to the mode and i to the floor.
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Recall that
∑n

r=1 Γ
2
r /µr = n.m = mT , the total mass of the sys-

tem. Figure 7.2 shows the evolution of the modal participation factor
|Γr/Γ1|, the cumulated effective modal mass (normalized to the total
mass) 1

mT

∑l
r=1 Γ

2
r /µr; the modal participation factor and the effective

modal mass decrease rapidly with the order of the mode.

7.4 Multi-axis excitation∗

In many situations, the structure is excited along several axes and, if
there are several supports (consider, for example, a pipeline connecting
different buildings), the excitation may differ from one support to the
next, which brings the issue of differential displacements. Let us partition
the d.o.f. between the restrained d.o.f. x0, attached to the supports and
the unrestrained d.o.f. x1; the motion x0 is prescribed. If one neglects the
structural damping (it will be included later, in modal coordinates), the
equation of motion reads[

M11 M10

M01 M00

]{
ẍ1

ẍ0

}
+

[
K11 K10

K01 K00

]{
x1

x0

}
=

{
0
f0

}
(7.40)

where f0 is the vector of support reactions. Partitioning this equation, one
finds

M11ẍ1 +K11x1 = −M10ẍ0 −K10x0 (7.41)

f0 =M01ẍ1 +M00ẍ0 +K01x1 +K00x0 (7.42)

In these equations, x1 are the absolute displacements (or rotation) of the
unrestrained d.o.f. and x0 are the absolute displacements of the support
d.o.f.. In a way similar to (7.2), we partition the absolute displacements
according to

x1 = y+ xqs1 (7.43)

where xqs1 is the quasi-static response due to the support displacements,
solution of K11x

qs
1 = −K10x0

xqs1 = −K−1
11 K10x0 = Tqsx0 (7.44)

and y is the dynamic response of the unrestrained d.o.f. (the subscript 1
is omitted for the dynamic response which concerns only the unrestrained
d.o.f.). In the foregoing equation, Tqs is the quasi-static transmission ma-
trix; its ith column gives the absolute quasi-static displacements resulting
from a displacement with a unit amplitude being given to the ith support
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d.o.f. (all the others being 0). For a statically determinate structure, Tqs
comes from rigid body kinematics; for a single-axis excitation, Tqs = 1
and Equ.(7.2) is recovered. The dynamic response y satisfies homogeneous
(zero) boundary conditions at the support d.o.f.. Substituting

x1 = Tqsx0 + y (7.45)

into Equ.(7.41), one finds

M11ÿ+K11y = −(M11Tqs +M10)ẍ0 (7.46)

which is the counterpart of Equ.(7.10) (with no external force f in this
case).

7.4.1 Modal coordinates

In the same way as in section 7.2.1, the dynamic response may be ex-
panded into the modes shapes of the structure clamped at its base. Let
ω1, · · · , ωn and Φ = (ϕ1, · · · ,ϕn) be respectively the natural frequen-
cies and the mode shapes of the structure clamped at its based (no base
motion, x0 = 0), solution of the homogeneous equation

M11ÿ+K11y = 0 (7.47)

They satisfy the eigenvalue problem

(K11 − ω2
iM11)ϕi = 0 (7.48)

and the orthogonality conditions

ΦTM11Φ = diag(µi) (7.49)

ΦTK11Φ = diag(µiω
2
i ) (7.50)

Now, let us consider equation (7.46) again and let us perform a change
of variables from physical coordinates y (motion relative to the base) to
modal coordinates z according to

y = Φz (7.51)

Taking into account the orthogonality conditions, one finds easily a set of
decoupled equations

µz̈+ µΩ2z = −ΦT (M11Tqs +M10)ẍ0 = Γ ẍ0 (7.52)
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where µ = diag(µi) is the diagonal matrix of the generalized masses and
Ω = diag(ωi) is the diagonal matrix of the natural frequencies and

Γ = −ΦT (M11Tqs +M10) (7.53)

is the modal participation matrix. The size of Γ is m×ns, where m is the
number of modes and ns is the number of independent excitations. In Γij ,
i refer to the mode and j refers to the support2; Γij is the work done on
mode i by the inertia forces associated with the quasi-static acceleration
produced by a unit acceleration applied to the component j of the support
acceleration ẍ0. This is a generalization of the modal participation vector
defined earlier for a single axis excitation. Note that the termM10 coupling
the unrestrained d.o.f. and the support d.o.f. disappears for a lumped
mass system; it is usually small and it is frequently neglected. The above
equation neglects the damping; if modal damping is assumed according
to (7.18), Equ.(7.52) becomes

µz̈+ 2ξµΩż+ µΩ2z = −ΦT (M11Tqs +M10)ẍ0 = Γ ẍ0 (7.54)

where ξ = diag(ξi) is the diagonal matrix of modal damping factor. As
usual, the normal modes may be normalized according to µi = 1 if ap-
propriate (µ = I). In the particular case of a single-axis excitation, ẍ0 is
a scalar and the modal participation becomes a column vector Γ and the
equation is reduced to (7.22).

To transform the equation in the frequency domain, we assume har-
monic functions

ẍ0 = Ẍ0e
jωt z = Zejωt (7.55)

The relationship between the complex amplitudes Z and Ẍ0 is

Z = Hm(ω)Γ Ẍ0 (7.56)

where

Hm(ω) = diag[
1

µi(ω2
i − ω2 + 2jξiωωi)

] (7.57)

This relation holds also between the Fourier transforms of respectively
the modal amplitudes and the support acceleration vector.

2 If several supports have the same motion, they can be treated as a single support.
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7.4.2 Support reactions

As already pointed out for a single axis excitation, one must be careful
in the formulation of the support reactions, if one wants to obtain an
expression which remains statically correct after modal truncation. Ex-
amining the single-axis case again, one sees that this was achieved when
starting from the inertia forces, Equ.(7.9), while a quasi-static correction
for the high frequency modes was necessary when starting from the elas-
tic restoring forces (7.11). We proceed in a similar way in the case of a
multi-axis excitation, and eliminate the elastic restoring term K01x1 from
Equ.(7.42) using Equ.(7.41):

x1 = −K−1
11 (K10x0 +M10ẍ0 +M11ẍ1)

K01x1 = T Tqs(K10x0 +M10ẍ0 +M11ẍ1)

Upon substituting into Equ.(7.42) and using the identity T TqsK10 =
K01Tqs, one gets

f0 = (M01 + T TqsM11)ẍ1 + (M00 + T TqsM10)ẍ0 + (K00 +K01Tqs)x0 (7.58)

which contains only the acceleration vector ẍ1 and no longer the displace-
ments x1. This equation is the multi-support counterpart of Equ.(7.24);
the second term represents the inertia forces of the support d.o.f. (that
were included in mT in the single-axis case) and the third term represents
the forces induced by the differential displacements. Using

ẍ1 = Tqsẍ0 + Φz̈ (7.59)

to transform into modal coordinates, one finds

f0 = M̂00ẍ0 − Γ T z̈+ (K00 +K01Tqs)x0 (7.60)

with
M̂00 =M00 +M01Tqs + T TqsM10 + T TqsM11Tqs (7.61)

M̂00 is the Guyan mass matrix, defined in chapter 6, with x0 as master
d.o.f.: If all the d.o.f. are assumed to be related quasi-statically to the
support d.o.f., x0, {

x1

x0

}
=

[
Tqs
I

]
x0 (7.62)

the total kinetic energy may be written



172 7 Seismic excitation

T =
1

2
(ẋT1 , ẋ

T
0 )

[
M11 M10

M01 M00

]{
ẋ1

ẋ0

}
=

1

2
ẋT0 M̂00ẋ0 (7.63)

If all supports move in the same direction, ẋ0 = 1iv where 1i indicates
the direction of motion and v is the magnitude of the velocity; the total
kinetic energy is in this case

1

2
ẋT0 M̂00ẋ0 =

1

2
1Ti M̂001i v

2 =
1

2
mT v

2

where mT is the total mass of the system; thus, for any direction 1i
defining a global motion of the supports, one has

mT = 1Ti M̂001i (7.64)

Equation (7.60) is the multi-axis counterpart of Equ.(7.24); the last
term is associated with the differential displacements (it does not exist for
a single axis excitation). The modal amplitudes are solution of Equ.(7.54)
in the time domain or (7.56) in the frequency domain. Upon substituting
(7.56), one finds the FRF matrix of the support reaction vector

F0 = [M̂00 + ω2Γ THm(ω)Γ ] ẍ0 + (K00 +K01Tqs)x0 (7.65)

This is the counterpart of (7.34), with the addition of the differential
displacements, which vanish if all supports have the same motion. If all
supports move along some direction defined by the vector 1r, ẍ0 = 1rẍ0;
if the force vector F0 is projected along the same direction, 1Tr F0, the
dynamic mass along the direction 1r is given by

1Tr F0

ẍ0
= 1Tr [M̂00 + ω2Γ THm(ω)Γ ]1r

1Tr F0

ẍ0
= mT + ω2(Γ1r)

THm(ω)Γ1r (7.66)

This formula is identical to (7.34); Γ1r is the vector of modal participation
factors along the direction 1r.

7.5 Cascade analysis

When the systems are very complicated, as for example a nuclear power
plant, there is a need to simplify the analysis. If the secondary structures



7.5 Cascade analysis 173
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x1

Secondary

Structure 1

Equipment

Primary

Structure

Fig. 7.3. Cascade Analysis: The primary structure is analyzed first and the absolute
accelerations at the support points of the secondary structure, ẍ1, are calculated. In
a second step, the secondary response is analyzed with a full model of the secondary
structure (which can be complex, depending on the equipment) and the excitation
computed at step one.

and equipments are much lighter than the primary structure, their influ-
ence on the response of the primary structure is negligible. In this case,
it is legitimate, and often advisable, to perform the analysis in two steps:
the primary structure is analyzed first3 and the absolute accelerations
are calculated at the support points of the secondary structure (Fig.7.3);
this acceleration field is then used as input acceleration to analyze the
secondary structure, with a full model. From (7.45), the absolute acceler-
ation is given by

ẍ1 = Tqsẍ0 + Φz̈ (7.67)

where z̈ is governed by (7.54) in the time domain. In the frequency domain,
the Fourier transforms of the absolute acceleration vectors Ẍ1(ω) and
Ẍ0(ω) are related by

Ẍ1(ω) = [Tqs − ω2ΦHm(ω)Γ ] Ẍ0(ω) (7.68)

For a single support excitation, Tqs = 1, ẍ0 is a scalar and Γ is a vector;
the foregoing result becomes

Ẍ1(ω) = [1− ω2ΦHm(ω)Γ ] Ẍ0(ω) (7.69)

or
3 with an approximate model of the secondary structure if needed.
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Ẍ1(ω) = [1−
n∑
i=1

ω2Γi
µi(ω2

i − ω2 + 2jξiωωi)
ϕi] Ẍ0(ω) (7.70)

7.6 Problems

P.7.1 The following empirical formula relates the first natural period
T1 = 2π/ω1 of vibration of a building to the number n of stories :

T1 = 0.1n (7.71)

[Newmark and Rosenblueth, p.421]. Show that the linear variation of the
natural period with the number of floors is consistent with the n-storey
building model examined in section 7.3, by showing that

T1 = 2π/ω1 ≃ 4n
√
m/k

P.7.2 Consider a shear frame with n = 10 identical floors with m = 105

kg and k = 16 × 107 N/m and a uniform modal damping of ξi = 0.01.
(a) Evaluate the dynamic mass of the frame, F0(ω)/Ẍ0(ω). (b) Eval-
uate the dynamic amplification of the acceleration on the upper floor,
Ẍ10(ω)/Ẍ0(ω).
P.7.3 Consider a spring mass system with n = 10 masses, organized
according to Fig.2.16, with k = 1 and m = 1. It is assumed that the
two extremities move identically with the same acceleration ẍ0, so that
the system may be regarded as having a single support. Calculate the
modal participation factors and the effective modal masses of the various
modes. Plot the cumulated effective modal mass in a figure similar to
Fig.7.2. [Hint: The natural frequencies and the mode shapes are given by
Equ.(2.72) and (2.73).]
P.7.4 Consider the same system as in the previous problem, but the
motion of the two extremities is independent; the seismic excitation is
now defined by the excitation vector (ẍ0, ẍn+1)

T . Calculate the quasi-
static transmission matrix Tqs and the modal participation matrix Γ .
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Random vibration

Toute explication lucide m’a
toujours convaincu, toute politesse
m’a conquis, tout bonheur m’a
presque toujours rendu sage.

Marguerite Yourcenar, Mémoires
d’Hadrien, 1951

8.1 Introduction

Many vibration problems are associated with machines operating in a
random environment: wind on tall buildings and bridges, sea waves on
off-shore platforms and ships, earthquakes on civil engineering structures,
launch acceleration on spacecrafts, acoustic fatigue on aircraft panels,
etc... This chapter gives a brief introduction to the main concepts in ran-
dom vibration. It is assumed that the structure is known and determinis-
tic, and therefore not subject to random variations of its characteristics.
This chapter is restricted to linear structures under stationary excitation.
The problem is solved conveniently in the frequency domain, because the
input-output relationships for linear structures, which are expressed by
convolutions in the time domain, can be expressed as simple products in
the frequency domain.

It is assumed that the reader has been exposed to an introductory
course in statistics and random processes, and that he is familiar with the
concepts of random variable, probability density function, expectation,
variance, the Gaussian distribution, etc...

8.2 Stationary random process

A random process x(θ, t) is a parameterized family of random variables:
θ defines the sample (in the sample space), that is the outcome of the
random experiment, and t is the parameter (assumed to be the time in
this case). For a fixed θ, x(θ, t) is a function of time; for a fixed t, it
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is a random variable. A random process is stationary if its probability
structure and all its statistics are invariant with respect to a time shift.
This implies in particular that the average µ = E[x(t)] is independent of
t.1

8.3 Correlation function and power spectral density

The most important statistical information about a random process
is contained in the autocorrelation function: ϕ(t1, t2) = E[x(t1)x

∗(t2)],
where x∗(t) is the complex conjugate of x(t) (most of the processes con-
sidered here will be real, except when explicitly stated). For a stationary
process, it depends only on the delay τ = t1−t2 between the two instants;
it is denoted Rxx(τ)

Rxx(τ) = E[x(t+ τ)x∗(t)] (8.1)

For τ = 0, Rxx(0) = E[x2] is the mean square value (MS). When the
process is considered with respect to its mean,

Γxx(τ) = E[{x(t+ τ)− µ}{x(t)− µ}] (8.2)

Γxx(τ) is called the autocovariance function. If the process has a zero
mean, µ = 0, there is no difference between the autocorrelation function
and the autocovariance. For τ = 0, σ2 = Γxx(0) is the variance of the
process (the square of the standard deviation σ). It is the most impor-
tant statistical information about the magnitude of the process (together
with the mean), but it does not give any information about its frequency
content, which is contained in the function Rxx(τ). The cross-correlation
between two random processes x(t) and y(t) is defined by

Rxy(τ) = E[x(t+ τ)y∗(t)] (8.3)

where y∗(t) is the complex conjugate of y(t).
A typical autocorrelation function of a stationary random process is

represented in Fig.8.1. The correlation functions enjoy the property of
symmetry which, for a real stationary process, reads

1 E[.] stands for the mathematical expectation,

E[x] =

∫ ∞

−∞
x p(x) dx

where p(x) is the probability density function of the random variable x.
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Fig. 8.1. Ideal low pass process. (a) Autocorrelation: Rxx(τ) = 2S0(sinωcτ)/τ is
symmetric and has its maximum at τ = 0. (b) PSD: Φxx(ω) = S0 (|ω| ≤ ωc). Note
that the wider Φxx(ω) in the frequency domain, the shorter Rxx(τ) in the time domain,
as a consequence of the duality of the Fourier transform.

Rxx(τ) = Rxx(−τ) (8.4)

Rxy(τ) = Ryx(−τ)

They satisfy the following inequalities

[Rxx(0)Ryy(0)]
1/2 ≥ |Rxy(τ)| and Rxx(0) ≥ |Rxx(τ)| (8.5)

and the autocorrelation is such that it has a non-negative Fourier trans-
form:

Φxx(ω) =
1

2π

∫ ∞

−∞
Rxx(τ)e

−jωτdτ ≥ 0 (8.6)

Φxx(ω) is the power spectral density (PSD) of the stationary process x(t).
The autocorrelation function being an even function of τ , Φxx(ω) is real
and even function of ω. The inverse relationship is obtained by the inverse
Fourier transform,

Rxx(τ) =

∫ ∞

−∞
Φxx(ω)e

jωτdω (8.7)

from which the relationship between the mean square (MS) value and the
PSD is established:

E[x2] = Rxx(0) =

∫ ∞

−∞
Φxx(ω) dω (8.8)

Thus, the PSD provides a frequency decomposition of the MS value of
the process. The unit of Φxx is: (unit of x)2 × sec/rad.

Additionally, it is easy to show (Problem 8.1) that
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Rẋx(τ) = R′
xx(τ) (8.9)

and
Rẋẋ(τ) = −R′′

xx(τ) (8.10)

If the process is differentiable [i.e. if the derivative ẋ(t) exists], the second
derivative R′′

xx(0) is finite, and R
′
xx(0) = 0 by symmetry. It follows that

Rẋx(0) = 0 (8.11)

Thus, the process is orthogonal to its first derivative (evaluated at the
same time). If the process is not differentiable, R′

xx(τ) may be discontin-
uous at the origin, where R′′

xx(τ) does not exist.

8.3.1 PSD estimation from time histories

The definition of the PSD given above is an abstract one, which is not
suitable for estimation from a set of samples (time histories) of the process.
Consider the integral of finite duration T :

X(ω, T ) =

∫ T/2

−T/2
x(t)e−jωtdt (8.12)

(which is in fact the Fourier transform of the process which has been
passed into a rectangular window of duration T ). Since x(t) is a random
process, X(ω, T ) is also a random process. It can be shown that, under
mild conditions,

lim
T→∞

1

2πT
E[|X(ω, T )|2] = Φxx(ω) (8.13)

This formula2 is the starting point for the evaluation of the PSD from
a set of sample time histories xi(t), using the Fast Fourier Transform
(FFT) to compute Xi(ω, T ); if n samples of duration T are considered,
an estimate of the PSD is given by

Φ̂xx(ω) =
1

2πnT

n∑
i=1

|Xi(ω, T )|2 (8.14)

2 Similarly, for the cross PSD,

Φxy(ω) =
1

2π

∫ ∞

−∞
Rxy(τ)e

−jωτdτ = lim
T→∞

1

2πT
E[X(ω, T )Y ∗(ω, T )]
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8.3.2 Cumulative mean square response

The PSD function Φxx(ω) is defined over −∞ < ω < ∞; however, since
it is an even function of ω, for practical applications, one may consider a
one sided PSD Φ̄x(ω) defined over 0 ≤ ω <∞, such that

E[x2] = Rxx(0) =

∫ ∞

0
Φ̄x(ω) dω (8.15)

Obviously, Φ̄x(ω) = 2Φxx(ω). As we will see shortly, the PSD functions
of the response of lightly damped structures to broadband excitations
tend to be strongly peaked at the resonance frequencies of the structure
(Fig.8.2). In order to estimate the various modal contributions to the
global response, it is very convenient to examine the cumulative mean
square response:

σ2x(ω) =

∫ ∞

ω
Φ̄x(ν) dν (8.16)

A typical diagram is shown in Fig.8.2; it is a decreasing function of ω
starting from the MS value at ω = 0; the magnitude of the steps at the
various resonance frequencies corresponds to the contribution of this mode
in the overall MS response. This diagram is very convenient to identify
the critical modes affecting the global response of the structure.

Fx w( )

w

sx w( )

2

w

w
1

w
3

w
2

D
1

D
3

D
2

Fig. 8.2. Typical PSD function of a lightly damped structure (ω is usually in log
scale) and corresponding curve of the cumulative MS σ2

x(ω) =
∫∞
ω
Φ̄x(ν) dν. ∆i is the

contribution of mode i to the MS response.
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8.3.3 Gaussian process

The justification of the frequent assumption that a random process is
Gaussian is associated with the central limit theorem which establishes
that, under mild conditions, the distribution of the sum of a large num-
ber of independent random variables tend to be Gaussian. The key word
here is independent ; the probability distribution of the individual random
variables is not important. In nature, many phenomena may be regarded
as resulting from the superposition of a large number of independent
events,3 which justifies the assumption (often confirmed by practice).

The main feature of Gaussian random processes is that they are fully
characterized by their statistics of the second order [i.e. mean µ and au-
tocorrelation function Rxx(τ) or equivalently the power spectral density
Φxx(ω)]. As a result, two Gaussian random variables which are uncorre-
lated are also independent.

8.3.4 White noise

A white noise is a stationary random process with uniform PSD (Fig.8.3):

Φxx(ω) = Φ0 −∞ < ω <∞ (8.17)

The corresponding autocorrelation function is a Dirac function4

Rxx(τ) = 2πΦ0δ(τ) (8.18)

One sees immediately that the area under the PSD curve is infinite,
which means that the MS value of such a process would be infinite. Al-
though it is not physically realizable, the white noise process is a conve-
nient approximation to analyze systems: When the actual excitation has
a correlation time much shorter than the time constant of the system, it
is legitimate to approximate the excitation by a white noise. We will see
shortly a powerful approximation for the response of a linear oscillator to
a wide band excitation.

3 The wind results from a multitude of pressure gradients distributed randomly at the
surface of the earth, or a seismic acceleration may be considered as resulting from
a large number of micro slips along the fault line, each one being the source of a
random wave.

4 Observe, once again, the duality of the Fourier transform: infinitely long in the
frequency domain means infinitely short in the time domain.
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Fig. 8.3. White noise process: (a) The PSD is uniform for all frequencies. (b) Auto-
correlation function.

8.4 Stationary response of a SISO linear system

Consider the single-input single-output (SISO) linear system of impulse
response h(t) [or equivalently the FRFH(ω)], excited by the random func-
tion x(t). The response y(t) of the system is governed by the convolution
integral (1.11)

y(t) =

∫ ∞

0
h(t− τ)x(τ)dτ (8.19)

It is straightforward to establish that the cross correlation Ryx(τ) =
E[y(t+ τ)x(t)] is given by the convolution integral (Problem 8.2)

Ryx(τ) =

∫ ∞

0
h(ξ)Rxx(τ − ξ)dξ (8.20)

and that the autocorrelation function Ryy(τ) = E[y(t + τ)y(t)] is given
by the correlation integral

Ryy(τ) =

∫ ∞

0
h(ξ)Ryx(τ + ξ)dξ (8.21)

These two formulae are not particularly useful, but taking their Fourier
transform, one gets the fundamental input-output relationship in the fre-
quency domain for a SISO system:

Φyx(ω) = H(ω)Φxx(ω) (8.22)

Φyy(ω) = H⋆(ω)Φyx(ω) = |H(ω)|2Φxx(ω) (8.23)

Note that Φyx(ω) and H(ω) are complex quantities; they contain ampli-
tude and phase information, while Φxx(ω) and Φyy(ω) are positive real
quantities and do not contain phase information. Also observe that the
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output at one frequency depends only on the input and the FRF of the
system at that frequency; there is no transfer of energy between distinct
frequencies. If the excitation has no energy in some frequency band, the
response will not contain energy in the same frequency band.

8.4.1 Random response of a linear oscillator

Consider the linear oscillator subjected to a seismic excitation of acceler-
ation ẍ0 (Fig.8.4). The relative response y = x − x0 is governed by the
equation

mẍ+ cẏ + ky = 0

(the damping and spring restoring forces depend on the relative motion
while the inertia force depends on the absolute acceleration); this can be
written alternatively

mÿ + cẏ + ky = −mẍ0

With the classical notations ω2
n = k/m and 2ξωn = c/m, it is rewritten

Fyy w( )

sy w( )

2

(b)

w

w

Fmax

Fmax

half-power
bandwidth

2

1

(c)

k c

(a)

m

yx
0

F
0

p

n2xw3

x

Fig. 8.4. (a) Linear oscillator subjected to a seismic excitation of acceleration ẍ0. (b)
PSD of the relative displacement y = x − x0; the half-power bandwidth is 2ξωn. (c)
Cumulative MS response.
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ÿ + 2ξωnẏ + ω2
ny = −ẍ0 (8.24)

Note that the relative displacement is independent of the mass of the
system. The FRF between the seismic acceleration and the relative dis-
placement reads

H(ω) =
y

ẍ0
=

−1

(ω2
n − ω2) + 2jξωωn

(8.25)

It follows from the previous section that, if the seismic excitation is a
white noise Φ0, the PSD of the relative displacement is

Φyy(ω) = Φ0|H(ω)|2 = Φ0

(ω2
n − ω2)2 + 4ξ2ω2ω2

n

(8.26)

It is strongly peaked in the vicinity of the resonance frequency (Fig.8.4.b).
The mean square response is given by

σ2 = m0 = Ryy(0) =

∫ ∞

−∞
Φyy(ω) dω =

πΦ0

2ξω3
n

(8.27)

The cumulative MS plot is shown in Fig.8.4.c. The main contribution to
the MS response comes from the vicinity of the resonance frequency, in a
frequency band equal to the bandwidth of the oscillator 2ξωn (half power
bandwidth).5 The analytical expression of the cumulative MS response is

σ2y(ω) =

∫ ∞

ω
Φ̄y(ν) dν =

πΦ0

2ξω3
n

[1− I(
ω

ωn
, ξ)] (8.28)

where

I(
ω

ωn
, ξ) =

1

π
arctan[

2ξ( ωωn
)

1− ( ωωn
)2
]

+
ξ

2π
√
1− ξ2

. ln[
1 + ( ωωn

)2 + 2
√

1− ξ2( ωωn
)

1 + ( ωωn
)2 − 2

√
1− ξ2( ωωn

)
] (8.29)

I( ωωn
, ξ) is a monotonically increasing function of ω/ωn with values be-

tween 0 and 1 (Fig.8.5); the change in the vicinity of the resonance fre-
quency is faster for lower damping ratios.

5 The half power bandwidth is defined as the width of the spectral density diagram
when Φyy = 1

2
Φmax (Fig.8.4.b).
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8.4.2 White noise approximation

The fact that most of the contribution to the mean square response comes
from the vicinity of the resonance suggests that, in more complex situ-
ations where the seismic excitation is not a white noise, but its spectral
density Φ0(ωn) has significant values and varies smoothly in the vicinity
of the resonance ωn, the following approximation may be used:

σ2y = m0 = Ryy(0) =

∫ ∞

−∞
Φyy(ω) dω =

∫ ∞

−∞
Φ0(ω)|H(ω)|2 dω

≃ Φ0(ωn)

∫ ∞

−∞
|H(ω)|2 dω =

πΦ0(ωn)

2ξω3
n

(8.30)

This is the so-called white noise approximation; the broadband excitation
of PSD Φ0(ω) is replaced by an equivalent white noise Φ0(ωn) with the
same spectral density at ωn.

8.4.3 Band limited white noise excitation

Consider the band limited white noise (Fig.8.6)

Φ0(ω) = Φ0 (ω1 ≤ |ω| ≤ ω2) (8.31)

The power spectral density of the oscillator response reads

Φyy(ω) =
Φ0

(ω2
n − ω2)2 + 4ξ2ω2ω2

n

(ω1 ≤ |ω| ≤ ω2) (8.32)

and the variance (MS) is given by
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Fig. 8.6. (a) Band limited white noise excitation. (b) Oscillator response.

σ2 = m0 =
πΦ0

2ξω3
n

[I(
ω2

ωn
, ξ)− I(

ω1

ωn
, ξ)] (8.33)

where I( ωωn
, ξ) is given by (8.29). For the more general case of an oscillator

subjected to an arbitrary PSD, a numerical procedure may be developed
by decomposing the excitation into a sum of band limited white noise
processes on adjacent intervals [ωi, ωi+1[, and for each of them, the above
formula can be used (Problem 8.3).

8.4.4 Kanai-Tajimi spectrum

In earthquake engineering, it is frequently assumed that the ground accel-
eration at one point can be modelled by the absolute acceleration response
of an oscillator excited by a white noise. The natural frequency ωg and
the damping ratio ξg are selected to fit the local ground conditions. From
Equ.(8.25), the FRF between the seismic excitation and the absolute ac-
celeration is given by

H(ω) =
ẍ

ẍ0
= 1+

ÿ

ẍ0
= 1+

ω2

(ω2
g − ω2) + 2jξgωωg

=
ω2
g + 2jξgωωg

(ω2
g − ω2) + 2jξgωωg

leading to the PSD

Φg(ω) = Φ0

1 + 4ξ2g(ω
2/ω2

g)

(1− ω2/ω2
g)

2 + 4ξ2g(ω
2/ω2

g)
(8.34)
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8.5 Spectral moments, Rice formulae, central frequency

Since the FRF between a process x(t) and its time derivatives ẋ(t) and
ẍ(t) are respectively jω and −ω2, the PSD of ẋ(t) and ẍ(t) are given
respectively by

Φẋẋ(ω) = ω2Φxx(ω) Φẍẍ(ω) = ω4Φxx(ω) (8.35)

The spectral moments of a stationary random process x(t) are defined by

m0 = σ2x =

∫ ∞

−∞
Φxx(ω) dω (8.36)

m2 = σ2ẋ =

∫ ∞

−∞
ω2Φxx(ω) dω (8.37)

m4 = σ2ẍ =

∫ ∞

−∞
ω4Φxx(ω) dω (8.38)

provided that these integrals exist (m0 does not exist for a white noise,
or m4 does not exist for the response of an oscillator to a white noise).

For a zero-mean stationary Gaussian process x(t), one can show that
the average number per unit of time of zero up-crossings (with a positive
slope, marked by ◦ in Fig.8.7), called central frequency, is given by (Rice
formula)

ν0 =
ω0

2π
=

1

2π
(
m2

m0
)1/2 =

1

2π

σẋ
σx

(8.39)

For the response of a linear oscillator to a white noise,

m0 =
πΦ0

2ξω3
n

m2 =
πΦ0

2ξωn
(8.40)

and the central frequency is identical to the natural frequency of the
oscillator:

ω0 = ωn (8.41)

Similarly, the zero crossings of the time derivative ẋ(t) correspond to
the extrema of the process. The average number of maxima per unit of
time is given by

ν1 =
ω1

2π
=

1

2π
(
m4

m2
)1/2 =

1

2π

σẍ
σẋ

(8.42)

By continuity, there must be at least one maximum between two zero up-
crossings; thus ν1 ≥ ν0 (Fig.8.7); a wide band process has several maxima
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Fig. 8.7. Zero crossings and maxima. (a) Narrow band process (ν1 ≃ ν0). (b) Wide
band process: there are several maxima between two successive zero crossings (ν1 ≫ ν0).

between two successive zero up-crossings (ν1 ≫ ν0), while ν1 ≃ ν0 for a
narrow band process.

The ratio

0 ≤ (
ν0
ν1

)2 =
m2

2

m0m4
≤ 1 (8.43)

may be considered as a measure of the bandwidth of the process;6 it is
close to 1 for a narrow band process and decreases as the bandwidth
increases.

8.6 Envelope of a narrow band process

A narrow band process (Fig.8.8) has its power distribution concentrated
in the vicinity of its central frequency. A sample of such a process behaves
like an harmonic function with slowly varying amplitude and frequency;
the envelope (Fig.8.8.b) may be considered as a slowly varying curve con-
necting the extrema of the process. A formal definition can be obtained
by considering the process in the phase plane (x, ẋ/ω0) (Fig.8.8.c), where
the image point of an harmonic motion moves clockwise along a circle at
constant angular velocity ω0; the radius of this circle is the amplitude of
the harmonic function. Similarly, the image point of a sample of a narrow
band process consists of a smooth curve rotating clockwise at a frequency
varying slowly about the central frequency ω0; the distance to the origin
of the image point also varies slowly, and passes through the extrema
each time the image point crosses the x axis. The envelope a(t) of a nar-
row band process may be defined as the radius of the image point of the

6 m4 is often difficult to compute in practice, but ν1 and ν0 can easily be estimated
from a sample record, by counting the maxima and the zero up-crossings.
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Fig. 8.8. Definition of the envelope of a narrow band process. (a) Power spectral
density. (b) Typical sample. (c) Trajectory in the phase plane of an harmonic function
(left) and of a narrow band process (right).

process in the phase plane (Crandall & Mark):

a2(t) = x2(t) +
ẋ2(t)

ω2
0

(8.44)

If the process x(t) is Gaussian of zero mean, it follows from (8.11) that
x(t) and ẋ(t) are independent (at the same instant t) and that the joint
distribution of x(t) and ẋ(t) reads

pxẋ(x, t; ẋ, t) =
1

2πσxσẋ
exp[−1

2
(
x2

σ2x
+
ẋ2

σ2ẋ
)] (8.45)

with σẋ = ω0σx. One can show (Problem 8.5) that the probability distri-
bution of the envelope a(t) defined by (8.44) is the Rayleigh distribution

pa(a) =
a

σ2x
exp(− a2

2σ2x
) (a > 0) (8.46)

It is represented in Fig.8.9. The MS value of the envelope is

E[a2] =

∫ ∞

0
a2pa(a)da = 2σ2x
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Fig. 8.9. Rayleigh distribution of the envelope a(t).

8.7 FRF estimation and coherence function

Consider a linear time-invariant SISO system. The input output relation-
ships in the frequency domain are

Φyx(ω) = H(ω)Φxx(ω) (8.47)

Φyy(ω) = H⋆(ω)Φyx(ω) = H(ω)Φxy(ω) = |H(ω)|2Φxx(ω) (8.48)

The cross PSD Φyx(ω) is a complex quantity while the PSD Φxx(ω) and
Φyy(ω) are real functions. These formulae provide the following estimates
of the FRF from measured input and output PSDs (section 8.3.1):

H1(ω) =
Φyx(ω)

Φxx(ω)
(8.49)

H2(ω) =
Φyy(ω)

Φxy(ω)
(8.50)

If the system is perfectly linear and the measurements are not contami-
nated by noise, these estimators provide identical results and the coher-
ence function, defined by

0 ≤ γ2xy =
|Φxy(ω)|2

Φxx(ω)Φyy(ω)
≤ 1 (8.51)

would be equal to

γ2xy =
H1(ω)

H2(ω)
= 1

In practice, however, the measured signals x(t) and y(t) differ from the
actual ones u(t) and v(t)
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Fig. 8.10. SISO system with measurement noise.

x(t) = u(t) + n(t)

y(t) = v(t) +m(t) (8.52)

where n(t) is the input noise and m(t) is the output noise (Fig.8.10).
If one assumes that they are statistically independent of each other and
independent of u(t) and v(t),

Φun(ω) = Φvm(ω) = Φnm(ω) = 0

It follows that
Φxx(ω) = Φuu(ω) + Φnn(ω)

Φyy(ω) = Φvv(ω) + Φmm(ω)

Φxy(ω) = Φuv(ω)

This leads to

H1(ω) =
Φvu(ω)

Φuu(ω) + Φnn(ω)
(8.53)

H2(ω) =
Φvv(ω) + Φmm(ω)

Φuv(ω)
(8.54)

γ2xy =
|Φxy(ω)|2

Φxx(ω)Φyy(ω)
=

|Φuv(ω)|2

[Φuu(ω) + Φnn(ω)][Φvv(ω) + Φmm(ω)]
≤ γ2uv

(8.55)
Thus, H2 is insensitive to an uncorrelated noise at the input while H1

is insensitive to an uncorrelated noise at the output and, as a result,
is unbiased in the case of multiple uncorrelated inputs which appear as
an output noise. In practice, the input PSD Φuu(ω) is controllable to a
large extent, while Φvv(ω) depends on the system to identify. As a result,
the estimator H1 is often superior to H2, except in the vicinity of the
resonances, where the power level of the excitation drops to a lower value,
increasing the noise to signal ratio Φnn(ω)/Φuu(ω). Similarly, H1 will be
preferred in the vicinity of the anti-resonance where the response level
becomes very small, increasing the noise to signal ratio Φmm(ω)/Φvv(ω).
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Because of this, the coherence function γ2xy is usually significantly lower
than 1 near the resonances and the anti-resonances of the FRF, even for
good testing conditions and if the structure behaves linearly.

For the linear system of Fig.8.10, since Φuy(ω) = Φuv(ω) = H(ω)Φuu(ω),
the coherence function between the actual input u and the measured out-
put y may be written

γ2uy(ω) =
|H(ω)|2Φuu(ω)

|H(ω)|2Φuu(ω) + Φmm(ω)
(8.56)

where the uncorrelated noise m(t) includes the system nonlinearities, the
other sources of excitation as well as the output measurement noise. This
formula states that, for every frequency ω, the coherence function γ2uy
represents the fraction of the output PSD resulting from the input. Any
system nonlinearity, unwanted source of excitation or measurement noise
will contribute to reducing the coherence function which can be regarded
as a measure of the causality between the input and the output of the
system. The signal to noise ratio is given by

Signal

Noise
=

|H(ω)|2Φuu(ω)
Φmm(ω)

=
γ2uy(ω)

1− γ2uy(ω)
(8.57)

8.8 Random response of MIMO systems

In the time domain, the input output relationship of a linear MIMO sys-
tem is

x(t) =

∫ ∞

−∞
h(t− τ)f(τ) dτ (8.58)

where h(t) is the impulse response matrix. hkl(t) is the time response of
the d.o.f. k to a unit impulse applied to d.o.f. l. In the frequency domain,
the relationship is

X(ω) = H(ω)F(ω) (8.59)

whereH(ω) is the FRF matrix.Hkl(ω) gives the complex amplitude of the
harmonic response of d.o.f. k to an harmonic excitation of unit amplitude
ejωt at d.o.f. l. Hkl(ω) is the Fourier transform of hkl(t). These relations
are general and apply to any linear system; in the particular case of a
linear structure, the FRF H(ω) is the dynamic flexibility matrix, given
by (2.27) or (2.28). The stationary random excitation may be defined by
the correlation matrix
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Rf (τ) = E[f(t+ τ)fT (t)] (8.60)

which satisfies Rf (τ) = RTf (−τ), or the PSD matrix

Φf (ω) =
1

2π

∫ ∞

−∞
Rf (τ)e

−jωτ dτ (8.61)

which is Hermitian, Φlk(ω) = Φ⋆kl(ω). The input output relationship be-
tween the stationary excitation and the stationary response is given by

Φx(ω) = H(ω)Φf (ω)H
⋆(ω) (8.62)

where H⋆(ω) is the conjugate transpose (Hermitian) of H(ω). This rela-
tion is very general, with the only restriction that the system must be
linear. For a SISO system, it becomes (8.23). Equation (8.62) is formally
very simple, but the physical meaning of Rf (τ) and Φf (ω) is not at all
simple and will be discussed below. Before this, however, let us particu-
larize to the structural response in modal coordinate.

8.8.1 Response in modal coordinates

Rather than using directly the dynamic flexibility matrix, it is convenient
to compute the response in several steps:

• Compute the modal excitation PSD matrix: The vector of modal ex-
citation is given by p = ΨT f where Ψ = (ϕ1, · · · ,ϕi, · · · ,ϕm) is the
matrix of the mode shapes.7 Note that, in most applications, the physi-
cal excitation process is low pass (e.g. an earthquake accelerogram does
not have energy content above 30 Hz). As a result, only a few modes
contribute significantly to the global response and the size of the vec-
tor p is usually much smaller than the size of ϕi. It follows from the
previous equation that

Φp(ω) = ΨTΦf (ω)Ψ (8.63)

• Compute the PSD of modal response: From Equ.(2.23), the FRF be-
tween the modal excitation and the modal response is

z = diag{ 1

µi(ω2
i − ω2 + 2jξiωiω)

}p = Hm(ω)p (8.64)

It follows that
Φz(ω) = Hm(ω)Φp(ω)H

⋆
m(ω) (8.65)

7 the notation Ψ is used instead of the more traditional Φ, because Φ is used for the
power spectral densities, also according to tradition.
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• Finally, if the response quantity (a displacement or a stress component)
is a linear function of the modal amplitudes, r = bTz, the PSD of the
response is

Φr(ω) = bTΦz(ω)b (8.66)

Both Φp(ω) and Φz(ω) are Hermitian, of size m, the number of modes
retained in the analysis. The procedure is computationally simple, once
Φf (ω) has been properly defined.

The situation is slightly more complex to calculate the support reaction
produced by a seismic excitation. From Equ.(7.24),

f0 = mT ẍ0 − Γ T z̈ (8.67)

where z is governed by Equ.(7.21):

µiz̈i + 2ξiµiωiżi + µiω
2
i zi = Γiẍ0

or, with the notation of Equ.(8.64),

z = Hm(ω)Γ ẍ0 (8.68)

Substituting into (8.67), one gets the transmissibility between the support
acceleration and the support reaction

f0 = [mT + ω2Γ THm(ω)Γ ]ẍ0 = Hf0(ω)ẍ0 (8.69)

which is a scalar function in the case of a single axis excitation (recall that
the modal expansion may be truncated to a small number m of modes
without any error on the static mass). From (8.23),

Φf0(ω) = |Hf0(ω)|2Φẍ0(ω) (8.70)

8.8.2 Correlation and PSD matrices

The correlation matrix Rf (τ) and the PSD matrix Φf (ω)

Rf (τ) =

R11(τ) R12(τ) · · ·
R21(τ) R22(τ) · · ·
R31(τ) · · · · · ·

 Φf (ω) =

Φ11(ω) Φ12(ω) · · ·
Φ21(ω) Φ22(ω) · · ·
Φ31(ω) · · · · · ·


(8.71)

define the spatial and temporal structure of the random excitation vector
f (Fig.8.11). The correlation matrix is such that Rij(τ) = Rji(−τ) and
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Fig. 8.11. Structure with multiple excitations.

the PSD matrix satisfies Φij(ω) = Φ⋆ji(ω). The diagonal terms define the
excitation at one point and the off-diagonal terms describes the statistical
relationship between the excitations at neighboring points. Consider the
two extreme cases: (i) If the components fi are uncorrelated (or equiv-
alently independent if the process is Gaussian), both Rf (τ) and Φf (ω)
are diagonal, all off-diagonal terms being 0. (ii) If the components fi are
all identical, as for example in the case of a uniform pressure in a regu-
lar mesh, all the components of Rf (τ) and Φf (ω) are identical. In more
general situations, the correlation between the components fi tends to
decrease with the distance.

The physical excitation process is often a continuous pressure field
p(x, y, z, t) and the discretized excitation vector is constructed by lump-
ing the excitation at a regular mesh (Fig.8.12) which forms a subset of
the structural nodes used in the discretization.8 This assumes that the
pressure is uniform and fully correlated over one element of the excita-
tion mesh; this procedure produces a good approximation provided that
the size δ of the excitation mesh is small compared to (i) the wavelength
of the modes contributing significantly to the response and (ii) the cor-
relation length of the excitation process (i.e. the distance over which the
correlation drops significantly). These two conditions should guarantee a
good representation of the modal excitation (8.63).

Excitation

mesh

Finite elements

mesh

d

Fi

Fig. 8.12. Regular excitation mesh and finite element mesh. The size δ of the excita-
tion mesh should be small compared to (i) the wavelength of the modes contributing
significantly to the response and (ii) the correlation length of the excitation process.

8 The finite element mesh is usually governed by a good representation of the stiffness
of the structure.
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The statistics of a random pressure field are described by the cor-
relation function Rp(x1,x2, τ), or alternatively by the PSD function
Φp(x1,x2, ω), where x1 and x2 refer to two points in space [Rp and Φp are
related by Equ.(8.6)]. If the pressure field is homogeneous, they depend
only on the separation between the two points, x1 − x2. and the PSD
function may be written

Φp(x1 − x2, ω) = Φp(ω). C(x1 − x2, ω) (8.72)

where Φp(ω) describes the pressure distribution at one point and the
co-spectrum C(x1 − x2, ω) describes the spatial coherence between the
pressure excitation at two points located x1 − x2 apart.

In many physical phenomena such as turbulent flows, the pressure
fluctuations are due to the transport of eddies in the flow and the PSD is
a decreasing function of the ratio

|x1 − x2|
λ

where λ is the characteristic size of the eddies. If the flow velocity is Uc,
the typical period of a disturbance associated with an eddy of size λ is
λ/Uc (time necessary for the eddy to pass at one point); the pressure
fluctuation will therefore be felt at the frequency ω ∼ Uc/λ. Combining
with the previous relationship, one finds that the dependency with respect
to the space and frequency should take the form

|x1 − x2|. ω
Uc

(8.73)

which is the Strouhal number ; this non-dimensional number appears in
most unsteady fluid dynamics problems.

8.8.3 Boundary layer noise

The correlation function of the pressure field in a boundary layer flow has
the form

R(x, y, τ) = R0(τ − x/Uc)e
−α1|x|e−α2|y| (8.74)

where R0(τ) is the autocorrelation function at one point, Uc is the flow
velocity, assumed along the coordinate x, and x and y are the distances
between the points, respectively in the streamwise and the transverse di-
rections. The two exponential functions account for the reduction of the
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Fig. 8.13. Boundary layer noise: cross correlation functions for various streamwise
distances xi; the maximum takes place after a delay τi = xi/Uc and its magnitude is
attenuated as e−α1|xi|.

spatial correlation with the separation between the points in the bound-
ary layer; the argument τ − x/Uc accounts for the fact that the cross
correlation between two points separated by x in the flow direction is
maximum after a time x/Uc (Fig.8.13), which corresponds to the time
necessary to transport the disturbance downstream over the distance x
with the convection velocity Uc. It follows that

Φ(x, y, ω) = Φ0. C(x, y, ω) = Φ0(ω) exp(−
jωx

Uc
) e−α1|x|e−α2|y| (8.75)

where Φ0(ω) is the PSD of the pressure field at any point (which can be
measured easily with a microphone), and the complex exponential arises
from the translation theorem of the Fourier transform. The foregoing form
of the co-spectrum is a nice generic form which can fit many situations,
such as acoustic fatigue of panels; it has only three free parameters, Uc,
α1 and α2 which can be determined experimentally relatively easily.

8.8.4 Wind response of a tall building

The flow around a massive structure is very complicated; however, it is a
common practice to evaluate the along-wind response by assuming that
the drag forces can be expressed in terms of the unperturbed flow. The
drag force at a node reads

fj(t) =
1

2
ϱAjCDu

2
j (t) (8.76)
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where ϱ is the air density, Aj is the tributary area associated with the node
j, CD is the drag coefficient and uj(t) is the unperturbed wind velocity
at the altitude of the node j. Since the turbulent component of the wind
velocity is small compared to the mean wind ūj , one can write

uj(t) = ūj [1 + εj(t)] (8.77)

where εj(t) is the non-dimensional turbulent velocity, assumed to be a
zero-mean Gaussian process and such that |εj(t)| ≪ 1. It follows that the
drag force acting at node j can be linearized :9

fj(t) ≃
1

2
ϱAjCDū

2
j [1 + 2εj(t)] (8.78)

The first term is the static loading of the mean wind; it is constant and
can be treated separately. The fluctuating part of the response is excited
by a zero-mean Gaussian random field of drag forces of PSD function

Φfifj (ω) = 4νiνjΦεiεj (ω) (8.79)

where

νj =
1

2
ϱAjCDū

2
j (8.80)

is the static drag force associated to node j.
The direction of the mean wind does not change significantly with the

altitude, but the velocity profile in the boundary layer depends on the
ground roughness. Above the gradient height zg the velocity is constant
and equal to the gradient velocity ug, and below zg, the wind profile can
be represented by the power law

ūj = ug(
zi
zg

)α (8.81)

where zg and α are constant parameters depending on the terrain condi-
tions (the following values are typical: city: zg ≃ 500 m, α ≃ 0.4; seaside:
zg ≃ 250 m, α ≃ 0.16).

The turbulent velocity at one point may be represented by the follow-
ing PSD, known as Davenport’s spectrum:

Φuu(ω) =
2κu210
|ω|

(600ωπu10
)2

[1 + (600ωπu10
)2]4/3

(8.82)

9 Neglecting the term in ε2j is justified in wind engineering and the drag forces are also
Gaussian. Such an approximation is no longer acceptable in the analysis of off-shore
structures under wave excitation.
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Fig. 8.14. Davenport’s spectrum for the turbulent wind velocity (amplitudes in linear
scale). The first natural frequency of all existing tall buildings is in the tail of the
spectrum.

where κ is a constant depending on the terrain roughness and u10 is the
mean wind reference velocity at 10 m above the ground. The shape of this
PSD is shown in Fig.8.14; the first natural frequency of all existing tall
buildings is in the tail of the spectrum.10 The cross PSD of the reduced
turbulent velocity ε(t, z) at two points at heights zi and zj is

Φεiεj (zi, zj , ω) =
2κu210
ūiūj |ω|

(600ωπu10
)2

[1 + (600ωπu10
)2]4/3

e
− |ω|

2πu10
C|zi−zj | (8.83)

where C is a correlation constant, C ≃ 7.

8.8.5 Vehicle moving on a rough road

The road profile w(x) may be regarded as a process with exponential
correlation, Rww(x) = σ2e−a|x|, where σ2 is the MS value and a is a
parameter describing the road roughness (Fig.8.15). If the car is moving
at the speed v, the road profile w(t) seen by a wheel in a frame attached to
the car is a function of time which is obtained by the change of variables
vτ = x; the autocorrelation function of w(t) is:

Rww(τ) = σ2e−av|τ | (8.84)

The corresponding PSD is

Φww(ω) =
σ2

π

av

ω2 + a2v2
(8.85)

10 e.g. see (7.71).
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Fig. 8.15. Car moving on a rough road of profile w(x). The rear wheels are at a
distance l from the front wheels, corresponding to a delay ∆ = l/v.

If the rear wheel is at a distance l from the front wheel, it perceives
the same road profile with a delay ∆ = l/v, w2(t) = w1(t − l/v). The
correlation matrix may be constructed as follows:

Rw(τ) =

[
E[w1(t+ τ)w1(t)] E[w1(t+ τ)w2(t)]
E[w2(t+ τ)w1(t)] E[w2(t+ τ)w2(t)]

]
Upon substituting w2,

Rw(τ) =

[
Rww(τ) Rww(τ + l/v)

Rww(τ − l/v) Rww(τ)

]
(8.86)

Using the translation theorem of the Fourier transform, one gets the cor-
responding PSD matrix:

Φw(ω) =
σ2

π

av

ω2 + a2v2

[
1 ejωl/v

e−jωl/v 1

]
(8.87)

8.9 Mean square response

We have seen earlier in the previous section that the PSD of the response
quantity is

Φr(ω) = bTΦz(ω)b =
∑
i,j

bibjΦij(ω)

The MS value is

σ2r =

∫ ∞

−∞
Φr(ω) dω =

∑
i

b2iβii +
∑
i

∑
j ̸=i

bibjβij (8.88)

where the double sum has been partitioned into the diagonal and non-
diagonal components and
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βii =

∫ ∞

−∞
Φii(ω) dω βij =

∫ ∞

−∞
Φij(ω) dω (8.89)

βii is called the modal autocorrelation and βij the modal cross-correlation.
An interesting practical question is the following: under what condition
may we neglect the contribution of the cross-correlations in front of that
of the autocorrelations? If it may be done, the global MS response can be
computed simply by adding up the MS responses of the various modes,
without taking into account their correlation; this is the so-called “SRSS”
rule (square root of the sum of the squares) which is frequently used in
practice.11 It turns out that this assumption is justified provided that
the spacing between the natural frequencies is large, compared with the
bandwidth of the modal response,

|ωi − ωj |
ωi + ωj

≫ ξi (8.90)

Before illustrating this with an example, consider the mass-averaged mean
square displacement in the structure,

E[xTMx] =
∑
i,j

MijE[xixj ]

Changing into modal coordinates, x = Ψz, where Ψ = (ϕ1, · · · ,ϕm) is
the matrix of the mode shapes, one finds

E[xTMx] = E[zTΨTMΨz] =
∑
i

µiE[z2i ] (8.91)

after using the orthogonality condition of the mode shapes, ϕTi Mϕk =
µiδik. Thus, all the cross-correlations have disappeared. This result indi-
cates that the cross-correlations contribute to the local variations of the
mean square response, but not to the mass-averaged response over the
entire structure. The following example illustrates this.

8.9.1 Role of the cross-correlations

Consider the system of Fig.8.16 (Elishakoff, 1982). It consists of two iden-
tical oscillators connected by a variable spring and damper. A white noise

11 particularly in “back-of-an-envelope” calculations, because the global response is
treated as the sum of independent responses of linear oscillators.
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Fig. 8.16. Two identical oscillators connected by a variable spring and damper (this
system degenerates into two independent oscillators as ε, γ → 0).

force f1 of PSD Φ0 is applied to the oscillator x1. The mass, stiffness and
damping matrices are

M = m

[
1 0
0 1

]
K = k

[
1 + ε −ε
−ε 1 + ε

]
C = c

[
1 + γ −γ
−γ 1 + γ

]
The natural frequencies are

ω1 = (
k

m
)1/2 ω2 = (

k

m
)1/2.(1 + 2ε)1/2 (8.92)

The corresponding mode shapes (normalized to µi = 1) are

Ψ =
1√
2m

[
1 1
1 −1

]
and the modal damping ratios

ξ1 =
c

2
√
km

ξ2 =
c

2
√
km

1 + 2γ√
1 + 2ε

We will assume that 1+2γ =
√
1 + 2ε, so that ξ1 = ξ2 = ξ. The parameter

ε controls the spacing between the two modes.
According to the procedure described above,

Φf = Φ0

[
1 0
0 0

]
Φp = ΨTΦf (ω)Ψ =

Φ0

2m

[
1 1
1 1

]
and the PSD of the displacements x1 and x2 are respectively

Φ11(ω) =
Φ0

4m2
{|H1(ω)|2 + |H2(ω)|2 + 2Re[H1(ω)H

⋆
2 (ω)]}

Φ22(ω) =
Φ0

4m2
{|H1(ω)|2 + |H2(ω)|2 − 2Re[H1(ω)H

⋆
2 (ω)]}
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where the identity H1(ω)H
⋆
2 (ω) + H⋆

1 (ω)H2(ω) = 2Re[H1(ω)H
⋆
2 (ω)] has

been used. After some calculations, the MS displacements read

E[x21] =
πΦ0

4m2
{ 1

2ξω3
1

+
1

2ξω3
2

+
8ξ

(ω1 + ω2)[(ω1 − ω2)2 + 4ξ2ω1ω2]
} (8.93)

E[x22] =
πΦ0

4m2
{ 1

2ξω3
1

+
1

2ξω3
2

− 8ξ

(ω1 + ω2)[(ω1 − ω2)2 + 4ξ2ω1ω2]
} (8.94)

In these expressions, the first two terms represent the autocorrelations βii
and the third one is the contribution of the cross-correlations βij . They
contribute identically to the MS responses of x1 and x2, but with opposite
signs; the cross correlations tend to increase the response of the d.o.f. x1
where the excitation is applied, and to decrease the response of x2, but the
sum E[x21]+E[x22] is unchanged. The ratio between the contributions of the
cross-correlation and the autocorrelation may be expressed approximately
by

Cross-correlation

Autocorrelation
≃ 1

1 + α2
(8.95)

where

α =
ω2 − ω1

ξ(ω1 + ω2)
(8.96)

expresses the ratio between the frequency difference between the two
modes and their half power bandwidth. If this ratio is large, the con-
tribution of the cross-correlations may be neglected without significant
error on the MS response, and the SRSS rule is justified: the modal con-
tributions may be treated separately and the global MS response is the
sum of the modal MS responses. The SRSS rule may lead to substantial
errors if the modes are closely spaced (α close to 1).

8.10 Example: The seismic response of a n-storey building

Consider a shear frame with 10 identical floors (Fig.2.11), with m = 105

kg and k = 16 × 107 N/m [these values fit the empirical formula (7.71)].
The damping is assumed uniform in all modes, ξi = 0.01. The structure
is excited seismically by a stationary ground acceleration with a Kanai-
Tajimi PSD profile (8.34) such that the RMS value is σg = 1 m/s2, the
central frequency is ωg = 12.56 rad/sec (2 Hz), and ξg = 0.1.

The intensity Φ0 of the excitation fitting σ2g = 1 may be calculated
from Equ.(8.102) [Problem 8.8]
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Φ0 =
σ2g

πωg(
1

2ξg
+ 2ξg)

= 4.87× 10−3 [
(m/s2)2

(rad/s)
=

m2

s3rad
]

The one-sided PSD of the ground acceleration, Φ̄g(ω) = 2Φg(ω) is rep-
resented in Fig.8.17.a. The seismic response of the n-storey building has
been analyzed in section 7.3; the transmissibility between the ground ac-
celeration and the acceleration of the various floors is given by Equ.(7.70),
where the acceleration of floor k, component k of the acceleration vector,
Ẍ1(k), corresponds to the component k of the mode shapes, ϕi(k). Figure
8.17.b shows the one-sided PSD of the acceleration of floor 1 and floor 10.
Figure 8.17.c shows the cumulative RMS value of the floor acceleration,
again of floor 1 and floor 10.

σẍk(ω) = [

∫ ∞

ω
Φ̄ẍk(ν) dν]

1/2 (8.97)

The value for ω = 0 is the RMS acceleration; the amplitude of the various
steps at the natural frequencies indicate how the corresponding mode
contributes to the global response. Figure 8.18 shows the evolution of the
RMS response within the building; the figure illustrates how the ground
acceleration is amplified within the structure; one sees that higher floors
experience a larger acceleration than the lower one. This is a general
observation, and this is why precision equipments a rarely placed on the
upper floors, to minimize their sensitivity to vibrations coming from the
environment (traffic, etc...).

The transmissibility between the ground acceleration and the support
reaction is given by (8.69) and the spectral density of the reaction force is
given by (8.70). The one sided PSD of the non-dimensional reaction force
f0/σgmT is represented in Fig.8.17.d and the cumulative RMS value is
represented in Fig.8.17.e, for two values of the damping ratio (ξ = 0.01
and ξ = 0.02). Once again, the amplitude of the various steps indicate how
the corresponding modes contribute to the global response (the reaction
force is dominated by the first mode) and the comparison between the
two curves illustrates the effect of the damping.12 The value at ω = 0,

σf0
σgmT

ratio between the RMS reaction force and the inertia forces associated
with the RMS ground acceleration, is a measure of the dynamic amplifi-
cation of the shear force in the column of the first floor. One sees that a
12 According to Equ.(8.30), the contribution of mode i to the RMS value varies accord-

ing to ξ
−1/2
i .
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Fig. 8.17. Seismic response of a 10 storey shear frame. (a) One-sided PSD of the
ground acceleration. (b) One-sided PSD of the acceleration of floor 1 and floor 10.
(c) Cumulative RMS acceleration of floor 1 and floor 10. (d) One-sided PSD of the
non-dimensional reaction force f0/σgmT (ξ = 0.01). (e) Cumulative RMS value of the
non-dimensional reaction force, for ξ = 0.01 and ξ = 0.02.
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Fig. 8.18. Seismic response of a 10 storey shear frame. Evolution of the RMS floor
acceleration σẍk/σg within the building.

significant reduction of the shear force may be achieved by increasing the
damping of the first modes; various solutions to achieve this, passive and
active, will be investigated in chapters 11 and 12.

8.11 Problems

P.8.1 Starting from the definition of the autocorrelation function of a
stationary process, show that

Rẋx(τ) = R′
xx(τ) and Rẋẋ(τ) = −R′′

xx(τ)

P.8.2 Show that the input-output relationships for the correlation func-
tion of a linear system of impulse response h(t) are

Ryx(τ) =

∫ ∞

0
h(ξ)Rxx(τ − ξ)dξ , Ryy(τ) =

∫ ∞

0
h(ξ)Ryx(τ + ξ)dξ

P.8.3 Consider the seismic response of a linear oscillator to an stationary
random acceleration of arbitrary, but slowly varying PSD Φ0(ω). Develop
a numerical scheme for evaluating the variance of the relative displacement
of the oscillator with more accuracy than the white noise approximation.
[Hint: decompose the excitation into a sum of band limited white noise
processes on adjacent intervals [ωi, ωi+1[, and for each of them use the
analytical formula for a band limited white noise excitation].
P.8.4 Consider the system governed by the first order differential equation

ẋ+ ax = bf

and excited by a white noise Φff (ω) = Φ0. Compute the PSD and the
variance of the response. Does m2 exist for this process?
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P.8.5 The random variables x/σx and ẋ/ω0σx are independent, unity
Gaussian variables [Equ.(8.45)]. Using a change of variables x = a cos θ,
y = ẋ/ω0 = a sin θ and expressing the conservation of the mass of prob-
ability associated with a small element dx dy = a da dθ, show that the
probability density function of the envelope a(t) follows the Rayleigh dis-
tribution (8.46).
P.8.6 Let x(t) be a stationary random process with PSD Φxx(ω) and
consider the smoothed process obtained by time averaging

y(t) =
1

2ε

∫ t+ε

t−ε
x(τ) dτ (8.98)

Show that y(t) may be seen as the response of a linear system of impulse
response

h(t) =
1

2ε
|t| < ε

[h(t) does not define a causal system]. Show that

Φyy(ω) = Φxx(ω)
sin2 εω

ε2ω2
(8.99)

What change to the integral would lead to a causal system? What would
be the corresponding change in the PSD Φyy(ω)?
P.8.7 Consider the discrete averaging

y(t) =
1

4
x(t− T ) +

1

2
x(t) +

1

4
x(t+ T ) (8.100)

Show that the PSD of the stationary processes x(t) and y(t) are related
by

Φyy(ω) = Φxx(ω)(cos
ωT

2
)4 (8.101)

P.8.8 Consider a random process with the Kanai-Tajimi spectrum (8.34);
show that the variance is given by

σ2g =

∫ +∞

−∞
Φg(ω)dω = πΦ0ωg(

1

2ξg
+ 2ξg) (8.102)



9

Peak factor & random fatigue

Le premier pas vers la
philosophie, c’est l’incrédulité.

Diderot, dernières paroles... 1784

9.1 Introduction

In the previous chapter, we have analyzed how the statistics of the struc-
tural response can be evaluated from the statistics of the random ex-
citation. If the excitation process is Gaussian with zero mean (and the
structure behaves linearly), the statistical information about the random
response is entirely contained in the PSD functions, from which one can
calculate the RMS value and the central frequency of the response, but
this is not enough to assess the reliability of the structure. In this chap-
ter, we consider the two most important failure mechanisms: threshold
crossing and fatigue.

9.1.1 Threshold crossings

In some situations, the design must guarantee that the stress level or
the displacements remain below a given limit (e.g. vibration amplitude
of a rotor remaining lower than the existing gap with the stator, or the
stress level remaining below the yield stress or a given regulatory limit
for a design earthquake in a nuclear plant). In these circumstances, the
designer is interested in the probability distribution of the largest value
xmax of the response over the duration of the excitation. This largest value
is related to the RMS value σx by

xmax = ηe σx (9.1)

where ηe is the peak factor (it is dimensionless). ηe is an increasing func-
tion of the duration of the phenomenon (it also depends on the probability
of exceedance that is accepted). This chapter considers only the simplest
case of a stationary Gaussian process of zero mean.
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9.1.2 Fatigue

In many cases, the structural failure occurs after a fairly large number
of cycles, while the nominal stress never exceeds the yield stress of the
material. This situation is called high-cycle fatigue; the structure remains
linear and, if the excitation is Gaussian, the response is also Gaussian.
This chapter considers high-cycle fatigue of uniaxial as well as multi-axial
stress fields; however, the discussion is limited to stress fields with zero
mean. It has been observed that a constant compression stress does not
affect the endurance limit, while a constant tension stress reduces the
endurance limit. The models describing the effect of a constant stress are
not examined in this chapter.

9.2 Peak factor

This section analyzes the probability distribution of the largest extremum
over some duration T . We begin with the distribution of the maxima.

9.2.1 Maxima

s

she

Peak factorGaussian
process

Maxima
X t )(

t

T

Fig. 9.1. Sample of duration T , of a stationary Gaussian process x(t) of zero mean and
RMS value σ. Probability density functions of the process x(t), of the maxima b (the
curve shown is a Rayleigh distribution which corresponds to a narrow band process).
Probability density function of the largest maximum xmax(T ) over the duration T . The
peak factor is defined by xmax(T ) = ηe(T ) σ.
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Consider the Gaussian stationary random process of zero mean x(t)
(Fig.9.1); the distribution of the maxima b is fairly complicated and de-
pends on the bandwidth of the process. It can be shown that the prob-
ability density function q(η) of the reduced maxima η = b/σ is given by
(Cartwright & Longuet-Higgins, 1956)

q(η) =
1

(2π)1/2
[εe−η

2/2ε2 + (1− ε2)1/2ηe−η
2/2

∫ η(1−ε2)1/2/ε

−∞
e−x

2/2dx]

(9.2)
where ε is a parameter which characterizes the bandwidth of the process
and can be expressed in terms of the spectral moments according to

0 ≤ ε2 = 1− m2
2

m0m4
= 1− (

ν0
ν1

)2 ≤ 1 (9.3)

According to the discussion of section 8.5, the average number of maxima
per unit of time, ν1 tends to be close to the central frequency ν0 for a
narrow band process, and ε2 is close to 0. On the contrary, ν1 ≫ ν0 for
a wide band process and ε2 is close to 1. For a wide band process, the
maxima can assume negative as well as positive values (as illustrated in
Fig.8.7.b) and, when ε → 1, q(η) is Gaussian; for ε → 0, it becomes
identical to the Rayleigh distribution

q(η) = η exp(−η
2

2
) (η ≥ 0) (9.4)

represented in Fig.8.9.

9.2.2 First-crossing problem

Let x(t) be a stationary Gaussian process of zero mean and standard
deviation σ. The reliability W (T, η) is the probability that x(t) remains
in the safe domain |x(t)| < ησ during the observation period:

W (T, η) = Prob{|x(t)| < ησ ; 0 ≤ t < T} (9.5)

W (T, η) represents the fraction of samples which have not left the safe
domain after the duration T .

The probability density function of the first-crossing time is

p1(T ) = −∂W (T, η)

∂T
(9.6)
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because p1(T )dT represents the probability that the first-crossing occurs
in the time interval [T, T + dT [.

Alternatively, W (T, η) is the probability that the largest extremum
during the observation period T remains below b = ησ, that is (by defini-
tion) the probability distribution function of the largest extremum (during
the observation period T ).1 It follows that the probability density function
of the peak factor is

pe(T, η) =
∂W (T, η)

∂η
(9.7)

pe(T, η)dη represents the probability that the largest extremum during
the observation period T belongs to the interval [η, η + dη[.

The literature about the first-crossing problem is considerable and can
only be touched in this text. A model for the reliability can be built
by considering the extreme point process y(n) constructed as indicated
in Fig.9.2; if the process is narrow band, the time interval between two
consecutive points is ∆ ≃ 1/2ν0 (ν0 = ω0/2π is the central frequency).

If h(n) stands for the probability that the nth extremum is the first
one beyond the threshold ησ (under the condition that all previous ones
are below the threshold),

h(n) = P [y(n) > ησ |
n−1∩
i=1

y(i) < ησ] (9.8)

The reliability can be written

W (T, η) =

N∏
n=1

[1− h(n)] (9.9)

where N is the total number of extreme points over the duration T .2 From
this expression, various models can be built by making assumptions on
the way the extrema occur.

The simplest of all possible assumptions is that of independent ex-
trema; in this case, the condition disappears from Equ.(9.8). If, in addition

1 The probability distribution function F (x) of a random variable is related to its
probability density function p(x) by

F (x) =

∫ x

−∞
p(a) da or p(x) =

dF (x)

dx

2 1− h(n) is the probability that the nth extremum is also below the threshold ησ if
all the previous extrema are below the threshold.
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Fig. 9.2. (a) Sample of a narrow band process x(t). (b) Maxima and minima; the
time interval between two maxima is ≃ 1/ν0. (c) Absolute extrema of the process,
y(n) = |x(t)|max the time interval between two consecutive points is ∆ ≃ 1/2ν0.

to this, the process is assumed narrow band, the maxima are distributed
according to the Rayleigh distribution (9.4) and N = 2ν0T is the number
of half-cycles over the duration T . It follows that

h(n) = P [y(n) > ησ] =

∫ ∞

η
xe−x

2/2dx = e−η
2/2 (9.10)

and

W (T, η) =

N∏
n=1

[1− h(n)] = (1− e−η
2/2)N (9.11)

For large values of N , using the asymptotic form of the exponential
limn→∞(1 + x

n)
n = ex, this result may be written alternatively

W (T, η) = exp[−Ne−η2/2] = exp[−2ν0Te
−η2/2] (9.12)

This is the simplest model for the reliability. The assumption of inde-
pendent extrema may be criticized, particularly for narrow band signals,
because the extrema (which belong to the envelope process) tend to vary
smoothly rather than being independent, as illustrated in Fig.9.2. How-
ever, this model is conservative and tends to overestimate the peak factor.
The probability density function of the peak factor is obtained by partial
derivation with respect to η. There is a single parameter which is the
number of half-cycles, N = 2ν0T .
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9.2.3 Peak factor

Figure 9.3 shows W (N, η) for several values of N ; the reliability is by
definition the probability distribution function of the peak factor and
pe(N, η) is given by Equ.(9.7); the maximum value of pe(N, η) tends to
increase with N and it occurs for larger values of η (typically between 3
and 5); the dispersion of pe about its maximum decreases with N . The
average and standard deviation of the peak factor can be approximated
by (Davenport, 1964)

E[ηe] ≃ (2 lnN)1/2 +
γ

(2 lnN)1/2
(9.13)

σ[ηe] ≃
π√
6

1

(2 lnN)1/2
(9.14)

where γ = 0.5772 (Euler’s constant).
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Fig. 9.3. (a) Reliability W (N, η) = exp[−Ne−η2/2] for various values of the number
of half-cycles N (the reliability is by definition the probability distribution function
of the peak factor). (b) Corresponding probability density function of the peak factor
(pe = ∂W/∂η) based on independent extrema. The maximum of pe occurs for typical
values of ηe between 3 and 5.
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9.3 Response spectrum

In earthquake engineering, there is a tradition of using the concept of re-
sponse spectrum. For a given accelerogram ẍ0 (Fig.9.4), the displacement
spectrum, Sd(ωn, ξ), is defined as the maximum of the absolute value of
the relative displacement y of a single d.o.f. oscillator of natural frequency
ωn and damping ξ in response to the acceleration ẍ0. The relative dis-
placement y is solution of Equ.(8.24); Sd(ωn, ξ) is regarded as a function
of ωn, with ξ as a parameter [for every different value of ωn and ξ, the
relative response y(t) is different, and so is |y|max = Sd(ωn, ξ)]. The most
frequent representation is a log-log diagram of the pseudo-velocity spec-
trum, defined by

Sv(ωn, ξ) = ωnSd(ωn, ξ) (9.15)

The pseudo-acceleration spectrum is defined by

Sa(ωn, ξ) = ωnSv(ωn, ξ) = ω2
nSd(ωn, ξ) (9.16)

Sv is different from the maximum velocity of the response, but usually
Sa is close to the maximum absolute acceleration of the oscillator. In the
log-log diagram of the pseudo-velocity spectrum, constant values of the
relative displacement (Sd) and of the acceleration (Sa) appear as straight
lines.

For a given site, the expected characteristics of the ground acceleration
(maximum acceleration, duration, frequency content) depend on the seis-
micity of the site and on the local geological conditions. Standard shapes
of response spectra have been defined (Fig.9.5), corresponding to various
local soil conditions (bedrock, alluvion); they are normalized with respect
to the local seismicity, expressed by the maximum acceleration for the site
(often called “ZPA”: zero-period acceleration, corresponding to the high
frequency asymptote of the response spectrum). The maximum accelera-
tion is generally expressed as a fraction of the acceleration of gravity, g;
amax can be 0.15g in areas of moderate seismicity and 0.3g and above in
area of high seismic activity; the duration is typically between 10 and 30
sec.3

The regulatory design response spectra are supposed to define an en-
velope for all possible ground motions at one site; they depend on the

3 In the large earthquake that struck Japan in March 2011 (Magnitude 9 on the
Richter scale), maximum ground accelerations above 1g were observed at more than
100 km from the epicenter, and the duration of the strong ground motion was about
2 minutes.
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Fig. 9.4. (a) Artificial earthquake accelerogram. (b) Response y of the single d.o.f.
oscillator for specific values (ωn, ξ) of the natural frequency and the damping ratio;
Sd(ωn, ξ) = |y|max, the maximum of the absolute value. (c) Pseudo-velocity spectrum
Sv(ωn, ξ) = ωnSd(ωn, ξ), for two values of the damping ratio (the two curves have the
same high frequency asymptote).

return period considered. In practice, for the design of nuclear power
plants, two sets of response spectra are defined for a site: the Operating
Basis Earthquake is the earthquake that the plant is likely to experience
once during its lifetime, and after which it is supposed to restart after only
minor repairs. The Safe Shut-down Earthquake is the maximum possible
earthquake for the site, for which the plant must be safely shut down and
maintained in a cool state, without any significant release of reactivity;
no restart is expected.
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Fig. 9.5. Horizontal design response spectra of the US NRC Regulatory Guide 1.60,
normalized to a maximum ground acceleration of ZPA=1g.

9.3.1 Maximum structural response

The historical reason for developing response spectra is that, if the struc-
tural response is dominated by a single mode, the maximum response can
be directly evaluated from the response spectrum. Indeed, referring to
Equ.(7.21), the modal response (of mode i) is governed by

µiz̈i + 2ξiµiωiżi + µiω
2
i zi = Γiẍ0 (9.17)

and the structural response
y = ϕizi (9.18)

From the definition of the response spectrum, it follows that the maximum
structural response of mode i is given by

ymaxi = ϕi
Γi
µi
Sd(ωi, ξi) (9.19)
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where Sd(ωi, ξi) is the value of the response spectrum for the natural
frequency ωi and the damping ξi of the dominant mode.

If several modes contribute to the structural response, the maximum
response of each mode can still be evaluated in the same way. For well
separated modes, we have seen in section 8.9 that the modal responses
may be treated as independent and the global response may be evaluated
by the SRSS rule:

ymax = {
∑
i

[ymaxi ]2}1/2 (9.20)

This combination rule may lead to substantial errors for closely spaced
modes. Alternative combination rules have been proposed, but this topic
is outside the scope of this textbook.

An elegant alternative to the use of response spectra would be to re-
place the specification of the ground motion by a finite duration stationary
random process of specified power spectral density; the ground accelera-
tion would be defined by a PSD Φ0(ω) and a window function. However,
the response spectra being defined by the regulatory authorities, the def-
inition of a PSD consistent with a given response spectrum remains a
subject of discussion. The relationship between the PSD and the response
spectra is outlined below.

9.3.2 Relation between Sv(ω, ξ) and Φ0(ω)

If the acceleration time-history ẍ0 is known, the response spectrum
Sd(ω, ξ) is entirely determined; the reverse is not true. However, for a
lightly damped oscillator, the response is strongly influenced by the en-
ergy contained in the excitation in the vicinity of the natural frequency
of the oscillator. If one assumes that the oscillator response is a station-
ary random process of duration T , an approximate relationship between
Sv(ω, ξ) and Φ0(ω) may be obtained by the following steps:

1. According the the white noise approximation, the RMS response of
the oscillator of frequency ωn is related to the PSD of the excitation by
Equ.(8.30)

σ2 =
πΦ0(ωn)

2ξω3
n

(9.21)

2. The maximum response is related to the RMS response by the peak
factor ηe(N) which depends on the number of half-cycles. For a narrow
band process, the central frequency may be approximated by the natural
frequency of the oscillator, ν0 ≃ ωn/2π. Thus, N = 2ν0T ≃ ωnT/π and
the average value of the peak factor, E[ηe] may be evaluated from (9.13).
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3. Finally, by definition, the response spectrum and the peak factor
are related by

Sd(ωn, ξ) = σE[ηe] (9.22)

This leads to

Φ0(ωn) =
2ξω3

n

π
[
Sd(ωn, ξ)

E[ηe]
]2 (9.23)

This simple model neglects all the transient effects present in the oscil-
lator response, and is based on several simplifying assumptions; however,
the estimator may be improved iteratively to fit the average response
spectrum of a set of artificially generated accelerograms.4

9.4 Random fatigue

9.4.1 S-N curve

The characterization of the uniaxial fatigue behavior of materials is done
by subjecting a sample to an alternating sine loading of constant ampli-
tude S and counting the number of cycles N until the start of the first
crack. The test is repeated for increasing values of the stress and the re-
sults are presented in the form of a curve S(N) which is known as the
Wöhler curve of the material, or simply the “S − N” curve. Some ma-
terials have an endurance limit, Se, which is the limit stress under which
the material can sustain an infinite number of cycles without initiation of
a crack; some other materials do not have an endurance limit. For a large
class of materials, the S −N curve may be approximated by5

NSβ = c (9.24)

where β and c are material constants (5 < β < 20). The present discussion
is focused on alternating stress fields and does not discuss the situation
where the alternating stress is superimposed on a constant stress. The
random stress is assumed to be a zero mean stationary Gaussian process.

4 Taking only the first contribution of (9.13), one gets the explicit formula:

Φ0(ωn) =
2ξω3

n

π
.
Sd(ωn, ξ)

2

2 ln(ωnT/π)

5 This relationship ignores the endurance limit and the statistical scatter in the ma-
terial behavior; the S-N curve may also be defined in a probabilistic way.
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9.4.2 Linear damage theory

Fatigue life for complex load histories can be treated by a cumulative dam-
age analysis; the linear damage theory (also known as Palmgren-Miner
criterion) assumes that ni cycles at a stress level Si produce a damage

Di = ni/Ni, where Ni = cS−β
i is the number of cycles of the S-N curve

under the constant amplitude Si. According to the linear damage theory,
the total damage associated with various levels of stress may be added
linearly, producing a total damage

D =
∑
i

ni
Ni

(9.25)

and the crack initiates when the total damage reaches D = 1. This cri-
terion does not take into account the order of application of the various
stress levels; it is known to be inaccurate, but it has the enormous ad-
vantages of being simple and of relying on constant amplitude tests for
which experimental data are widely available. Although inadequate as an
absolute indicator of fatigue resistance, the linear damage D provides a
valuable relative information and can be used for design purposes: a de-
sign leading to a smaller value of D is probably a better design. If the
stress histories are available, the counting of the stress cycles can be done
according to the rainflow method. In the present discussion which is con-
cerned with random stress fields, the distribution of the stress cycles is
derived from the PSD of the random stress.

9.4.3 Uniaxial loading

Let x(t) be a uniaxial Gaussian stress of zero mean and PSD Φ(ω). The
material has a S-N curve of the form (9.24) and behaves according to the
linear damage theory (9.25).

In the classical theory of random fatigue, the counting of the cycles
is related to the occurrence of maxima. To account for the fact that fa-
tigue damage is related to tension rather than compression stresses, it is
assumed that every maximum with a positive amplitude b contributes for
one cycle to the damage, and that a maximum with a negative amplitude
does not contribute to the damage. Thus, the damage associated with one
cycle of amplitude b is

D =
1

N
=

1

cb−β
= bβc−1 (b > 0) (9.26)
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where N is the number of cycles of the S-N curve corresponding to the
stress level b. If the average number of maxima per unit of time is ν1 [given
by Equ.(8.42)], the average number of maxima per unit of time in [b, b+db[
is ν1q(b)db, where q(b) is the probability density function of the maxima,
given by Equ.(9.2). This leads to a rate of damage bβc−1ν1q(b)db. The
expected damage per unit of time is obtained by integrating the damage
rate over all possible values of the stress amplitude b,

E[D] = ν1c
−1

∫ ∞

0
bβq(b) db (9.27)

Introducing the reduced stress, η = b/σx,

E[D] = ν1c
−1σβx

∫ ∞

0
ηβq(η) dη (9.28)

where σx = m
1/2
0 is the standard deviation (RMS value) of the stress. For

a narrow band process, q(η) is the Rayleigh distribution (9.4) and the rate
of maxima ν1 may be approximated by the central frequency ν0, leading
to

E[D] = c−1ν0σ
β
x

∫ ∞

0
ηβ+1e−η

2/2dη

or
E[D] = c−1ν0σ

β
x 2

β/2Γ (β/2 + 1) (9.29)

where Γ (.) is the Gamma function.6 Upon substituting σx = m
1/2
0 and

ν0 =
1
2π (m2/m0)

1/2,

E[D] = c−1 2
β/2

2π
Γ (β/2 + 1)m

(β−1)/2
0 m

1/2
2 (9.30)

This result was first derived by (Miles, 1954). It can also be used as an
approximation for a wide band process, but it tends to be conservative.
Alternative prediction models have been proposed, based on other spectral
moments, but they are outside this introductory text.

Note that Equ.(9.29) shows that the damage is proportional to σβx ,
where β is the power of the S-N curve. In fatigue testing, it is often

6 The Gamma function is an extension of the factorial function Γ (n) = (n − 1)! for
non integer numbers. It is defined by

Γ (x) =

∫ ∞

0

tx−1e−tdt
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necessary to increase the level of excitation to reduce the duration of the
tests; if the PSD Φ0(ω) of the excitation is multiplied by a scalar a while
keeping the frequency content unchanged, the moment m0 will also be
multiplied by a and the RMS response σx by a1/2. Thus, the damage per
unit of time will be multiplied by aβ/2 and the duration of the test leading
to a given damage will be reduced accordingly (Problem 9.2).

9.4.4 Biaxial loading

Biaxial stress states are very important, because cracks often initiate at
the surface, where the stress is biaxial. The von Mises criterion has been
found to correlate fairly well with a lot of experimental data for biaxial
stress states. The equivalent von Mises stress is defined by a quadratic
equation,

s2c = s2x + s2y − sxsy + 3s2xy (9.31)

or
s2c = sTQs (9.32)

where s = (sx, sy, sxy)
T is the stress vector and Q is defined by

Q =

 1 −1/2 0
−1/2 1 0
0 0 3

 (9.33)

If one considers this quadratic relationship in the strict sense, one would
normally have to work in the time domain rather than in the frequency
domain,7 and the Gaussian property would also be lost. Alternatively, in
what follows, we consider it in the mean square sense to define a new
Gaussian scalar random process. Taking advantage of the relationship

sTQs = Trace{Q[ssT ]} (9.34)

the mean square value of the von Mises stress reads

E[s2c ] = E[sTQs] = Trace{QE[ssT ]} (9.35)

where the expectation E[.] applies only to the random quantities. E[ssT ]
is the covariance matrix of the stress vector, related to the PSD matrix
of the stress vector, Φss(ω) by

7 The frequency content of a time-history of sc(t) is different from that of the stress
components; if the stress components are harmonic at a frequency ω, sc(t) has its
frequency content centered on 2ω.
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E[ssT ] =

∫ ∞

−∞
Φss(ω)dω (9.36)

Thus, if one defines a equivalent random stress sc(t) as a zero mean Gaus-
sian process with PSD

Φc(ω) = Trace{QΦss(ω)} (9.37)

this process has indeed the same mean square value as the von Mises
stress,

E[s2c ] =

∫ ∞

−∞
Φc(ω)dω (9.38)

Since a zero mean Gaussian process is entirely defined by its PSD,
Equ.(9.37) may be regarded as the definition of an equivalent uniaxial
alternating von Mises stress. Although this process varies noticeably from
the time-histories defined by Equ.(9.31), it is meaningful from the physical
point of view, because:
(i) In the uniaxial case where only a single stress component sx ̸= 0,
Φc(ω) = Φx(ω), so that sc = sx.
(ii) The process sc defined by (9.37) does have components at all the
natural frequencies of the structure, unlike the time-histories obtained by
(9.31).

9.4.5 Finite element formulation

The stress vector at one point (or within one finite element) is related to
the modal amplitudes by

s = S z (9.39)

where S is the (3×m) modal stress matrix at this point. The correspond-
ing (3× 3) PSD matrix of the stress vector is

Φss(ω) = S Φz(ω)S
T (9.40)

where Φz(ω) is the (m × m) PSD matrix of the modal responses, com-
puted according to section 8.8. Φc(ω) can be calculated by (9.37) and the
procedure for uniaxial stress discussed above applies.

9.5 Problems

P.9.1 Show that, according to the simplified model relating the response
spectrum and the power spectral density developed in section 9.3.2, the
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amplitudes of the response spectrum for two different values of the damp-
ing ratio are related by

Sd(ωn, ξ1)

Sd(ωn, ξ2)
≈ (

ξ2
ξ1
)
1
2

P.9.2 Accelerated fatigue test: a specimen must be subjected to a fa-
tigue endurance test of duration T with a stationary random excitation
of prescribed PSD Φ(ω). In order to reduce the duration of the test, it is
considered to scale up the excitation. Determine the scaling factor of the
PSD, in order to produce the same damage in the reduced time T/α.
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Rotor dynamics

Alexandre voyait la terre comme
une belle place bien propre à y
établir un empire [...] un
philosophe la voit comme une
grosse planète qui va par les
cieux, toute couverte de fous.

Fontenelle, Entretiens sur la
pluralité des mondes, 1686

10.1 Introduction

This chapter is an introduction to the basic phenomena encountered in
rotor dynamics. It starts with the “Jeffcott rotor model” (1919) which
involves only a point mass and two d.o.f., and explains the critical velocity,
the stable operation at supercritical velocities as well as the self-centering
observed at supercritical velocities; it is also sufficient to account for the
destabilizing effect of the rotating damping at supercritical speeds.

Next, the gyroscopic effects are analyzed using again a two d.o.f. model
obtained by the Rayleigh-Ritz approximation. The gyroscopic effects are
due to the wobbling of the disk, resulting from the combined motion of
spin and bending of the shaft; the angular momentum and the angular
velocity vectors are no longer parallel and induce gyroscopic moments,
which have a considerable impact on the rotor dynamics if the angular
momentum is large. The dependence of the natural frequencies on the
spin velocity is usually represented by the Campbell diagram. The depen-
dency of the conical modes on the spin velocity is studied further with
the analysis of a rigid rotor on elastic supports.

Finally, this chapter ends with the analysis of the effect of the anisotropy
of the support and of the shaft on the dynamics of the rotor and its sta-
bility.
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10.2 Jeffcott rotor

A perfectly balanced Jeffcott rotor (Fig.10.1.a) consists of a point mass
m attached at the elastic center C of the cross section of a massless shaft.
The system is undamped and axially symmetrical; the shaft rotates at
the angular speed Ω and has an overall stiffness k;1 the disk remains
aligned on the z axis and the gyroscopic effects are ignored. An unbalanced
Jeffcott rotor is such that the point mass at P has a small eccentricity ε
with respect to the elastic center C. In the description of the motion, the
origin of time t is taken in such a way that CP is aligned on the axis Ox
when t = 0 (Fig.10.1.b).

P C=W

x

y

z

m
x

y

z

WtPe

C

Fig. 10.1. Jeffcott rotor; C is the elastic center and the mass m of the disk is lumped
at the center of mass P . (a) Perfectly balanced. (b) Unbalanced with eccentricity ε.

The reference frame Oxyz is fixed; the absolute coordinates of the
elastic center C are taken as generalized coordinates, rc = (xc, yc)

T .

rp =

{
xp
yp

}
=

{
xc + ε cosΩt
yc + ε sinΩt

}
It follows that the absolute velocity of the point mass is

ṙp =

{
ẋc − εΩ sinΩt
ẏc + εΩ cosΩt

}
and the kinetic energy

1 It does not matter whether the lateral stiffness comes from the bending of the shaft,
from the supports, or both, but the stiffness is assumed isotropic, that is identical
in all directions.
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T =
m

2
(ẋ2p+ẏ

2
p) =

m

2
[ẋ2c+ẏ

2
c+ε

2Ω2+2εΩ(−ẋc sinΩt+ẏc cosΩt)] (10.1)

The potential energy associated with the deformation of the shaft reads

V =
1

2
k(x2c + y2c ) (10.2)

where k is the lateral stiffness accounting for the flexibility of the shaft
and supports. If there are external forces acting on P , defined by Fx and
Fy in the fixed reference frame, the generalized forces associated with the
generalized coordinates xc and yc are also Fx and Fy, because δxp = δxc
and δyp = δyc.

2

From the above expressions of the kinetic and potential energies, the
Lagrange equations read

mẍc + kxc = mεΩ2 cosΩt+ Fx

mÿc + kyc = mεΩ2 sinΩt+ Fy

(10.3)

The first term in the right hand side represents the rotating unbalance
force associated with the eccentricity ε.

10.2.1 Unbalance response

To analyze the unbalance response, it is assumed that Fx = Fy = 0 in
Equ.(10.3). A particular solution of the form of a synchronous forward
whirl (i.e. a whirl at the same frequency and in the same direction as the
rotating shaft) {

xc = x0 cosΩt
yc = y0 sinΩt

}
exists provided that

(k −mΩ2)x0 = mεΩ2

(k −mΩ2)y0 = mεΩ2

which yields

x0 = y0 = r0 = ε
mΩ2

k −mΩ2
= ε

Ω2

ω2
n −Ω2

(10.4)

where ωn =
√
k/m is the critical speed, for which the unbalanced response

is unbounded. More generally, the critical speed is the shaft rotational

2 The displacement of P associated with the spin, ε cosΩt does not contain any gen-
eralized coordinate and the virtual displacements are taken at constant time.
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speed that corresponds to the peak of a (non critically damped) resonance
frequency, when it is excited by the shaft imbalance.

Thus, the unbalanced response consists of a synchronous whirling with
an amplitude r0 given above. In the subcritical region, for Ω < ωn, the
whirling amplitude grows from zero, tending to infinity for Ω = ωn. In the
supercritical region,3 for Ω > ωn, r0 decreases and eventually, r0 → −ε as
Ω → ∞; the response is 1800 out of phase with the excitation, meaning
that P tends to return to the origin. Thus, the rotor tends to be self
centering at high speed (Fig.10.2).

x

y

C

P

r
0

x

y

Wt
C

P
Wt

e

e

W < wn W w> n

Fig. 10.2. Unbalanced response of the Jeffcott rotor; r0 = εΩ2/(ω2
n −Ω2). (a) In the

subcritical region (Ω < ωn). (b) In the supercritical region (Ω > ωn) the rotor tends
to be self centering.

10.2.2 Complex coordinates

As an alternative to the vector representation rc considered in the previous
section, one can consider the complex number zc(t) = xc(t) + jyc(t). The
use of complex coordinates is useful to represent the whirling motion of
rotors. Multiplying the second equation (10.3) by j and adding to the first
equation, one gets

mz̈c + kzc = mεΩ2ejΩt + Fn (10.5)

where Fn = Fx + jFy denotes the non rotating forces. With these no-
tations, the unbalance response (Fn = 0) can be analyzed as follows: a

3 Before the Jeffcott model, the Rankine shaft model was essentially that of Fig.3.8.a,
where a linear oscillator is constrained to vibrate along an axis rotating with a con-
stant velocity Ω. As we saw in section 3.6.5, this system is subject to a divergent
instability when Ω >

√
k/m and cannot operate at supercritical velocities. Appar-

ently, the Sweedish engineer C. Laval was the first to run a steam turbine at a
supercritical speed in 1889, demonstrating the weakness of Rankine’s model.
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particular solution of the form zc(t) = z0e
jΩt exists with the complex

amplitude z0 given by

(−mΩ2 + k)z0 = mεΩ2

or

z0 = ε
Ω2

ω2
n −Ω2

(10.6)

Since ε is real, so is z0, which means that the unbalanced response consists
of a forward synchronous whirl aligned on the unbalance force. Once again,
one observes the self centering property at supercritical speeds: for Ω →
∞, z0 → −ε.

10.2.3 Free whirl

Consider the free motion in complex coordinates; it is governed by the
homogeneous equation

mz̈c + kzc = 0

The solution has the form zc = z0e
st provided that there exists a non

trivial solution to the algebraic equation

(ms2 + k)z0 = 0

The solution exists if s = ±jωn and

zc(t) = Z1e
jωnt + Z2e

−jωnt = zf (t) + zb(t) (10.7)

where Z1 and Z2 are complex numbers depending on the initial con-
ditions. The solution is the sum of two rotating vectors; the first one,
zf (t) = Z1e

jωnt describes a circular forward whirl in the same direction
as the spin of the shaft; the second one, zb(t) = Z2e

−jωnt describes a back-
ward whirl in the direction opposed to the spin of the shaft (Fig.10.3).
Both rotations take place at the frequency ωn =

√
k/m of the non ro-

tating system. The distribution between the forward and the backward
whirl depends on the initial conditions.

10.2.4 Jeffcott rotor with viscous damping

In most problems of structural dynamics, the damping has a beneficial ef-
fect: it attenuates the resonances and increases the stability. However, the
effect of damping on rotor dynamics has unexpected features. One must
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distinguish between the stationary damping forces which are associated
with the stationary (non rotating) part of the machine and the rotating
damping which is directly associated with the motion of the rotor. The
stationary damping is always stabilizing while the rotating damping tends
to be destabilizing at supercritical speeds.

The stationary damping may be introduced in Equ.(10.3) by adding
external forces proportional to the absolute velocity

Fs =

{
Fx
Fy

}
= −cs

{
ẋc
ẏc

}
where cs is the stationary damping coefficient. Similarly, the rotating
damping forces are associated with the velocity in the rotating frame

Fr =

{
Fu
Fv

}
= −cr

{
u̇c
v̇c

}
where cr is the rotating damping coefficient and uc and vc are the coordi-
nates of C in rotating frame (Fig.10.4). Fs is expressed in fixed frame and
Fr in rotating frame. uc and vc are related to the coordinates in stationary
frame by {

uc
vc

}
=

[
cosΩt sinΩt
− sinΩt cosΩt

]{
xc
yc

}
= R

{
xc
yc

}
(10.8)

It follows that

y

xz

wn
Forward Whirl

Backward Whirl

wn
W

spin

y

xz

W
spin

Fig. 10.3. (a) Forward whirl zf (t) = Z1e
jωnt: The spin velocity Ω and the whirl

velocity ωn are in the same direction; if ωn = Ω, the whirl is synchronous. (b) Back-
ward whirl zb(t) = Z2e

−jωnt: The spin velocity and the whirl velocity have opposite
directions. The backward whirl mode is not excited by the imbalance forces.
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x

y

C

P Wt
e

u
v

Fig. 10.4. Stationary frame and rotating frame; the coordinates of C are respectively
(xc, yc) and (uc, vc). {

u̇c
v̇c

}
= Ṙ

{
xc
yc

}
+R

{
ẋc
ẏc

}
(10.9)

and the rotating damping forces are expressed in fixed frame as{
Fx
Fy

}
= RT

{
Fu
Fv

}
= −crRT Ṙ

{
xc
yc

}
− cr

{
ẋc
ẏc

}
after using the property of a rotation matrix that RTR = I. Besides, since

RT Ṙ = Ω

[
0 1
−1 0

]
(10.10)

one gets the following expression for the rotating damping forces expressed
in stationary frame{

Fx
Fy

}
= −crΩ

[
0 1
−1 0

]{
xc
yc

}
− cr

{
ẋc
ẏc

}
(10.11)

Overall, after including the rotating and the stationary damping, Equ.(10.3)
becomes[
m 0
0 m

]{
ẍc
ÿc

}
+

[
cs + cr 0

0 cs + cr

]{
ẋc
ẏc

}
+

[
k Ωcr

−Ωcr k

]{
xc
yc

}
= mεΩ2

{
cosΩt
sinΩt

}
+

{
Fx
Fy

}
(10.12)

The rotational damping is responsible for a skew-symmetric term in the
stiffness matrix, proportional to the spin velocity Ω.

If one uses the complex coordinate zc = xc+jyc, the equation governing
the complex amplitude can be constructed by adding the first equation
to the second one after multiplying by j; one finds

mz̈c + (cs + cr)żc + (k − jcrΩ)zc = mεΩ2ejΩt + Fn (10.13)

The skew-symmetric term in the stiffness matrix in real coordinates ap-
pears as an imaginary term in the stiffness in complex coordinate.
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10.2.5 Stability in presence of damping

The free whirling of the system with damping may be analyzed from the
homogeneous part of either of the above equations (after cancelling the
right hand side). Starting from Equ.(10.12),[
m 0
0 m

]{
ẍc
ÿc

}
+

[
cs + cr 0

0 cs + cr

]{
ẋc
ẏc

}
+

[
k Ωcr

−Ωcr k

]{
xc
yc

}
= 0

(10.14)
Assuming a free response of the form rc = r0e

st, the system is stable if
the solutions s satisfy Re(s) ≤ 0. Upon substituting rc in the previous
equation,[

ms2 + (cs + cr)s+ k Ωcr
−Ωcr ms2 + (cs + cr)s+ k

]{
x0
y0

}
= 0 (10.15)

A non trivial solution exists if the determinant vanishes. This gives the
characteristic equation

[ms2 + (cs + cr)s+ k]2 +Ω2c2r = 0 (10.16)

Notice that, because of the rotating damping, the characteristic equation
depends on the spin velocity Ω. The stability may be analyzed with the
Routh-Hurwitz stability criterion. After going through the burden of the
algebra (which is omitted here), one can show that the system becomes
unstable for

Ω >

√
k

m
.(1 +

cs
cr
) (10.17)

Thus, in the supercritical range, the stability is control by the ratio be-
tween the stationary damping cs and the rotating damping cr; increasing
the rotating damping will tend to reduce the spin velocity leading to in-
stability; the rotating damping destabilizes the system.

10.3 Gyroscopic effects

The Jeffcott rotor assumes that the rotating disk can be represented by a
point mass and ignores the angular momentum of the rotating disk. Such a
simplistic representation cannot account for the gyroscopic effects, which
result from the interaction between the spin of the disk and the bending
of the shaft. This issue is considered below in the simplest way, using a
two d.o.f. model obtained with the Rayleigh-Ritz method.
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Fig. 10.5. Description of the kinematics of the bending of the shaft; the frame {x, y, z}
is inertial; the z axis is aligned on the undeformed shaft and the disk is located at z = a.
The bending of the shaft is assumed of the form u = f(z).q1(t) and v = f(z).q2(t).

The shaft is assumed to be symmetric and massless; the disk is located
at z = a along the shaft; it is characterized by its mass m and polar
moment of inertia Iz and transversal moment of inertia Ix. Following the
Rayleigh-Ritz approximation (Chapter 5), the transverse displacements
in inertial frame are assumed of the form

u = f(z).q1(t)
v = f(z).q2(t)

(10.18)

where f(z) is a shape function satisfying the geometric boundary condi-
tions (Fig.10.5) and q1(t) and q2(t) are the two generalized coordinates
representing the transverse vibration of the shaft in the (x, z) plane and
the (y, z) plane, respectively. The function f(z) is chosen in such a way
that f(a) = 1, so that q1(t) and q2(t) are the displacements u and v of
the elastic center of shaft at the location of the disk. The rotor is assumed
to remain orthogonal to the shaft; its wobbling is represented by the two
angles describing the slope of the rotor. Let θ be the rotation of the disk
about x and ψ the rotation about y (θ and ψ are assumed to be small,
≪ 1). From Fig.10.6 and the foregoing equation,

θ = −[∂v∂z ]z=a = −f ′(a).q2(t)

ψ = [∂u∂z ]z=a = f ′(a).q1(t)

(10.19)

[the negative sign for the first equation is due to the definition of the angle
θ about the x axis which is opposite to the definition of the slope of f(z)
in the (y, z) plane].
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Fig. 10.6. Relation between the rotation of the disk and the bending of the shaft;
θ = −(∂v/∂z)z=a. A similar figure may be drawn for the bending in the (x, z) plane,
leading to ψ = (∂u/∂z)z=a.

The strain energy may be expressed in the same form as for the Jeff-
cott rotor. Assuming that the shaft behaves as a Bernoulli beam without
prestress, the strain energy reads 4

V =
1

2

∫ L

0
EI[(

∂2u

∂z2
)2 + (

∂2v

∂z2
)2]dz (10.20)

Substituting u and v from Equ.(10.18), one finds

V =
1

2
k(q21 + q22) (10.21)

where

k =
1

2

∫ L

0
EI[f ′′(z)]2dz

This equation has exactly the form of Equ.(10.2). The kinetic energy is
more complicated, because it includes not only the translational energy
(associated with the translation of the center of mass), but also the rota-
tional energy of the disk, which can be expressed simply only in a frame
moving with the disk. Such a frame is obtained by performing two rota-
tions as explained below.

10.3.1 Kinetic energy of a rigid disk

Since the disk is axisymmetric, two rotations are needed to transform the
inertial frame {x, y, z} aligned on the undeformed axis of rotation into a
moving frame where the tensor of inertia is diagonal (and constant):

1. Rotation ψ about the axis y of the inertial frame

4 The Rayleigh-Ritz method may handle more complicated situations if the appropri-
ate expression of the strain energy is used.
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{x, y, z} ⇒ {x1, y, z1}

The rotation matrix is

Rψ =

 cosψ 0 sinψ
0 1 0

− sinψ 0 cosψ

 (10.22)

2. Rotation θ about the axis x1 of the moving frame

{x1, y, z1} ⇒ {x1, y2, z2}

The rotation matrix is

Rθ =

 1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 (10.23)

The axis z2 is aligned on the deformed shaft; in the reference frame
{x1, y2, z2}, the disk rotates about z2 at Ω (spin) and the inertia ten-
sor about the center of mass is diagonal,

J =

 Ix 0 0
0 Ix 0
0 0 Iz

 (10.24)

The rotation velocity of the disk can be obtained as follows:

ω⃗ = Ω z⃗2 + θ̇ x⃗1 + ψ̇ y⃗ (10.25)

The first two components belong to the same reference frame; the third
component may be transformed into the moving frame {x1, y2, z2} using
the rotation matrix RTθ , and the result may be further simplified by taking
advantage of small rotations, according to which cos θ ≃ 1, sin θ ≃ θ, 1 0 0

0 cos θ sin θ
0 − sin θ cos θ


0

ψ̇
0

 =


0

ψ̇ cos θ

−ψ̇ sin θ

 ≃


0

ψ̇

−ψ̇θ


Finally, the absolute velocity is expressed in moving frame:

ω =


θ̇

ψ̇

Ω − ψ̇θ

 (10.26)
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and the rotational kinetic energy reads

Tω =
1

2
ωTJω =

1

2
Ix(θ̇

2 + ψ̇2) +
1

2
Iz(Ω − ψ̇θ)2

≃ 1

2
[Ix(θ̇

2 + ψ̇2) + Iz(Ω
2 − 2Ωψ̇θ)] (10.27)

after deleting the higher order term (ψ̇θ)2. As discussed in chapter 3,
the rotational kinetic energy has the form Tω = T2 + T1 + T0 where
T2 = Ix/2(θ̇

2 + ψ̇2) is homogeneous quadratic in the generalized veloci-
ties θ̇ and ψ̇, T1 = −IzΩψ̇θ is homogeneous linear and T0 = IzΩ

2/2 is
constant (T0 may be removed, because it will disappear in the derivatives
of the Lagrange equations). T1 is responsible for the gyroscopic effects,
proportional to the angular momentum IzΩ of the rotor.5

The total kinetic energy is the sum of the translational kinetic energy,
associated with the motion of the center of mass, and the rotational kinetic
energy,

T =
1

2
m[u̇2(a) + v̇2(a)] +

1

2
[Ix(θ̇

2 + ψ̇2)− 2IzΩψ̇θ)] (10.28)

Taking into account the kinematic assumptions (10.18) and the relation-
ships between the angles and displacements, (10.19),

T =
1

2
M(q̇21 + q̇22) +ΩΘ q̇1q2 (10.29)

where M = m+ Ixf
′(a)2 is the generalized mass and Θ = Izf

′(a)2 is the
gyroscopic constant (it is expressed in the same units as M).

If a small eccentricity of the center of mass is included, in order to
analyze the unbalance response of the rotor (Fig.10.1), the translational
kinetic energy must be expressed according to Equ.(10.1), leading to the
additional contribution

Tε = mεΩ(−q̇1 sinΩt+ q̇2 cosΩt) (10.30)

As in the Jeffcott rotor, this term will be responsible for the rotating
unbalanced forces.

5 Note that the order in which the rotations were performed in this section was totally
arbitrary; it could have been done in the opposite order, θ first and ψ next; leading
to ψθ̇ instead of ψ̇θ in the last term of Tω.
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10.3.2 Dynamics including gyroscopic effects

Combining Equ.(10.21), (10.29) and (10.30), the Lagrangian of the system
is

L =
1

2
M(q̇21 + q̇22)+ΩΘ q̇1q2+mεΩ(−q̇1 sinΩt+ q̇2 cosΩt)−

1

2
k(q21 + q22)

If there are external forces acting in the fixed reference frame, their virtual
work is δW = F1δq1 + F2δq2 and the Lagrange equations read

Mq̈1 +ΩΘq̇2 + kq1 = mεΩ2 cosΩt+ F1

Mq̈2 −ΩΘq̇1 + kq2 = mεΩ2 sinΩt+ F2

(10.31)

or, in matrix form,[
M 0
0 M

]
q̈+

[
0 ΩΘ

−ΩΘ 0

]
q̇+

[
k 0
0 k

]
q = mεΩ2

{
cosΩt
sinΩt

}
+ F

(10.32)
with q = (q1, q2)

T and F = (F1, F2)
T . These equations may be further

extended in a straightforward manner to include stationary and rotating
damping as in section 10.2.4. They are identical to those of the Jeffcott
rotor, except for the presence of the skew symmetric matrix of gyroscopic
effects, whose magnitude is proportional to the angular momentum IzΩ.

If the complex coordinate zc = q1+jq2 is used, the foregoing equations
may be rewritten in the same way as in the previous section

Mz̈c − jΩΘżc + kzc = mεΩ2ejΩt + Fn (10.33)

where Fn = F1+jF2. Observe that, if Θ = 0 (i.e. if the angular momentum
of the disk is neglected), this equation reduces itself to that of the Jeffcott
rotor, Equ.(10.5).

10.3.3 Free whirl, Campbell diagram

The free motion of the rotor is governed (in complex coordinate) by

Mz̈c − jΩΘżc + kzc = 0 (10.34)

A solution of the form zc = z0e
st exists where s is solution of the algebraic

equation
Ms2 − jΩΘs+ k = 0 (10.35)
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The solutions are all imaginary, s = jω1 and s = −jω2 with

ω1 =

√
k

M
+
Ω2Θ2

4M2
+
ΩΘ

2M
, ω2 =

√
k

M
+
Ω2Θ2

4M2
− ΩΘ

2M
(10.36)

The free response is

zc = Z1 e
jω1t + Z2 e

−jω2t = zf (t) + zb(t) (10.37)

where Z1 and Z2 are complex numbers depending on the initial conditions.
Once again, the solution is the sum of two rotating vectors, a circular
forward whirl (in the same direction as the spin of the shaft), zf (t) =
Z1 e

jω1t, at the frequency ω1 larger than the natural frequency of the
non rotating shaft, ωn =

√
k/M , and a backward whirl (in the direction

opposed to the spin of the shaft), zb(t) = Z2 e
−jω2t, at a frequency ω2 <

ωn. Since the two eigenvalues are purely imaginary for all speeds, no
instability occurs in absence of rotating damping. It is not difficult to
extend the foregoing discussion to include viscous damping, following the
same approach as in section 10.2. In presence of rotary damping, stability
becomes an issue, as for the Jeffcott rotor.

The diagram of the natural frequencies as a function of the spin rota-
tion is known as the Campbell diagram (Fig.10.7). The natural frequency
of the forward whirl (FW), ω1, increases with Ω while the of the backward
whirl (BW), ω2 decreases. Since many disturbances occur in relation with

A
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WWcr

w

w
1

w
2

B

Forward Whirl

Backward Whirl

W

w

Fig. 10.7. Campbell diagram of the rotor with gyroscopic effects. The natural frequen-
cies depend on the rotor speed. The straight line starting from the origin corresponds
to ω = Ω. The critical speed Ωcr is the rotor speed when the imbalance excitation (at
the rotor speed) is exactly tuned on the natural frequency ω1 of the forward whirl, at
point A in the diagram.
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the spin velocity, it is important to avoid to operate at a spin velocity
equal to a natural frequency of the rotor. For the forward whirl, this con-
dition is achieved at the intersection between the natural frequency ω1

and the line ω = Ω, for

ω1 =

√
k

M
+
Ω2Θ2

4M2
+
ΩΘ

2M
= Ω

or

Ωcr =

√
k

M −Θ
(10.38)

This spin velocity corresponds to point A on the Campbell diagram and
Ωcr is the critical velocity. Observe that there is no solution for Θ > M
(we will come back to this later). For the backward whirl, the condition
is

ω2 =

√
k

M
+
Ω2Θ2

4M2
− ΩΘ

2M
= Ω

or

Ω =

√
k

M +Θ
(10.39)

This corresponds to point B in the Campbell diagram.
More generally, some disturbances (e.g. from ball bearings) occur at

frequencies related, but not equal to the spin velocity; the condition for
the spin velocity to be a multiple of the natural frequency (ωi = αΩ) is,
for the forward whirl,

ω1 =

√
k

M
+
Ω2Θ2

4M2
+
ΩΘ

2M
= αΩ

or

Ω =

√
k

α(αM −Θ)
(10.40)

and for the backward whirl

ω2 =

√
k

M
+
Ω2Θ2

4M2
− ΩΘ

2M
= αΩ

or

Ω =

√
k

α(αM +Θ)
(10.41)
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10.3.4 Unbalance response

The unbalance response is governed by

Mz̈c − jΩΘżc + kzc = mεΩ2ejΩt (10.42)

A particular solution of the form zc(t) = z0e
jΩt of a forward whirl at the

spin velocity exists with the complex amplitude

z0 =
mεΩ2

k + (Θ −M)Ω2
(10.43)

The amplitude of the response is illustrated in Fig.10.8. It tends to infinity
at the critical frequency Ωcr defined by (10.38) (point A in the Campbell
diagram of Fig.10.7). Thus, the critical speed is the rotor speed at which
the unbalance excitation (at the rotor speed) is exactly tuned on the
natural frequency of the forward whirl. Observe that the rotor does not
respond to the mass unbalance at the frequency of the backward whirl
(point B on the Campbell diagram). In general, rotors have more than
one forward whirl modes and there are several critical speeds.
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Fig. 10.8. Amplitude of the unbalanced response as a function of the spin velocity.

10.3.5 Response to an asynchronous force

The response to an asynchronous force corresponds to F1 = F0 cosωt and
F2 = 0 and ε = 0. Since cosωt = 1

2 [e
jωt + e−jωt], Equ.(10.33) becomes

Mz̈c − jΩΘżc + kzc =
F0

2
[ejωt + e−jωt] (10.44)
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The excitation is the superposition of a forward rotating force at ω and
a backward rotating force of the same amplitude at the same frequency.
The response may be found by superposition. The response to the forward
rotating force has the form zc = Z1e

jωt and, upon substituting in the
foregoing equation, one finds

Z1 =
F0/2

k + ωΩΘ − ω2M

which has a resonance peak at ω = ω1 given by (10.36). Similarly, the
response to the backward rotating force has the form zc = Z2e

−jωt with

Z2 =
F0/2

k − ωΩΘ − ω2M

with a resonance peak at ω = ω2 given by (10.36). The overall response
is the sum of these two contributions:

zc =
F0

2
[

ejωt

k + ωΩΘ − ω2M
+

e−jωt

k − ωΩΘ − ω2M
] (10.45)

The response is the sum of a forward whirl and a backward whirl whose
amplitudes are illustrated in Fig.10.9. The backward whirl dominates
when ω < ωn and the forward whirl dominates for ω > ωn. Thus, the
response to a sweeping asynchronous force has two peaks, respectively at
ω1 and ω2 given by (10.36). This property may be used to reconstruct the
Campbell diagram by performing tests at various rotor speeds.
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Fig. 10.9. Response to an asynchronous force F1 = F0 cosωt. Amplification of the
forward and the backward whirl; |Z̃i| = 2k|Zi|/F0. The backward whirl dominates for
ω < ωn and the forward whirl dominates for ω > ωn.
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10.4 Rigid rotor on elastic supports

In this section, we consider a rigid rotor on elastic supports with isotropic
stiffness k (Fig.10.10). The center of mass C of the rotor is located at
distances a and b from the bearings; the polar moment of inertia is Iz
and the transversal moment of inertia is Ix (identical in all directions
orthogonal to z). If Iz > Ix, the body is referred to as a disk (for a thin
disk, Iz = 2Ix); if Ix > Iz, it is called a long rotor. The system kinematics

k
k

x

a

q

u

z

y v
y

b

k
k

C

Fig. 10.10. Rigid axisymmetric rotor on isotropic elastic supports.

is described by 4 coordinates: the transverse displacements (u, v) of the
center of mass, and the (small) rotations of the system: θ about x (positive
according to the “corkscrew rule”) and ψ about y. With these coordinates,
the displacements at the supports are respectively:

u1 = u− ψa u2 = u+ ψb

v1 = v + θa v2 = v − θb
(10.46)

The strain energy in the elastic supports reads

V =
1

2
k(u21 + v21 + u22 + v22)

and, combining with the equations describing the kinematics,

V =
1

2
k [2u2 + 2v2 + (ψ2 + θ2)(a2 + b2) + (2uψ − 2vθ)(b− a)] (10.47)

If the rotor is symmetric with respect to its supports, a = b and the
last term disappears. The kinetic energy of the rigid rotor is the sum of
the translational kinetic energy of the center of mass and the rotational
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kinetic energy about the center of mass, given by Equ.(10.27). The total
kinetic energy is

T =
1

2
m(u̇2 + v̇2) +

1

2
[Ix(θ̇

2 + ψ̇2) + Iz(Ω
2 − 2Ωψ̇θ)] (10.48)

From now on, we will assume that the rotor is symmetric with respect to
its supports, a = b. The four Lagrange equations are

mü+ 2ku = 0

mv̈ + 2kv = 0
(10.49)

Ixθ̈ + IzΩψ̇ + 2ka2θ = 0

Ixψ̈ − IzΩθ̇ + 2ka2ψ = 0

(10.50)

Thus, for a rotor with symmetric supports (a = b), the equations are
decoupled in two independent sets: the first two are those of a Jeffcott
rotor (of stiffness 2k) while the other two are identical to (the left hand
side of ) Equ.(10.31). Introducing the complex coordinates zc = u + jv
and qc = θ + jψ, they are rewritten

mz̈c + 2kzc = 0 (10.51)

Ixq̈c − jIzΩq̇c +Kϕqc = 0 (10.52)

with the notation Kϕ = 2ka2. The first equation has already been dis-
cussed for the Jeffcott rotor; it corresponds to a cylindrical mode whose
frequency is not affected by the spin velocity Ω. The second equation
corresponds to a conical mode (Fig.10.11); the eigenvalues have already
been analyzed in section 10.3.3; a solution of the form qc = q0e

st exists if
s is solution of the algebraic equation

Ixs
2 − jIzΩs+Kϕ = 0 (10.53)

The solutions are purely imaginary and consist of a Forward Whirl (FW)
at s = jω1

ω1 =

√
Kϕ

Ix
+
I2zΩ

2

4I2x
+
IzΩ

2Ix
(10.54)

and a Backward Whirl (BW) at s = −jω2
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Fig. 10.11. Mode shapes of the rigid axisymmetric rotor on isotropic elastic supports.
(a) Cylindrical mode. (b) Conical mode. The frequency of the cylindrical mode is not
affected by gyroscopic effects.

ω2 =

√
Kϕ

Ix
+
I2zΩ

2

4I2x
− IzΩ

2Ix
(10.55)

Using the ratio δ = Iz/Ix and ω0 =
√
Kϕ/Ix (ω0 is the natural frequency

when the spin velocity is Ω = 0)

ω1 =

√
ω2
0 +

δ2Ω2

4
+
δΩ

2
(10.56)

ω2 =

√
ω2
0 +

δ2Ω2

4
− δΩ

2
(10.57)

The Campbell diagram of the conical modes is represented in Fig.10.12;
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Fig. 10.12. Rigid axisymmetric rotor on isotropic elastic supports: Campbell diagram
of the conical modes for various values of the ratio δ = Iz/Ix. The downward curve
BW refers to the backward mode. The increasing curves refer to the forward mode
for various values of δ = Iz/Ix. The critical speed corresponds to point A; there is no
critical speed if δ > 1.
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the frequency ω2 of the backward whirl decreases with Ω and goes to 0
as Ω → ∞. The frequency ω1 of the forward whirl is increasing with Ω
and is asymptotically ω1 = δΩ. It follows that for a disk like rotor such
that δ > 1, there is no intersection with the line ω = Ω, which means
that there is no critical speed. For a long rotor (δ < 1), there is a critical
speed, given by Equ.(10.38); in this case

Ωcr =

√
Kϕ

Ix − Iz
(10.58)

The complete Campbell diagram of the rigid rotor is shown in Fig.10.13
for the two situations where the frequency ω0 of the conical mode is either
lower or higher than that of the cylindrical mode (which is not affected
by the rotor speed).

w

Conical BW

W

Conical FW

Cylindrical

w

W

Conical BW

Conical FW

Cylindrical

Fig. 10.13. Campbell diagram of the rigid rotor. (a) The frequency ω0 of the conical
mode is lower than that of the cylindrical mode. (b) Higher.

10.5 Anisotropy of the shaft and the supports

The Jeffcott rotor is sufficient to analyze various forms of anisotropy.

10.5.1 Anisotropic supports

If the supports have an anisotropic stiffness, a force applied in one direc-
tion produces, in general, a displacement in another direction (Fig.10.14).
The polar diagram of the stiffness in fixed frame is an ellipse and we as-
sume that the principal elastic axes are along Ox and Oy, with
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x
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kx
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F

D

Fig. 10.14. Support with anisotropic stiffness; a force F⃗ produces in general a dis-
placement ∆⃗ in another direction.

Fx = −kxx, Fy = −kyy

Assuming that the Jeffcott rotor consists of a rigid shaft supported by
an elastic support, the entire stiffness of the system is provided by the
support, leading to the governing equation

mẍc + kxxc = mεΩ2 cosΩt+ Fx
mÿc + kyyc = mεΩ2 sinΩt+ Fy

(10.59)

where the right hand side contains, as in section 10.2, the unbalance force
and the external force applied to the system. Considering the homoge-
neous equation, it is clear that there are two natural frequencies (assuming
kx < ky)

ω1 =

√
kx
m

and ω2 =

√
ky
m

Since the gyroscopic effects have been ignored, these are independent of
the spin velocity, and the Campbell diagram consists of two horizontal
straight lines. Proceeding as in section 10.2.1, the unbalanced response
has the form {

xc = x0 cosΩt
yc = y0 sinΩt

}
with

x0 = ε
mΩ2

kx −mΩ2
and y0 = ε

mΩ2

ky −mΩ2
(10.60)

The orbit in the (x, y) plane is an ellipse with the principal axes directed
along x and y. There are two critical speeds, Ωcr1 = ω1 for which the
motion occurs in a straight line along the x axis, and Ωcr2 = ω2 corre-
sponding to a straight line along the y axis. For Ω < Ωcr1, the response
in the two planes have the same sign and are 900 out of phase; the orbit
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is an ellipse in the forward direction, which elongates along the x axis
as Ω approaches Ωcr1 (Fig.10.15). For Ωcr1 < Ω < Ωcr2, the response
along x is negative while that along y is positive; they produce an ellip-
tical motion in the backward direction; the ellipse is elongated along the
x axis when Ω is close to Ωcr1 and it is elongated along the y axis when
Ω approaches Ωcr2. For some value of Ω, the trajectory is circular. It is
quite remarkable that this backward synchronous whirl may be excited
by the unbalance excitation which is, by nature, in the forward direction.
For Ω > Ωcr2, the amplitudes along the two axes have again the same
sign, which corresponds to an elliptic orbit in the forward direction, ini-
tially elongated along the y axis when Ω is close to Ωcr2, and it becomes
eventually a circle as Ω → ∞, because both amplitudes x0 and y0 are
asymptotically equal to −ε. Thus, the rotor tends to be self-centering,
also with anisotropic supports.
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Fig. 10.15. Orbits of a Jeffcott rotor with anisotropic support, for various values of
the spin velocity. For Ω < Ωcr1, the orbit is an ellipse in the forward direction. When
Ωcr1 < Ω < Ωcr2, the orbit is an ellipse in the backward direction. For Ω > Ωcr2, the
orbit is an ellipse in the forward direction again, and for Ω ≫ Ωcr2, the orbit becomes
a circle of radius ε in the forward direction.
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10.5.2 Anisotropic shaft

Consider the Jeffcott rotor with an anisotropic shaft (e.g. with a rectan-
gular cross section, Fig.10.16.a) The polar diagram of the stiffness is an
ellipse in rotating frame,6 with its principal axis along Ou and Ov, and{

Fu
Fv

}
=

[
−ku 0
0 −kv

]{
uc
vc

}
(10.61)

Since the elastic properties are constant in the rotating frame Ouv, we
shall write the equation of motion in rotating frame. The coordinates
of the elastic center C expressed in two reference frames, rc = (xc, yc)

T

in fixed frame and qc = (uc, vc)
T in rotating frame are related by the

rotation matrix (10.8)

rc =

{
xc
yc

}
=

[
cosΩt − sinΩt
sinΩt cosΩt

]{
uc
vc

}
= RTqc (10.62)

It follows that the absolute velocity is

ṙc = ṘTqc +RT q̇c (10.63)

or, after some elementary algebra,

ẋc = cosΩt(u̇c −Ωvc)− sinΩt(v̇c +Ωuc)

ẏc = sinΩt(u̇c −Ωvc) + cosΩt(v̇c +Ωuc)

and, if one assumes that the mass m is located at the elastic center (no
eccentricity) the kinetic energy reads

x

y

Wt

u
v

C

Pe

(a) (b)

Wt

u
v

a

Fig. 10.16. (a) Rotor with anisotropic shaft. The elastic axes are assumed to coincide
with Ou and Ov. (b) With eccentricity, the center of mass P is located at εu = ε cosα
and εv = ε sinα in the rotating frame.

6 in the previous section, the polar stiffness of the support was an ellipse in fixed
frame.
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T =
1

2
m(ẋ2c + ẏ2c ) =

1

2
m[(u̇c −Ωvc)

2 + (v̇c +Ωuc)
2] (10.64)

This form is identical to Equ.(3.35) in section 3.6.6. The strain energy
can be written similarly

V =
1

2
kuu

2
c +

1

2
kvv

2
c (10.65)

Thus, the Lagrangian of the (perfectly balanced) Jeffcott rotor in rotating
coordinates has the same form as that of the system considered in section
3.6.6; consequently, the inertia and elastic contributions to the governing
equations will be the same. Let us examine the damping forces.

As in section 10.2.4, the damping forces consist of a stationary part,
associated with the velocity in the fixed frame, and given in fixed frame by
Fs = −csṙc, and a rotating one, associated with the velocity in rotating
frame, given (in rotating frame) by Fr = −crq̇c. The projection of the
stationary damping forces in rotating frame is RFs. Overall, the damping
forces expressed in rotating frame are

Fq = RFs + Fr (10.66)

and, substituting ṙc from Equ.(10.63), taking into account that RRT = I,
one finds

Fq = −cs(RṘT )qc − (cs + cr)q̇c (10.67)

with

RṘT = Ω

[
0 −1
1 0

]
(10.68)

Upon writing the Lagrange equations, one finds[
m 0
0 m

]{
üc
v̈c

}
+

[
cs + cr −2mΩ
2mΩ cs + cr

]{
u̇c
v̇c

}
+[

ku −Ω2m −csΩ
csΩ kv −Ω2m

]{
uc
vc

}
= 0 (10.69)

The reader will observe that this equation is identical to (3.36), except
for the damping term which, in the present case, consists of two identical
components cr along the rotating axis and two equal components cs along
the fixed frames.7 Before examining the stability of this homogeneous
equation, let us consider the effect of an eccentricity.

7 In the analysis of the Jeffcott rotor with damping, the shaft stiffness was isotropic
and Equ.(10.12) was written in fixed frame. On the contrary, Equ.(10.69) is written
in rotating frame, because of the anisotropy of the shaft.
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10.5.3 Unbalance response of an anisotropic shaft

If the eccentricity is added, the center of mass is located at ε at an angle
α from the axis Ou (Fig.10.16.b); P is at up = εu = ε cosα and vp = εv =
ε sinα in the rotating frame; It follows from Equ.(10.63) that the velocity
of the center of mass in fixed frame is given by{

ẋp
ẏp

}
= ṘT

{
uc + εu
vc + εv

}
+RT

{
u̇c
v̇c

}
(10.70)

The kinetic energy becomes slightly more complicated

T =
1

2
m(ẋ2p + ẏ2p) =

1

2
m[(u̇c −Ωvc)

2 + (v̇c +Ωuc)
2

+2(v̇c +Ωuc)Ωεu − 2(u̇c −Ωvc)Ωεv +Ω2ε2] (10.71)

Upon writing the Lagrange equations, the unbalance excitation appears
in the right hand side of the equation; everything else remains the same.[

m 0
0 m

]{
üc
v̈c

}
+

[
cs + cr −2mΩ
2mΩ cs + cr

]{
u̇c
v̇c

}
+[

ku −Ω2m −csΩ
csΩ kv −Ω2m

]{
uc
vc

}
=

{
mΩ2εu
mΩ2εv

}
(10.72)

Thus, the unbalance excitation is constant in rotating frame, and the
steady state response is solution of[

ku −Ω2m −csΩ
csΩ kv −Ω2m

]{
uc
vc

}
=

{
mΩ2εu
mΩ2εv

}
(10.73)

In absence of stationary damping,

uc = εu
mΩ2

ku −mΩ2
and vc = εv

mΩ2

kv −mΩ2
(10.74)

This corresponds to a circular whirling with a constant amplitude in the
fixed frame. There are two critical velocities for which the amplitude is
unbounded:

Ωcr1 = ω1 =

√
ku
m

and Ωcr2 = ω2 =

√
kv
m

(10.75)
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10.5.4 Stability of an anisotropic shaft

Let us now return to the homogeneous equation (10.69) and examine the
conditions for stability in the absence of damping. Assuming a solution
of the form qc = q0e

st, the system is stable if the solutions s satisfy
Re(s) ≤ 0. Upon substituting (assuming cr = cs = 0), one finds[

ms2 + ku −Ω2m −2mΩs
2mΩs ms2 + kv −Ω2m

]{
u0
v0

}
= 0 (10.76)

or [
s2 + ω2

1 −Ω2 −2Ωs
2Ωs s2 + ω2

2 −Ω2

]{
u0
v0

}
= 0 (10.77)

A non trivial solution exists if the determinant vanishes. This gives the
characteristic equation

s4 + s2[ω2
1 + ω2

2 + 2Ω2] + (ω2
1 −Ω2)(ω2

2 −Ω2) = 0 (10.78)

The third coefficient is positive for Ω < ω1 and Ω > ω2 (assuming that
ω1 < ω2), which will lead to purely imaginary eigenvalues; the system is
stable. However, for ω1 < Ω < ω2, the third coefficient of the character-
istic equation becomes negative and the system is unstable.8 Thus, the
elastic anisotropy of the shaft is responsible for a range of unstable spin
velocities in the interval between the critical velocities,

ω1 < Ω < ω2 (10.79)

Figure 10.17 shows the evolution of the real and imaginary parts of the
eigenvalues; these are purely imaginary, except for ω1 < Ω < ω2 where
the system is unstable (one of the eigenvalues has a positive real part).

In presence of rotating damping alone, Equ.(10.77) may be rewritten[
s2 + 2ξ1ω1 s+ ω2

1 −Ω2 −2Ωs
2Ωs s2 + 2ξ2ω2 s+ ω2

2 −Ω2

]{
u0
v0

}
= 0

The characteristic equation reads

8 When the characteristic equation is written in the form

d(s) = sn + a1s
n−1 + a2s

n−2 + . . .+ an = 0

if one coefficient becomes negative, the system is unstable.
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Fig. 10.17. Evolution with the spin velocity Ω of the real and imaginary parts of
the eigenvalues of an undamped rotor with anisotropic shaft. The imaginary part is
the Campbell diagram starting from ω1 and ω2. The eigenvalues are purely imaginary,
except for ω1 < Ω < ω2 where they are real and one of them is positive.

s4 + 2(ξ1ω1 + ξ2ω2)s
3 + [ω2

1 + ω2
2 + 2Ω2 + 4ξ1ξ2ω1ω2]s

2 + 2[ξ1ω1

(ω2
2 −Ω2) + ξ2ω2(ω

2
1 −Ω2)]s+ (ω2

1 −Ω2)(ω2
2 −Ω2) = 0 (10.80)

The coefficients of the polynomial satisfy a1 > 0 and a2 > 0 for all Ω;
a4 < 0 for ω1 < Ω < ω2 as in the undamped case, but

a3 = 2[ξ1ω1(ω
2
2 −Ω2) + ξ2ω2(ω

2
1 −Ω2)] < 0

for all Ω > ω2. Thus, in presence of rotating damping alone, the
anisotropic rotor is unstable for all spin velocities above the critical fre-
quencies. This result is consistent with Equ.(10.17) for an isotropic rotor.
In more complicated situations, the frequency range of stability may be
identified by tracking the eigenvalues of Equ.(10.69) for different values
of the spin velocity Ω.

10.6 Vibrating angular rate sensor

Angular rate sensors are used in many control systems, including satellite
attitude control or car dynamic stability systems (known as ESP). Vibrat-
ing angular rate sensors are based on Coriolis forces and are governed by
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the same equations as rotors, which justifies their treatment here.9 The
system involves two lightly damped high frequency resonators with natu-
ral frequencies close, or equal to each other; one of them is harmonically
excited at a frequency close to the resonance, while the other is excited
by the Coriolis force due to the rotation, and constitutes the output of
the sensor.

W

x

y

k

k

m

f

(a) (b)

W

x

y

z

sensing
direction

excitation
direction

square rod piezoelectric
patches

Fig. 10.18. Vibrating angular rate sensor. (a) Conceptual design: the rod with a square
cross section is excited along Ox by piezoelectric patches acting as a bimorph actuator,
while another set of piezoelectric patches constitutes the sensing element along the
orthogonal direction Oy. (b) Model: point mass supported by two orthogonal springs
with identical stiffness, mounted on a rotating support; the mass is excited by a force
along Ox. The frequency of the oscillator is much larger than the angular speed to
measure, ωn ≫ Ω.

Figure 10.18.a shows a conceptual design of such a sensor (there are
many possible configurations); it consists of a rod with a square cross
section is excited along Ox by piezoelectric patches acting as a bimorph
actuator, while another set of piezoelectric patches constitutes the sensing
element along the orthogonal direction Oy. Because of the square cross
section, the two modes have the same natural frequency ωn, which is much
larger than the angular velocity to measure, ωn ≫ Ω. The system may
be modelled as in Fig.10.18.b, with the harmonic force f acting along the
Ox axis (and rotating with it). This system has already been analyzed in
section 3.6.6; the governing equations are

mẍ− 2mΩẏ + kx−mΩ2x = f

mÿ + 2mΩẋ+ ky −mΩ2y = 0
(10.81)

9 Note however that, contrary to rotors, the operating range of angular velocities Ω
is much smaller than the natural frequency of the vibrating system of the sensor.
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where the damping has been neglected and the stiffness has been assumed
isotropic. If the natural frequency ωn =

√
k/m is much larger than the

angular speed to measure, ωn ≫ Ω, the centrifugal term may be neglected
and the equation is rewritten

ẍ− 2Ωẏ + ω2
nx = f/m

ÿ + 2Ωẋ+ ω2
ny = 0

(10.82)

If the excitation is harmonic, f = f0e
jωt, the steady state response is also

harmonic at the same frequency x = x0e
jωt, y = y0e

jωt. Upon substituting
in the foregoing equation, one finds the algebraic equation[

ω2
n − ω2 −2jωΩ
2jωΩ ω2

n − ω2

]{
x0
y0

}
=

{
f0/m
0

}
(10.83)

leading to

x0 = [
ω2
n − ω2

(ω2
n − ω2)2 − 4ω2Ω2

]
f0
m

y0 = [
−2jωΩ

(ω2
n − ω2)2 − 4ω2Ω2

]
f0
m

= [
−2jωΩ

ω2
n − ω2

] x0 (10.84)

Thus, the Coriolis forces induce a vibration along the axis Oy orthogo-
nal to the harmonic excitation; this vibration is 900 out of phase with
the response along Ox and its amplitude is proportional to the rotation
velocity Ω. The sensitivity of the sensor is maximized if the excitation
frequency ω is close to the resonance frequency ωn (in practice the sensi-
tivity is limited by the damping in the system and the dissipation in the
transducting device).

10.7 Problems

P.10.1 In the analysis of the gyroscopic effects (section 10.3.1), the rota-
tion ψ was performed first followed by the rotation θ; in fact, the order is
arbitrary. Show that, if the rotations are performed in the reverse order,
the rotational kinetic energy in the disk may be written

Tω ≃ 1

2
[Ix(θ̇

2 + ψ̇2) + Iz(Ω
2 + 2Ωψθ̇)]

instead of (10.27). Show that this eventually leads to the same set of
equations (10.31).
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P.10.2 Consider a simply supported rotor; it consists of a steel shaft
(E = 210 GPa, ϱ = 7800 kg/m3) of l = 1 m and 15 mm diameter, a
steel disk of 300 mm diameter and 20 mm thickness, located at a distance
a = 0.25 m from a support.

1. Write the equations of the equivalent Jeffcott rotor.
2. Following the Rayleigh-Ritz method with f(z) = sin(πz/l), write

the dynamic model including the gyroscopic effects.
3. Draw the Campbell diagram and calculate the critical velocity (if

any).
P.10.3 In the analysis of the rotor with gyroscopic effects (section 10.3),
how would you handle a uniform axial preload acting on the shaft ?
P.10.4 Rigid rotor on elastic support: Show that in the general case a ̸= b
(Fig.10.10), the equations of motion are no longer decoupled and become:

mü+ 2ku+ k(b− a)ψ = 0

mv̈ + 2kv − k(b− a)θ = 0
(10.85)

Ixθ̈ + IzΩψ̇ + k(a2 + b2)θ − k(b− a)v = 0

Ixψ̈ − IzΩθ̇ + k(a2 + b2)ψ + k(b− a)u = 0

(10.86)

or in matrix form
M q̈+Gq̇+Kq = 0 (10.87)

with q = (u, v, θ, ψ)T , M = diag(m,m, Ix, Ix), and

G =


0 0 0 0
0 0 0 0
0 0 0 IzΩ
0 0 −IzΩ 0

 K =


2k 0 0 k(b− a)
0 2k −k(b− a) 0
0 −k(b− a) k(a2 + b2) 0

k(b− a) 0 0 k(a2 + b2)


P.10.5 Cantilever rotor (Stodola-Green rotor) with 4 d.o.f.: The rotor of
Fig.10.19 consists of a disk of mass m and polar and transverse moments
of inertia of respectively Iz and Ix and a shaft with uniform cross section.
If the shaft is modeled as a massless cantilever single beam element, show
that the equations of motion can be written in the form (10.87), with the
same expression of the mass and the gyroscopic matrices, and the stiffness
matrix:
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Fig. 10.19. Cantilever rotor (Stodola-Green rotor) with 4 d.o.f.

K =


12EI/l3 0 0 −6EI/l2

0 12EI/l3 6EI/l2 0
0 6EI/l2 4EI/l 0

−6EI/l2 0 0 4EI/l


Hint: the stiffness matrix of a beam element is given by Equ.(6.22); how-
ever the sign convention for the coordinates (v, θ) describing the beam
shape in the (z, y) plane is different from that used to describe the beam
finite element. As a result, the stiffness matrix in (v, θ) coordinates is

K =
EI

l3

[
12 6l
6l 4l2

]
P.10.6 Cantilever rotor with 2 d.o.f.: Assuming that the deformation of
the shaft is that of a uniform beam statically loaded by a point force at
the tip, the rotations are related to the translations by

θ = − 3

2l
v, ψ =

3

2l
u

Show that the equation of motion can be written

[m+Ix(
3

2l
)2]

[
1 0
0 1

]{
ü
v̈

}
+IzΩ(

3

2l
)2
[

0 1
−1 0

]{
u̇
v̇

}
+
3EI

l3

[
1 0
0 1

]{
u
v

}
= 0

What is the condition for this system to have a critical speed ? Establish
the analytical expression of the critical speed.
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Vibration alleviation

Un homme sage ni ne se laisse
gouverner, ni ne cherche à
gouverner les autres : il veut que
la raison gouverne seule, et
toujours.

La Bruyère, Les Caractères, 1688

11.1 Introduction

Mechanical vibrations are sometimes beneficial (e.g. vibration trans-
porters, ultrasonic vibration cleaning, or friction reduction), but most
of the time they are harmful; they span amplitudes from meters (civil
engineering) to nanometers (precision engineering) and frequencies from
a fraction of a Hertz to several kHz. Their detrimental effect on systems
may be of various natures:

Failure: vibration-induced structural failure may occur by excessive
strain during transient events (e.g. building response to earthquake), by
instability due to particular operating conditions (flutter of bridges under
wind excitation), or simply by fatigue (mechanical parts in machines).

Comfort: examples where vibrations are detrimental to comfort are
numerous: noise and vibration in helicopters, car suspensions, wind-
induced sway of buildings.

Operation of precision devices: numerous systems in precision en-
gineering, especially optical systems, put severe restrictions on mechanical
vibrations. Precision machine tools, wafer steppers and telescopes are typ-
ical examples [Moore’s law on the number of transistors on an integrated
circuit could not hold without a constant improvement of the accuracy of
wafer steppers and other precision machines]. The performances of large
interferometers such as the VLTI1 are limited by microvibrations affecting
the various parts of the optical path.

1 Very Large Telescope Interferometer built and operated by ESO in Paranal (Chili).
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Vibration reduction can be achieved in many different ways, depending
on the problem; the most common are stiffening, damping and isolation.
Stiffening consists of shifting the resonance frequency of the structure
beyond the frequency band of excitation. Damping consists of reducing
the resonance peaks by dissipating the vibration energy. Isolation consists
of preventing the propagation of disturbances to sensitive parts of the
systems.

Damping may be achieved passively with fluid dampers, eddy currents,
elastomers or hysteretic elements, which transform the kinetic energy into
heat. One can also use transducers as energy converters, to transform vi-
bration energy into electrical energy that is dissipated in electrical net-
works, or stored (energy harvesting). Recently, semi-active devices have
become available; they consist of passive devices with controllable prop-
erties. The Magneto-Rheological (MR) fluid damper is a famous example,
which is commonly used in modern car suspensions.

The first part of this chapter is devoted to the celebrated Dynamic
Vibration Absorbers (DVA). The idea consists of transferring the kinetic
energy of the vibrating structure to a properly tune and specially de-
signed single d.o.f. oscillator, where it is dissipated.2 Depending on the
application, it can also be called Tuned Mass Damper (TMD). Dynamic
Vibration Absorbers have been used very successfully to attenuate the
wind response of tall buildings; they are also used extensively in heli-
copters.

The second part of this chapter is devoted to the vibration isolation
between a disturbance source and a system which must remain quiet. This
problem has also numerous applications in vehicles, precision machines
and space structures.

11.2 Dynamic vibration absorber

Consider the single d.o.f. oscillator of mass m1, excited by an external
force f (Fig.11.1.a). The DVA consists of a secondary single d.o.f. system,
attached to the first one, with properties such that the response of the
primary system to the load f is reduced; the mass of the DVA is usually
much smaller than that of the primary system, (m2 ≪ m1). The choice of
the design parameters of the DVA, k2 and c2 depends on the nature of the
excitation, and in particular if the excitation is wide band or harmonic.

2 It was invented by H. Frahm in 1909; the underlying theory was developed by J.
Ormondroyd and J.P. Den Hartog in 1928.
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Fig. 11.1. (a) Single d.o.f. oscillator excited by an external force f . (b) Same system
equipped with a DVA.

Let us first write the governing equations. The system of Fig.11.1.b is
governed by the following equations:[
m1 0
0 m2

]{
ẍ1
ẍ2

}
+

[
c1 + c2 −c2
−c2 c2

]{
ẋ1
ẋ2

}
+

[
k1 + k2 −k2
−k2 k2

]{
x1
x2

}
=

{
f
0

}
or in Laplace form:[

m1s
2 + (c1 + c2)s+ (k1 + k2) −c2s− k2

−c2s− k2 m2s
2 + c2s+ k2

]{
x1
x2

}
=

{
f
0

}
(11.1)

The determinant of the matrix is

∆(s) = [m1s
2+(c1+c2)s+(k1+k2)][m2s

2+c2s+k2]−(c2s+k2)
2 (11.2)

and the solutions of the characteristic equation

∆(s) = 0 (11.3)

are the poles of the system. Inverting Equ.(11.1), one easily gets{
x1
x2

}
=

1

∆(s)

[
m2s

2 + c2s+ k2 c2s+ k2
c2s+ k2 m1s

2 + (c1 + c2)s+ (k1 + k2)

]{
f
0

}
(11.4)

This equation is the starting point for the analysis of the DVA.

11.3 Narrow band disturbance

Let us first consider the case of an harmonic excitation at the frequency
ω0, f = Fejω0t. This is typically the case when the excitation comes
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from the unbalance of a machine rotating at a constant speed, such as
the rotor of an helicopter, which produces unbalance forces at a frequency
multiple of the constant rotation frequency and the number of blades. The
response of the system is also harmonic, x1 = X1e

jω0t and x2 = X2e
jω0t;

from Equ(11.4), one readily finds that

X1

F
=
k2 + jω0c2 − ω2

0m2

∆(jω0)
(11.5)

and
X2

X1
=

k2 + jω0c2
k2 + jω0c2 − ω2

0m2
(11.6)

The first of these equation suggests that if the excitation frequency ω0 is
constant, the best choice of the parameters is c2 = 0 and ω2 =

√
k2/m2 =

ω0. In this case, the transmission zero between f and x1 is purely imag-
inary and tuned on the frequency of the excitation, which is therefore
canceled. c2 = 0 cannot be achieved exactly, but a small value will mini-
mize the response X1. The second equation may be rewritten

X2

X1
≃ 1

1− (ω0/ω2)2 + 2jξ2ω0/ω2
(11.7)

This equation may be used to tune the DVA: The structure is excited
harmonically at the frequency ω0 while two sensors are used to measure
x1 and x2; the frequency of the DVA is adjusted in such a way that the
two signals x1 and x2 are 900 out of phase (see Fig.1.7). DVAs may be
manufactured very simply with a cantilever plate with a tip mass whose
position may be adjusted, Fig.11.2. The efficiency of the system depends
very much on the quality of the tuning ω2 ≃ ω0.

11.4 Wide band disturbance

It is usual to introduce the following parameters:

ω1 =

√
k1
m1

, ω2 =

√
k2
m2

(11.8)

ξ1 =
c1

2m1ω1
, ξ2 =

c2
2m2ω2

(11.9)

Mass ratio: µ =
m2

m1
, Frequency ratio: ν =

ω2

ω1
(11.10)
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Fig. 11.2. (a) Helicopter with a DVA aimed at reducing the vibrations inside the
cockpit. (b) DVA made of a cantilever plate with an adjustable tip mass.

Typically, the mass ratio is µ ≃ 1 to 3%, to limit the weight penalty
associated with the DVA; the frequency ratio ν and the damping ratio ξ2
of the DVA are the design parameters which are adjusted to optimize the
performances of the absorber. The optimum values depend on the opti-
mization criteria; in all cases, ν is in general close to 1. From Equ.(11.4),
the transmissibility between the disturbance f and the displacement of
the primary mass is

x1
f

=
m2s

2 + c2s+ k2
(m1s2 + c1s+ k1)(m2s2 + c2s+ k2) +m2s2(k2 + c2s)

(11.11)

In terms of the foregoing parameters, the dynamic amplification reads:

k1x1
f

= H(s) =
s2/ω2

2+2ξ2s/ω2+1

(s2/ω2
1+2ξ1s/ω1+1)(s2/ω2

2+2ξ2s/ω2+1)+µs2/ω2
1(1+2ξ2s/ω2)

(11.12)
Figure 11.3 compares the dynamic amplification of the primary system

alone (single d.o.f. oscillator m1) to that of the system equipped with the
DVA, for fixed values of the mass ratio µ and of the frequency ratio ν,
but for various values of the damping ratio ξ2 of the DVA. One sees that
the single peak amplification of the primary system has been transformed
into a double peak amplification. For small values of the damping ratio ξ2,
the curve consists of two marked peaks and one marked transmission zero
(anti-resonance) in between; this zero has been exploited in the previous
section to attenuate the harmonic excitation. For larger values of the
damping ratio, the two peaks and the zeros are less marked. A remarkable
feature of these curves is that they all cross each other at two fixed points
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A and B. Let us now examine how the parameters ν and ξ2 may be chosen
to optimize the dynamic amplification.
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Fig. 11.3. Dynamic amplification of the primary system alone (ξ1 = 0.01) and
equipped with a DVA. All the curves correspond to the same mass ratio (µ = 0.03) and
frequency ratio (ν = 1). For small values of the damping ratio ξ2, the curve consists of
two marked peaks and one marked transmission zero in between. For larger values of
the damping ratio, the two peaks and the zeros are less marked. All the curves cross
each other at two fixed points A and B.

11.4.1 Equal peak design

The most popular design method is the so-called “equal peak design”,
which was historically developed by Den Hartog. The position of the two
points A and B in Fig.11.3 depends only on the frequency ratio ν; a
change of ν will increase the amplitude of one of them and reduce the
amplitude of the other; a reasonable choice for ν is therefore that leading
to equal amplitude at A and B; this is achieved when the frequency ratio
is

ν =
ω2

ω1
=

1

1 + µ
(11.13)

Besides, the damping ratio of the DVA is selected by enforcing that the
points A and B constitute the maxima of the dynamic amplification curve;
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this is achieve for

ξ2 =

√
3µ

8(1 + µ)
(11.14)

Figure 11.4 illustrates this design for various values of the mass ratio µ.
As µ increases, the frequency difference between the two peaks at A and
B increases and their amplitude is reduced. The maximum amplification
(quality factor) at A and B of the equal peak design depends only on the
mass ratio µ

Hmax = Q =

√
2 + µ

µ
≃
√

2

µ
(11.15)

Recall that, for a single d.o.f. system, the quality factor and the damping
ratio are related by Q = 1/2ξ. Therefore, for a mass ratio µ, the maximum
amplification will be that of a single d.o.f. with an equivalent damping
ratio ξe =

√
µ/8; for µ = 0.01, ξe ≃ 0.032; for µ = 0.02, ξe ≃ 0.05, etc...

There are other ways of choosing the absorber parameters: ν and ξ2
may be selected to minimize the MS response E[x21] of the primary struc-
ture to a white noise excitation (Crandall & Mark), or to maximize the
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Fig. 11.4. DVA with equal peak design, for various values of the mass ratio µ. For each
of them, the parameters of the vibration absorber are chosen according to ν = 1/(1+µ)
and ξ2 =

√
3µ/8(1 + µ). Larger values of µ lead to more distant peaks A and B, with

lower amplitudes. The maximum amplification is Q ≃
√

2/µ.
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stability margin the poles of the system, solutions of the characteristic
equation (11.3). Different optimization criteria will lead to slightly differ-
ent values of ν and ξ2 [Asami]. It turns out, however, that the optimum
is reasonably flat, and that the DVA operates reasonably well even if the
parameters differ from their optimum values. As always, this is a key to
the practical implementation, and justifies that the DVAs are used exten-
sively. A celebrated application in civil engineering is the wind response
mitigation of very tall buildings. Figure 11.5 shows the DVA mounted at
the top of the Taipei 101 building in Taiwan. This building has a height
of 509 m and has 101 floors. The absorber consists of a pendulum with a
mass of 730 tons suspended with four cables extending over 4 floors.3

Fig. 11.5. Dynamic Vibration Absorber of the Taipei 101 building. The DVA consists
of a pendulum with a mass of 730 tons suspended with 4 cables extending over 4 floors.

3 According to the rule of thumb (7.71), a building with 101 floors has a natural
frequency T ≈ 0.1N ≈ 10 s. Since the period of a pendulum of length l is T =
2π

√
l/g; this corresponds to a length of l ≈ 16 m.
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11.5 Multiple d.o.f. systems

DVA tuned

on mode 2

with DVA without DVA

Fig. 11.6. Multiple d.o.f. system equipped with a DVA.

In order to apply DVAs to a multiple d.o.f. system, one needs to es-
timate what mass should be considered as m1 (the mass of the primary
system) in the foregoing design procedure. In fact, it depends on the tar-
geted mode and on the location of the DVA within the system. Consider
a multiple d.o.f. system (defined by its mass and stiffness matricesM and
K) and a DVA which is located at a position defined by the input vector
d. The dynamics under the force fd coming from the DVA is governed by
(assuming no damping for simplicity),

M ẍ+Kx = d fd (11.16)

In modal coordinates, x = Φz, every mode is governed by

µiz̈i + µiω
2
i zi = ϕTi d fd = ϕi(d) fd (11.17)

In this equation, µi is the generalized mass of mode i, ωi its natural
frequency and ϕi(d) = ϕTi d the modal amplitude at the DVA location.
If the modes are well separated and if the DVA is targeted at mode k, it
is reasonable to assume that, for frequencies close to ωk, the response is
dominated by mode k, and consequently that x ∼ ϕkzk. This amounts to
assuming that the modal amplitude zk and the structural displacement
at the DVA location are related by
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zk ∼
xd

ϕk(d)

Substituting this into the modal equation for the targeted mode k, one
gets

µk
ẍd

ϕk(d)
+ µkω

2
k

xd
ϕk(d)

= ϕk(d) fd

or alternatively
µk
ϕ2k(d)

ẍd +
µk
ϕ2k(d)

ω2
k xd = fd (11.18)

Upon comparing this result with the same equation for a single d.o.f.
oscillator, one sees that the equivalent mass to take into account in the
design is

m1 =
µk
ϕ2k(d)

(11.19)

Thus, the equivalent mass m1 is the generalized mass of mode k when the
modal amplitude of mode k is normalized according to ϕk(d) = 1 at the
d.o.f. where the DVA is attached. Once the massm1 has been determined,
the design of the DVA proceeds as for a single d.o.f. system. The mass
ratio is selected by the designer and the frequency ratio and the damping
ratio are computed from Equ.(11.13) and (11.14).

Observe from the previous equation that a larger modal amplitude will
tend to decrease m1, that is to increase the mass ratio for a given mass
m2 of the DVA. Thus, in order to maximize its efficacy, the DVA should
be located where the targeted mode has large modal amplitudes.

11.6 Example: n-storey building

Consider once again the shear frame with 10 identical floors (Fig.11.7);
the eigenvalue problem was examined in section 2.7; its seismic response
was analyzed in sections 7.3 and 8.10; it was observed that the shear
force at the base, f0, is dominated by the response of the first mode.
The collapse of buildings during earthquakes is often associated with the
maximum shear force exceeding the building resistance. In this section,
we examine the use of a DVA (tuned on mode 1) to reduce the amplitude
of the shear (reaction) force; all the data used here are identical to those
used in section 8.10. We proceed in 3 steps: (i) construction of a model
including the DVA, (ii) design of the DVA (determination of the constants
ka and ca), and (iii) calculation of the random response of the structure
with DVA to the random seismic input.
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Fig. 11.7. 10-storey shear frame equipped with a DVA at the top. The mass ratio is
defined as ε = ma/mT = ma/10m. f0 is the shear force at the base; the stroke of the
DVA is s = x11 − x10.

11.6.1 Model construction

The structure is represented in Fig.11.7; we assume that the mass of the
DVA is only a small fraction of the total mass of the building, ma = εmT

with ε = 0.01. The (11 × 11) mass and stiffness matrices of the global
system can easily be constructed by inspection of Fig.11.7; they read

M =

[
mI10 0
0 ma

]
(11.20)

K =



2k −k 0 . . . 0 0
−k 2k −k 0 0 0
0 . . . . . . 0
0 . . . −k 2k −k 0
0 . . . 0 −k k + ka −ka
0 . . . 0 0 −ka ka

 (11.21)

The construction of the damping matrix is more difficult, because the
system consists of a shear frame where a uniform modal damping ξ is
assumed and a discrete damper (the DVA) connecting x10 and x11; the
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global system does not satisfy the assumption of modal damping. The
(10×10) damping matrix C∗ of the shear frame alone can be reconstructed
as follows: because of the uniform mass distribution within the frame,
M∗ = mI10 and the orthogonality condition reads

ΦTM∗Φ = m ΦTΦ = diag(µi)

Thus, the mode shapes are orthogonal:

ΦTΦ = diag(
µi
m

)

It follows that

C∗ = Φ diag(
2m2ξiωi
µi

) ΦT (11.22)

satisfies the assumption of modal damping, because ΦTC∗Φ = diag(2ξiωiµi).
The global (11× 11) damping matrix of the system reads

C =

 C∗ 0
C∗
10,10 + ca −ca

0 −ca ca

 (11.23)

where C∗
10,10 is the component (10,10) of the matrix C∗ and ca the damper

constant of the DVA . In a more general case where the mode shapes are
not orthogonal, a full damping matrix may be constructed by making use
of the Rayleigh damping assumption (2.25); however, this model has only
two free parameters and allows to assign only two values of the modal
damping ratio, using (2.26).

11.6.2 Design of the DVA

The DVA is designed to operate on mode 1; it is placed at the top, where
the amplitude of mode 1 is maximum. Once the mass ma of the DVA has
been chosen, ma = εmT (with ε = 0.01 in this case), the equivalent mass
of mode 1 is calculated from Equ.(11.19); combining with (7.38), one finds

m1 =
µ1

ϕ2
1(n)

=
m
∑n

i=1ϕ
2
1(i)

ϕ2
1(n)

(11.24)

In this formula, n is the index of the upper floor (n = 10 in this case).4

Next, the mass ratio is calculated, µ = ma
m1

, and the optimum parameters
of the absorber, ka and ca, are obtained from Equ.(11.13) and (11.14)

4 Since the DVA is placed on the upper floor where the amplitude ϕ1(n) is maximum,
m1 is significantly smaller than mT , which makes the mass ratio µ significantly
larger than ε; µ = 1.89ε in this case. According to (11.15), the equivalent damping
is ξe ≃

√
µ/8 = 0.048, which is quite substantial.



11.6 Example: n-storey building 267

ωa =

√
ka
ma

=
ω1

1 + µ
; ξa =

ca
2maωa

=

√
3µ

8(1 + µ)
(11.25)

The parameters of the DVA,ma, ka and ca have all been determined; how-
ever, for practical applications, an important design parameter remains
to be determined: the stroke, which depends on the seismic input; it will
result from the calculation of the random response of the structure with
DVA to the random seismic input.

11.6.3 Random response of the structure with DVA

The random response of the structure without DVA was analyzed in sec-
tion 8.10. The analysis was performed in modal coordinates, because the
structure satisfies the assumption of modal damping. In the present sit-
uation, the complete structure does not satisfy the assumption of modal
damping and, owing to the small size of the model, it is convenient to
perform the analysis in global coordinates. From Equ.(7.12), the relative
displacement response satisfies

M ÿ+ Cẏ+Ky = −M1ẍ0 (11.26)

where M , K and C are given above. Thus, the FRF between the relative
displacement vector and the ground acceleration is

Y = −(K + jωC − ω2M)−1M1Ẍ0 (11.27)

The absolute accelerations of the various floors are obtained from (7.2):

ẍ = 1ẍ0 + ÿ (11.28)

leading to the FRF

Ẍ = [1+ ω2(K + jωC − ω2M)−1M1]Ẍ0 = Hẍ(ω) Ẍ0 (11.29)

Similarly, from Equ.(7.9), the reaction force is given by f0 = 1TM ẍ,
leading to the FRF

F0 = [mT + ω21TM(K + jωC − ω2M)−1M1]Ẍ0 = Hf0(ω) Ẍ0 (11.30)

after using mT = 1TM1.
The displacement of the DVA relative to the upper floor, s = y11−y10

may be obtained by defining a vector bT = (0, . . . , 0,−1, 1) such that
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Fig. 11.8. Seismic response of a 10-storey shear frame equipped with a DVA at the
top (ε = 0.01). (a) One-sided response PSD of the non-dimensional reaction force
f0/σgmT with and without DVA. (b) Cumulative RMS value of the non-dimensional
reaction force, with and without DVA. (c) One-sided PSD of the relative displacement
of the DVA, s = x11 − x10. (d) Cumulative RMS value of the relative displacement,
σs(ω) [m].
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Fig. 11.9. 10-storey shear frame equipped with a DVA at the top. Influence of the
fraction of mass ε = ma/mT on the reduction of the reaction force (σ∗

f0
refers to the

response without DVA) and on the RMS relative displacement σs.

s = bTy; the FRF between the complex amplitudes of s and ẍ0 is given
by

S = −bT (K + jωC − ω2M)−1M1Ẍ0 = Hs(ω) Ẍ0 (11.31)

The power spectral density of the relative displacement s is obtained from
the fundamental input-output relationship (8.23)

Φs(ω) = |Hs(ω)|2 Φẍ0 (11.32)

and similarly for all the response quantities. Figure 11.8 shows the in-
fluence of the DVA on the structural response. Figure 11.8.a shows the
impact of the DVA on the resonance peak of the first mode in the reac-
tion force f0. The reduction of the RMS of the shear force is illustrated
in Fig.11.8.b. The relative response of the DVA with respect to the top
floor is illustrated in Fig.11.8.c and d. Finally, Fig.11.9 illustrate the in-
fluence of the mass of the DVA on the attenuation of the RMS reaction
force σf0 and on the stroke σs. For every value of the mass fraction ε, the
parameters are those of the equal peak design.

11.7 Vibration isolation

There are two broad classes of problems in which vibration isolation is
necessary: (i) Operating equipments generate oscillatory forces which can
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propagate into the supporting structure (Fig.11.10.a). This situation cor-
responds to that of an engine in a car. (ii) Sensitive equipments may be
supported by a structure which vibrates appreciably (Fig.11.10.b); in this
case, it is the support motion which constitutes the source of excitation;
this situation corresponds to, for example, a telescope in a spacecraft, a
wafer stepper or a precision machine tool in a workshop, or a passenger
seated in a car. The disturbance may be either deterministic, such as the
unbalance of a motor, or random as in a passenger car riding on a rough
road (section 8.8.5).

d

x x

x

c

k k cc

( b )( a ) f

f

d

s

m m

Fig. 11.10. (a) Operating equipment generating a disturbance force fd. (b) Equipment
subjected to a support excitation xd.

11.8 Linear isolator

Consider the system depicted in Fig.11.10.a, excited by a disturbance
force fd. If the support is fixed, the governing equation is:

mẍ+ cẋ+ kx = fd (11.33)

The force transmitted to the support is given by

fs = kx+ cẋ (11.34)

In the Laplace domain,

X(s) =
Fd(s)

m(s2 + 2ξωns+ ω2
n)

(11.35)

Fs(s) = m(ω2
n + 2ξωns)X(s) (11.36)
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where X(s), Fd(s) and Fs(s) stand for the Laplace transform of respec-
tively x(t), fd(t) and fs(t), and with the usual notations ω2

n = k/m and
2ξωn = c/m. The transmissibility of the support is defined in this case
as the transfer function between the disturbance force fd applied to the
mass and the force fs transmitted to the support structure; combining
the foregoing equations, we get

Fs(s)

Fd(s)
=

1 + 2ξs/ωn
1 + 2ξs/ωn + s2/ω2

n

(11.37)

Next, consider the second situation illustrated in Fig.11.10.b; the distur-
bance is the displacement xd of the supporting structure and the system
output is the displacement xc of the sensitive equipment. Proceeding in
a similar way, it is easily established that the transmissibility of this iso-
lation system, defined in this case as the transfer function between the
support displacement and the absolute displacement of the mass m, is
given by (Problem 11.2)

Xc(s)

Xd(s)
=

1 + 2ξs/ωn
1 + 2ξs/ωn + s2/ω2

n

(11.38)

which is identical to the previous one; the two isolation problems can
therefore be treated in parallel. The amplitude of the corresponding FRF,
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Fig. 11.11. Transmissibility of the linear isolator for various values of the damping
ratio ξ. The performance objectives of active isolation are a high frequency decay like
s−2 together with no overshoot at resonance.
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for s = jω, is represented in Fig.11.11 for various values of the damping
ratio ξ. We observe that: (i) All the curves are larger than 1 for ω <

√
2 ωn

and become smaller than 1 for ω >
√
2 ωn. Thus the critical frequency√

2 ωn separates the domains of amplification and attenuation of the
isolator. (ii) When ξ = 0, the high frequency decay rate is s−2, that is -40
dB/decade, while very large amplitudes occur near the corner frequency
ωn (the natural frequency of the spring-mass system).

Figure 11.11 illustrates the trade-off in passive isolator design: large
damping is desirable at low frequency to reduce the resonant peak while
low damping is needed at high frequency to maximize the isolation. One
may already observe that if the disturbance is generated by a rotating
unbalance of a motor operating at a variable speed, there is an obvious
benefit to use a damper with variable damping characteristics which can
be adjusted according to the rotation velocity: high when ω <

√
2ωn and

low when ω >
√
2ωn. Such variable (adaptive) systems may be imple-

mented, e.g. with controllable fluids or electromagnetic devices. Figure
11.11 also shows the target of an ideal (active) isolation system which
combines a decay rate of -40 dB/decade with no overshoot at resonance;
such an active isolator will be analyzed in the following chapter. Next
section discusses one way of improving the high frequency isolation using
only passive components.

11.9 Relaxation isolator

In the relaxation isolator, the viscous damper c is replaced by a Maxwell
unit consisting of a damper c and a spring k1 in series (Fig.11.12). The
governing equations are

m

Fig. 11.12. Relaxation isolator consisting of a spring in parallel with a Maxwell unit.
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mẍ+ k(x− x0) + c(ẋ− ẋ1) = 0 (11.39)

c(ẋ− ẋ1) = k1(x1 − x0) (11.40)

or, in matrix form using the Laplace variable s,[
ms2 + cs+ k −cs

−cs k1 + cs

]{
x
x1

}
=

{
k
k1

}
x0 (11.41)

It follows that the transmissibility reads

x

x0
=

(k1 + cs)k + k1cs

(ms2 + cs+ k)(k1 + cs)− c2s2

=
(k1 + cs)k + k1cs

(ms2 + k)(k1 + cs) + k1cs
(11.42)

One sees that the asymptotic decay rate for large frequencies (obtained
by keeping only the highest power in s at the numerator and the denomi-
nator) is in s−2, that is -40 dB/decade. Physically, this corresponds to the
fact that, at high frequency, the viscous damper tends to be blocked, and

1 10

-40

-20

0

!=!n

x

x
0dB

c = 0 c!1

copt

A

Fig. 11.13. Transmissibility of the relaxation isolator for fixed values of k and k1 and
various values of c. The first peak corresponds to ω = ωn = (k/m)1/2; the second one
corresponds to ω = Ωn = [(k + k1)/m]1/2. All the curves cross each other at A and
have an asymptotic decay rate of -40 dB/decade. The curve corresponding to copt is
nearly maximum at A.
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Fig. 11.14. Root locus of the solutions of Equ.(11.43) as c goes from zero to infinity.

The maximum damping is achieved for k1/c = Ω
3/2
n ω

−1/2
n .

the system behaves like an undamped isolator with two springs acting in
parallel. Figure 11.13 compares the transmissibility curves for given val-
ues of k and k1 and various values of c. For c = 0, the relaxation isolator
behaves like an undamped isolator of natural frequency ωn = (k/m)1/2.
Likewise, for c → ∞, it behaves like an undamped isolator of frequency
Ωn = [(k+ k1)/m]1/2. In between, the poles of the system are solution of
the characteristic equation

(ms2 + k)(k1 + cs) + k1cs = (ms2 + k)k1 + cs(ms2 + k + k1) = 0

which can be rewritten in root locus form

1 +
k1
c

s2 + ω2
n

s(s2 +Ω2
n)

= 0 (11.43)

It is represented in Fig.11.14 when c varies from 0 to ∞; it can be shown
that the maximum damping ratio is achieved for

k1
c

=
Ω

3/2
n

ω
1/2
n

(11.44)

and the corresponding damper constant is

copt =
k1
Ωn

(
ωn
Ωn

)1/2 =
k1
Ωn

(1 +
k1
k
)−1/4 =

k1
ωn

(1 +
k1
k
)−3/4 (11.45)
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Fig. 11.15. Effect of the isolator on the transmissibility between the spacecraft bus
and the telescope.

The transmissibility corresponding to copt is also represented in Fig.11.13;
it is nearly maximum at A. The relaxation isolator can be realized with
viscoelastic materials or with an electromechanical system consisting of
voice coil transducer and a RL circuit.

The importance of achieving a high frequency decay rate of -40
dB/decade is illustrated in Fig.11.15 which considers a spacecraft car-
rying a precision payload (e.g. a telescope). The spacecraft bus is excited
by all sorts of disturbances generated by the unbalanced mass of the at-
titude control wheels and gyros. A vibration isolator is inserted between
the bus and the telescope to attenuate the jitter. If the isolator is de-
signed in such a way that its transmissibility exhibits a decay rate of
−40dB/decade, the jitter can be reduced by a factor 100 by selecting
the isolator corner frequency, f0, one decade lower than the first flexible
mode of the payload, fn (Fig.11.15). Extremely sensitive payloads may
even involve several isolation layers.

11.10 Six-axis isolator

To fully isolate two rigid bodies with respect to each other, six single-
axis isolators judiciously placed are needed. Let us consider a payload
isolated by six identical isolators (Fig.11.16); if the isolators consist of
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Fig. 11.16. Six-axis isolator (only four legs are represented). The connection between
the leg and the support as well as the payload is done with spherical joints. The coor-
dinates of the payload x = (x, y, z, θx, θy, θz)

T and the leg extensions q = (q1, . . . , q6)
T

are related by q = Jx where J is the Jacobian of the isolator.

simple springs of stiffness k, the six suspension modes are solution of an
eigenvalue problem

(Ms2 +K)x = 0 (11.46)

where x is a vector of 6 coordinates describing the position of the payload,
e.g. x = (x, y, z, θx, θy, θz)

T (the payload frame is attached to the center of
mass). The mass matrix M can be obtained by writing the kinetic energy
in terms of ẋ, leading to

M =

[
mI3 0
0 Ic

]
(11.47)

where m is the mass of the payload, I3 is the unity matrix, and Ic is the
inertia tensor about the center of mass. Similarly, the stiffness matrix is
obtained by writing the strain energy in terms of x. The strain energy
in the system is V = 1

2k q
Tq, where q = (q1, . . . , q6)

T is the vector of
the spring extensions in the isolator and k is the stiffness common to all
springs. If J is the Jacobian matrix connecting the spring extensions q to
the coordinates x (J depends on the topology of the isolator),

q = Jx (11.48)

one gets that

V =
1

2
k qTq =

1

2
k xTJTJx (11.49)

which means that the stiffness matrix is
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K = kJTJ (11.50)

The solutions of the eigenvalue problem

(K − ω2
iM)ϕi = 0 (11.51)

are the six eigenfrequencies and mode shapes of the suspension.
If the linear spring is replaced by a relaxation isolator, the leg stiffness

becomes frequency dependent; the common stiffness k must be replaced
by the dynamic stiffness relating the force F in the relaxation spring to
its extension x− x0. From Fig.11.12,

F = k(x− x0) + cs(x− x1)

x1 may be eliminated by using Equ.(11.40) which provides

x1 =
csx+ k1x0
cs+ k1

leading to the dynamic stiffness:

F

x− x0
= k(s) = k[1 +

k1cs

k(k1 + cs)
] (11.52)

(the stiffness is k at low frequency and k+k1 at high frequency). Thus, the
(frequency-dependent) stiffness matrix of the six-axis relaxation isolator
reads

K(s) = JTJ k[1 +
k1cs

k(k1 + cs)
] = K[1 +

k1cs

k(k1 + cs)
] (11.53)

The eigenvalue problem (11.46) becomes

{Ms2 +K[1 +
k1cs

k(k1 + cs)
]}x = 0 (11.54)

If ωi and Φ = (ϕ1, . . . ,ϕ6) are the solution of the eigenvalue problem
(11.51), normalized according to ΦTMΦ = I, one can transform (11.54)
into modal coordinates, x = Φz; using the orthogonality conditions, one
finds a set of decoupled equations

s2 + ω2
i [1 +

k1cs

k(k1 + cs)
] = 0 (11.55)

Upon introducing
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Ω2
i = ω2

i (1 +
k1
k
) (11.56)

the previous equation may be rewritten

k1
c
(s2 + ω2

i ) + s(s2 +Ω2
i ) = 0

or

1 +
k1
c

s2 + ω2
i

s(s2 +Ω2
i )

= 0 (11.57)

which is identical to (11.43). Thus, according to the foregoing equation,
the six suspension modes follow independent root-loci connecting ωi and
Ωi (Fig.11.14). However, k1/c being a single scalar parameter, the optimal
damping cannot be reached simultaneously in the six modes, because of
the modal spread (ω1 < ω6). A good design will aim at minimizing the
modal spread, so that all the modes can be as close as possible to the
optimal damping.

11.11 Isolation by kinematic coupling

When the disturbance is harmonic with a constant frequency, a very ef-
fective isolation may be achieve with the system described in Fig.11.17
[Krysinski & Malburet]. The strategy consists of introducing a transmis-
sion zero5 in the transmissibility between the disturbance w and the struc-
tural response x by adding a mechanism involving a mass m1 connected
kinematically to the structure and its support as indicated in the figure.
The system is easily modelled with the Lagrange equations, using the two
coordinates x (absolute vertical displacement of the structure) and y (ab-
solute vertical displacement of the mass m1). The absolute displacement

k

mx

m
1l

2

l
1

w

y

Fig. 11.17. Isolation by kinematic coupling.

5 also called a notch filter.
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of the support w is the input of the system. For small angles of rotation,
the kinematics of the mechanism follows

y =
l1
l2
x− l1 − l2

l2
w = αx− (α− 1)w (11.58)

where α = l1/l2 (> 1). The kinetic energy reads

T =
1

2
mẋ2 +

1

2
m1ẏ

2

and using the previous equation,

T =
1

2
mẋ2 +

1

2
m1[αẋ− (α− 1)ẇ]2

The potential energy associated with the spring k is

V =
1

2
k(x− w)2

The partial derivative of the kinetic energy is

∂T

∂ẋ
= mẋ+m1α[αẋ− (α− 1)ẇ]

and the Lagrange equation reads

mẍ+m1α[αẍ− (α− 1)ẅ] + k(x− w) = 0

or
(m+m1α

2)ẍ+ kx = m1α(α− 1)ẅ + kw (11.59)

Finally, the transfer function between w and x reads

X(s)

W (s)
=
k + s2m1α(α− 1)

k + s2(m+m1α2)
=

1 + s2/z2

1 + s2/ω2
0

(11.60)

where the transmission zeros ±jz and the poles ±jω0 are defined by

z2 =
k

m1α(α− 1)
> ω2

0 =
k

m+m1α2
(11.61)

The transmissibilityX(ω)/W (ω) is represented in Fig.11.18. By adjusting
the length ratio α = l1/l2, the system is tuned in such a way that the fre-
quency z of the transmission zero matches the frequency of the harmonic
disturbance. Some damping will always be present in the system, which
will tend to modify the transmissibility in the vicinity of the ω0 and z.
This concept has been applied to helicopters.
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z
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w

Fig. 11.18. Transmissibility of the isolator by kinematic coupling. The system is tuned
in such a way that the frequency z of the transmission zero matches the frequency of
the harmonic disturbance.

11.12 Centrifugal Pendulum Vibration Absorber

Internal combustion engines are subject to torsional oscillations due to
the sharp variations of the pressure during the cycle. For a four stroke,
four cylinder in-line engine, the disturbing torque is usually at an order
n = 2 of the engine speed, ω = 2Ω. The performance of the engine may
be improved by the addition of a torsional oscillation absorber.
The linear torsional oscillation absorber (Fig.11.19) is easily modeled as

I1θ̈1 + kθ(θ1 − θ2) =M(t)

I2θ̈1 + kθ(θ2 − θ1) = 0

For a given harmonic excitation,M(t) =M0e
jωt, the response is also har-

monic, θ1(t) = X1e
jωt, θ2(t) = X2e

jωt. Upon substituting in the foregoing
equations,

Kq

M

q
1

q
2

I

I

1

2t( )

Fig. 11.19. Linear torsional oscillation absorber.
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kθ − ω2I1 −kθ

−kθ kθ − ω2I2

]{
X1

X2

}
=

{
M0

0

}
and one finds easily

X1 =
kθ − ω2I2

ω2[ω2I1I2 − kθ(I1 + I2)]
.M0 (11.62)

Thus, by tuning the torsional vibration absorber on the anti-resonance,
with kθ = I2ω

2, the effect of the disturbance may be entirely canceled. The
centrifugal pendulum discussed in Problem 3.11 is an efficient way of do-
ing this [see Equ.(3.73)]; once the centrifugal pendulum vibration absorber
has been tuned (ω1 = ω = nΩ), it remains tuned for any engine speed,
as long as the pendulum behaves linearly. Note however, that for large
amplitudes, the frequency of the centrifugal pendulum varies with vary-
ing pendulum amplitudes [Denman]. The pendulum trajectory leading to
an eigenfrequency independent of the pendulum amplitude (tautochronic
problem) is an epicycloid path.

11.13 Model of a car suspension

A two-d.o.f. model of a car suspension is represented in Fig.11.20; such
a model is called a “quarter-car” model; ms (sprung mass) represents
one fourth of the mass of the body of the car (assumed rigid) and mus

(unsprung mass) is that of the wheel and part of the suspension. k and
c are the characteristics of the suspension and kt is the stiffness of the
tyre; w(t) is the road profile (a random model of the road profile has been
considered in section 8.8.5). Since ms ≫ mus and kt ≫ k, the first mode
is essentially the body resonance, close to ωn =

√
k/ms while the second

mode corresponds to the tyre resonance, close to ωt =
√
kt/mus.

Ride comfort requires good vibration isolation while vehicle handling
requires good road holding. The ride comfort is usually measured by the
car body acceleration, or sometimes its derivative called jerk. According
to the literature, there is an excellent correlation between the RMS accel-
eration and the subjective ride rating. The road holding is often measured
by the tyre deflection (proportional to the contact force), or sometimes
by the unsprung mass (wheel) velocity. In addition to the car body ac-
celeration and the tyre deflection which define the performance of the
suspension, there are design constraints on the suspension travel, that is
the relative displacement between the car body and the wheel. It is con-
venient to develop a model where all these important quantities appear



282 11 Vibration alleviation

State variables

Fig. 11.20. Quarter-car suspension model with two-d.o.f. and description of the state
variables.

as coordinates. This is achieved by the choice of the four state variables:
x1 = xs−xus is the relative displacement of the sprung mass with respect
to the wheel, x2 = ẋs is the absolute velocity of the car body, x3 = xus−w
is the tyre deflection, and x4 = ẋus is the absolute wheel velocity. With
these coordinates, the equations of motion read

ms ẋ2 = −kx1 + c(x4 − x2)

mus ẋ4 = −ktx3 + kx1 + c(x2 − x4)

ẋ1 = x2 − x4

ẋ3 = x4 − ẇ

and, upon defining ω2
n = k/ms (ωn is the body resonance), c/ms = 2ξωn,

ω2
t = kt/mus (ωt is the tyre resonance) and µ = mus/ms, they are rewrit-

ten in matrix form:
ẋ1
ẋ2
ẋ3
ẋ4

 =


0 1 0 −1

−ω2
n −2ξωn 0 2ξωn

0 0 0 1
ω2
n
µ

2ξωn

µ −ω2
t

−2ξωn

µ



x1
x2
x3
x4

+


0
0
−1
0

 ẇ (11.63)

or
ẋ = Ax+ bv (11.64)

with the state vector x = (x1, x2, x3, x4)
T , the input vector b = (0, 0,−1, 0)T

and the system matrix
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A =


0 1 0 −1

−ω2
n −2ξωn 0 2ξωn

0 0 0 1
ω2
n
µ

2ξωn

µ −ω2
t

−2ξωn

µ

 (11.65)

The input v = ẇ is the road velocity. Upon transforming Equ.(11.64) in
the Laplace domain, the transfer function between the road velocity and
the state vector is easily obtained

X(s) = (sI −A)−1bV (s) (11.66)

from which the transmissibility of all the response quantities follow by set-
ting s = jω. This is illustrated in Fig.11.21 with numerical values [Cha-
lasani]: kt = 160000 N/m (tyre stiffness), k = 16000 N/m (suspension
spring stiffness), ms = 240 kg (car body), mus = 36 kg (wheel); three val-
ues of the suspension damping coefficient c are considered: c = 200 Ns/m,
980 Ns/m, 4000 Ns/m. Figure 11.21.a shows the transmissibility between
the road velocity and the body acceleration, Tẍsv(ω) = |jωX2(ω)/V (ω)|,
Fig. 11.21.b shows the cumulative RMS value of the body acceleration,
defined as

σẍs(ω) = [

∫ ∞

ω
|Tẍsv(ν)|2dν]1/2 (11.67)

Fig.11.21.c shows the transmissibility between the road velocity and the
tyre deflection Tx3v(ω) = |X3(ω)/V (ω)| and Fig.11.21.d shows the cumu-
lative RMS value, σx3(ω). For the smallest value of c, one sees clearly
the two peaks associated with the body resonance (sprung mass) and the
tyre resonance (unsprung mass); the corresponding resonance frequencies
are very close to ωn =

√
k/ms and ωt =

√
kt/mus, respectively.

6 As the
damping increases, the amplitude of the two peaks is reduced; one sees
clearly that the passive damping cannot control the body resonance with-
out deteriorating the isolation at higher frequency. The tyre deflection (i.e.
road holding) depends also very much on the damping constant. In the
following chapter, we will examine the behavior of an active suspension.

11.14 Problems

P.11.1 Consider a plane shear frame with n = 10 floors (section 2.7);
the mass of one floor is m = 105 kg and the stiffness is k = 16 × 107

6 The body resonance is at 7.8 rad/s and the tyre resonance is at 69.5 rad/s, while
ωn =

√
k/ms = 8.16 rad/s and ωt =

√
kt/mus = 66.7 rad/s.



284 11 Vibration alleviation

10
0

10
1

10
2

10
3

10
-1

10
0

10
1

10
2

w10
-1

c = 200 Ns/m

c = 980 Ns/m

c = 4000 Ns/m

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

w10
-1

0

40

80

120

10
0

10
1

10
2

10
3

w10
-1

10
0

10
1

10
2

10
3

w10
-1

0

0.2

0.4

0.6

s (w)x
3

s (w)xs

T (w)x v
3

T (w)vxs

Fig. 11.21. Passive suspension of a rigid body with two d.o.f. (a) Transmissibility
between the road velocity and the body acceleration, for three values of the suspension
damping coefficient c. (b) Cumulative RMS value of the body acceleration; (c) Trans-
missibility between the road velocity and the tyre deflection. (d) Cumulative RMS value
of the tyre deflection.
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N/m. The excitation is represented by a point force f acting at the top
of the frame; the passive damping is assumed uniform in all modes and
equal to ξi = 0.01. Design a DVA targeted at mode 1 with a mass being
respectively 1 % and 3 % of the total mass of the frame. Compare the
transmissibility x10/f of the system with DVA with that of the initial
system.
P.11.2 Consider the passive isolator of Fig.11.10.b. Find the transmissi-
bility Xc(s)/Xd(s) of the isolation system.
P.11.3 Consider the rigid body with two d.o.f. (y, θ) of Fig.11.22; the
mass is m and the moment of inertia about the center of mass is I; it is
supported by two identical isolators of stiffness k placed symmetrically at
x = ±l/2. Find the distance between the isolators which minimizes the
modal spread (by making ω1 = ω2).

kc

m I,

k c

y

q

l
2

-l
2

x

21

0

Fig. 11.22. Passive suspension of a rigid body with two d.o.f..

P.11.4 Car suspension: For the example discussed at the end of section
11.13, calculate (a) the transmissibility Tx1v(ω) between the road velocity
and the suspension stroke, x1 = xs − xus and (b) the cumulative RMS
value of the suspension stroke.
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Introduction to active vibration control

La gloire et le repos sont choses
qui ne peuvent loger en même
ĝıte.

Montaigne, Essais, 1572-1588

This chapter serves as an application of the theory discussed in the
previous chapters and a brief introduction to the active control of vibra-
tions. The reader is assumed to have an elementary knowledge of the
linear system theory. The first section illustrates the fundamental dif-
ference between collocated and non-collocated control systems and the
inherent stability associated with the interlacing properties of the poles
and zeros of a collocated system. The second section considers the quar-
ter car model of an active suspension; this popular example is used to
illustrate the state space formulation and the state feedback control. The
third section considers the active damping of a shear frame with an iner-
tial actuator; such systems are representative of existing devices placed on
the upper floors of high rise buildings. Finally, the fourth section exam-
ines the active damping of a truss with an active strut (e.g. piezoelectric)
capable of axial extension, collocated with a force sensor; this problem is
representative of a large space truss structure.

12.1 The virtue of collocated control

The diagonal terms of the dynamic flexibility matrix were examined in
section 2.6. These terms correspond to collocated and dual configurations,
in which the excitation force is applied to the d.o.f. where the sensor is
attached. If the system is undamped, these diagonal terms read

Gkk(ω) =

m∑
i=1

ϕ2
i (k)

µi(ω2
i − ω2)

+Rkk (12.1)

Because all the residues are positive, they have alternating poles and zeros
on the imaginary axis. Thus the pole/zero pattern of any collocated (dual)
control systems is that of Fig.2.8; if the system is undamped, the poles
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and zeros lie on the imaginary axis; if the system is lightly damped, they
are slightly in the left half plane, close to the imaginary axis (refer to Fig
1.2.a for the the relationship between the damping and the position of the
poles in the complex plane). The corresponding Bode plots and Nyquist
plots are shown in Fig.2.9; we note that the phase diagram never exceeds
−180o (a phase lag of 180o takes place at the natural frequencies ωi and a
phase lead of 180o occurs at the transmission zeros or anti-resonances zi).
In section 2.6, it was established that the anti-resonance frequencies are
the resonance frequencies of the system obtained by adding a kinematic
constraint along the d.o.f. on which the external force and the sensor
operate.

To illustrate the fundamental difference between collocated and non-
collocated control systems, consider the two-mass problem of Fig.12.1.
The system has a rigid body mode along the x axis; it is controlled by a
force f applied to the main bodyM . A flexible appendage m is connected
to the main body by a spring k and a damper c. A position control system
will be designed, using a sensor placed on the main body (collocated),
measuring y1, and a sensor attached to the flexible appendage measuring
y2.

The system equations are :

Mÿ1 + c(ẏ1 − ẏ2) + k(y1 − y2) = f (12.2)

mÿ2 + c(ẏ2 − ẏ1) + k(y2 − y1) = 0 (12.3)

With the notations

ω2
o = k/m, µ = m/M, 2ξωo = c/m (12.4)

the transfer functions between the input force f and y1 and y2 are respec-
tively :

y

x
f

c

k

M m

y
21

Fig. 12.1. Two mass problem.
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G1(s) =
Y1(s)

F (s)
=

s2 + 2ξωos+ ω2
o

Ms2 [s2 + (1 + µ) (2ξωos+ ω2
o)]

(12.5)

G2(s) =
Y2(s)

F (s)
=

2ξω0s+ ω2
0

Ms2 [s2 + (1 + µ) (2ξωos+ ω2
o)]

(12.6)

G2(s) ≃
ω2
0

Ms2 [s2 + (1 + µ) (2ξωos+ ω2
o)]

for low damping (ξ ≪ 1).1 There are two poles at the origin and two
poles near the imaginary axis; they appear at the denominator of both
transfer functions. In G1(s), which refers to the collocated sensor, there
are two zeros also near the imaginary axis, at (−ξω0 ± jω0); these zeros
are identical to the poles of the constrained system where the main body
has been blocked. On the contrary, G2(s) possesses a single far away zero
on the real axis, at s = −ω0/2ξ.

r e f y
g.H G

-

Fig. 12.2. Block diagram of the feedback control.

The block diagram of the control system is shown in Fig.12.2. G(s)
is the transfer function of the plant, H(s) is the transfer function of the
compensator; g is a scalar gain.

A lead compensator is used in this example:

H(s) =
Ts+ 1

αTs+ 1
(α < 1) (12.7)

It includes one pole and one zero located on the negative real axis; the
pole is to the left of the zero.

The relationship between the system output y and the reference input
r is

y

r
=

gGH

1 + gGH
(12.8)

The root-locus method will be used to compare the two system configura-
tions G1(s) and G2(s) with the same compensator H(s). The root-locus

1 the far away zero will not influence the closed-loop response.



290 12 Introduction to active vibration control

method is a very powerful tool which allows to analyze the effect of a
single parameter, the gain g, on the closed-loop poles, solutions of the
characteristic equation: 1 + gGH(s) = 0. The analysis begins with the
mapping of the poles and zeros of the open-loop transfer function GH(s)
(G and H appear only as a product: the combined effect of the plant and
the compensator). The locus consists of n branches starting from the n
open-loop poles for g = 0 (marked by ×);m of them go to them open-loop
zeros (marked by ◦) for g → ∞. The n−m remaining branches (n ≥ m)
go asymptotically to infinity. There exist a set of rules which allow to
sketch the general shape of the root-locus by hand, but the easiest way
to get the plot is with a computer aided design software such as Matlab.

The parameters of the system used in the following example are as
follows: ω0 = 1, M = 1, ξ = 0.02 and µ = 0.1. The parameters of the
compensator are T = 10 and α = 0.004. We examine below the main
difference in the behavior of the closed-loop system, when the sensor y1
(collocated) or y2 (non-collocated) are used.

12.1.1 Collocated control

The open-loop transfer function G1(s) is used in this case. Figure 12.3
shows the root locus plot, showing the evolution of the closed loop
poles when the control gain g increases from 0 to ∞. Since the prod-
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=
+10 1

0 04
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Fig. 12.3. Two-mass problem, root locus plot for the collocated control with a lead
compensator (the plot is symmetrical with respect to the real axis, only the upper part
is shown).
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uct G1(s)H(s) has two more poles than zeros (n−m = 2), the root locus
has two asymptotes at ±900. One observes that the system is stable for
all values of the gain, and that the bandwidth of the control system can
be a substantial part of ω0. The lead compensator always increases the
damping of the flexible mode.

Note that in a more complex situation (e.g. see Problem 12.1), if there
are not one but several flexible modes, because of the interlacing property
of the poles and zeros recalled in the previous section, there are as many
pole-zero pairs and the number of poles in excess of zeros remains the
same (n − m = 2 in this case), so that the angles of the asymptotes
remain ±900 and the root locus never leaves the stable region. The lead
compensator increases the damping ratio of all the flexible modes, but
especially those having their natural frequency between the pole and the
zero of the compensator.2

12.1.2 Non-collocated control

Figure 12.4 shows the root locus plot for the lead compensator applied to
the non-collocated open-loop system characterized by the transfer func-
tion G2(s), Equ.(12.6), with the same numerical data as in the previous
example. The change of sensor affects only the transmission zeros, but
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+
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Fig. 12.4. Two-mass problem, root locus plot for the non-collocated control with a
lead compensator (the plot is symmetrical with respect to the real axis, only the upper
part is shown).

2 Of course, we have assumed that the sensor and the actuator have perfect dynam-
ics; if this is not the case, the foregoing conclusions may be considerably modified,
especially for large gains.
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leave the poles unchanged; G2(s) has a single zero, far left on the real
axis. The excess number of poles is in this case n − m = 3 so that,
for large gains, the flexible modes are heading towards the asymptotes at
±600, in the right half plane. The system can operate only for small gains,
and only because of the structural damping; a system without damping
would be unstable for all gains.

12.2 Active suspension: the “sky-hook” damper

Fig. 12.5. Quarter car model with active suspension. The “sky-hook” damper consists
of a partial state feedback f = −gẋs. The absolute velocity of the car body may
be obtained either by integrating the output of an accelerometer, or directly from a
geophone.

The passive suspension has been analyzed in section 11.13. The active
suspension consists of a force actuator f acting in parallel with the spring
and damper, between the wheel and the body (Fig.12.5). Using the same
state variables as for the passive suspension, the equations of motion read

ms ẋ2 = f − kx1 + c(x4 − x2)

mus ẋ4 = −f − ktx3 + kx1 + c(x2 − x4)

ẋ1 = x2 − x4

ẋ3 = x4 − ẇ
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and, using again the notations ω2
n = k/ms (ωn is the body resonance),

c/ms = 2ξωn, ω
2
t = kt/mus (ωt is the tyre resonance) and µ = mus/ms,

they are rewritten in matrix form:
ẋ1
ẋ2
ẋ3
ẋ4

 =


0 1 0 −1

−ω2
n −2ξωn 0 2ξωn

0 0 0 1
ω2
n
µ

2ξωn

µ −ω2
t

−2ξωn

µ



x1
x2
x3
x4

+


0

1/ms

0
−1/mus

 f+


0
0
−1
0

 ẇ

(12.9)
or

ẋ = Ax+ bf + ev (12.10)

y = cTx (12.11)

with the state vector x = (x1, x2, x3, x4)
T , the control input vector b =

(0, 1/ms, 0,−1/mus)
T , the disturbance input vector e = (0, 0,−1, 0)T (the

disturbance v = ẇ is the road velocity), and the system matrix

A =


0 1 0 −1

−ω2
n −2ξωn 0 2ξωn

0 0 0 1
ω2
n
µ

2ξωn

µ −ω2
t

−2ξωn

µ

 (12.12)

The sensor measures the absolute velocity of the car body, corresponding
to c = (0, 1, 0, 0)T in the sensor output equation (12.11).

This is the standard control form of a single input single output system.
The state feedback reads

f = −gTx = −gx2 = −gẋs = −gy (12.13)

where g = (0, g, 0, 0)T is the state feedback gain vector. It is called “sky
hook” damper because the feedback acts on the car body in the same
way as a damper of constant g connected to a fixed point in space. Note
that, in this particular case, the feedback involves only one state, which is
directly available from the sensor output (y = x2); thus, no state observer
is needed. Combining Equ.(12.10) and (12.13), one finds

ẋ = (A− bgT )x+ ev (12.14)

A − bgT is the closed-loop system matrix; its eigenvalues are the closed
loop poles of the system. Upon transforming in the Laplace domain, one
finds the transfer function between the road velocity and the state vector:



294 12 Introduction to active vibration control

10
0

10
1

10
2

10
3

w10
-1

0

0.2

0.4

0.6

s (w)x
3

10
0

10
1

10
2

10
3

10
-1

10
0

10
1

10
2

w10
-1

10
-3

10
-2

10
-1

10
0

10
1

10
2

10
3

w10
-1

0

40

80

120

10
0

10
1

10
2

10
3

w10
-1

s (w)xs

T (w)x v
3

T (w)vxs

g=0 Ns/m

g=1000 Ns/m

g=2000 Ns/m

Fig. 12.6. Active suspension (c = 200 Ns/m) with sky hook damper f = −gẋs, for
3 values of the control gain g = 0, 1000 and 2000 Ns/m. (a) Transmissibility between
the road velocity and the body acceleration. (b) Cumulative RMS value of the body
acceleration. (c) Transmissibility between the road velocity and the tyre deflection. (d)
Cumulative RMS value of the tyre deflection.
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X(s) = [sI − (A− bgT )]−1eV (s) (12.15)

The quarter car model of a passive suspension was considered in section
11.13; the effect of the active suspension is illustrated in Fig.12.6. Only
the lowest value c = 200 Ns/m of the suspension damping coefficient is
considered here, for clarity. One can see that the active control acts very
effectively on the body resonance (the first peak at a frequency close to
ωn =

√
k/ms) and that (on the contrary to increasing c) the attenuation

is achieved without deteriorating the high frequency isolation. However,
the active control is unable to reduce the wheel resonance (second peak)
and has little impact on the road holding in this case (the road holding
is measured by the tyre deflection).

12.3 Active mass damper

In this section, we reexamine the reduction of the seismic response of
the 10-storey building already analyzed in section 11.6, but the Dynamic
Vibration Absorber (DVA) is replaced by an Active Mass Damper (AMD).
The AMD consists of a spring mass system similar to a DVA, with the
addition of a force actuator f acting in parallel with the spring ka and
damper ca (Fig.12.7). Two notable differences, however, are that (i) the
stiffness ka is significantly lower than that of a DVA, so that the natural
frequency of the AMD satisfies:

ωa =

√
ka
ma

≪ ω1 (12.16)

(ii) the damper ca is selected to introduce a significant damping in the
actuator system:

0.5 ≤ ξa =
ca

2maωa
≤ 0.7 (12.17)

With these characteristics, the inertial actuator behaves as a near-perfect
force actuator in the frequency band containing the flexible modes of the
structure. We assume that the system is equipped with a sensor measuring
the horizontal velocity of the top floor, ẋ10.

3 Note that, although both the
velocity sensor and the AMD are attached to the same floor, the control
system is not collocated, because the system output ẋ10 is the top floor ve-
locity while the system input f consists of a pair of opposing forces acting

3 This can be obtained either with a geophone, or by integrating the output signal of
an accelerometer (although accelerometers do not work well at low frequency).
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Fig. 12.7. (a) 10-storey building with an Active Mass Damper (AMD) at the top. (b)
Active Mass Damper: a force actuator f operates in parallel with the spring ka and the
damper ca. The parameters are selected according to ma = εmT , ωa =

√
ka/ma ≪ ω1,

0.5 ≤ ξa = ca/2maωa ≤ 0.7. (c) Perfect inertial actuator.

respectively on the top floor and on the inertial mass ma. However, if the
inertial actuator parameters are chosen as explained before, it behaves
closely to a perfect force actuator f applied to the top floor (collocated),
and the open-loop FRF, G = ẋ10/f , exhibits alternating poles and zeros.4

4 To better understand the functioning of an AMD, consider first a perfect inertial
actuator attached to a fixed point A (Fig.12.7.c). It consists of a force actuator acting
on a mass ma. Expressing the equilibrium of the massless actuator, the force applied
to A is f = −maẍa (positive in traction). Next consider the AMD acting on a fixed
point A (Fig.12.7.b with xn = 0). The governing equation is

maẍa + caẋa + kaxa = −f

(with again f being positive in traction). Thus, the transfer function between f and
xa is

xa =
−f

mas2 + cas+ ka
;

the force F applied to point A is F = −maẍa and the transfer function between f
and F is that of a high-pass filter:

F

f
=

s2

s2 + 2ξaωas+ ω2
a

(12.18)

where ξa and ωa are defined according to Equ.(12.16) and (12.17). Thus, when A is
fixed, the AMD behaves as a perfect force generator for frequencies ω ≫ ωa.
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12.3.1 System modeling

As compared to the system considered in section 11.6, the only difference
is the presence of a force f acting between the top floor x10 and the
inertial mass x11. The governing equation is

M ÿ+ Cẏ+Ky = −M1ẍ0 + baf (12.19)

where ba = (0, . . . , 0, 1,−1)T is the influence vector of the control force
(f assumed positive in traction). The matrices M , C and K have been
constructed in section 11.6.1. Introducing the state vector

z = (yT , ẏT )T (12.20)

it can be rewritten in state variable form (as a system of first order dif-
ferential equations)

ż = Az+ bf + eẍ0 (12.21)

where A is the system matrix

A =

[
0 I

−M−1K −M−1C

]
, b = { 0

M−1ba
}, e = { 0

−1
} (12.22)

(the size of the control input vector b and disturbance input vector e is
twice the number of d.o.f., 22 in this case).

The sensor output is the velocity of the top floor,

v = ẋ10 = ẋ0 + bTs ẏ (12.23)

where the vector bs = (0, . . . , 1, 0)T defines the sensor location (note that
bs ̸= ba, because the control force is acting also on ma). This equation is
rewritten in state space form

v = cT z+ ẋ0 (12.24)

with the output vector cT = (0T ,bTs ). In addition to the system equation
(12.21) and the output equation (12.24), the feedback control law relates
the control input to the sensor output; in this case a direct velocity feed-
back is used:

f = −gv (12.25)

g is the control gain.
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Fig. 12.8. 10-storey building with an Active Mass Damper (AMD) at the top. Open-
loop FRF G = v/f between the force f in the actuator and the velocity of the top floor
(amplitude in dB and phase). The FRF exhibits alternating poles and zeros above ω1.

12.3.2 System response

The open-loop transfer function of the system is the relationship between
the control input f and the sensor output v without feedback control
control and without disturbance; it is readily obtained from Equ.(12.21)
and (12.24):

G(s) = cT (sI −A)−1b (12.26)

The open-loop FRF G(jω) is obtained by substituting s = jω. It is rep-
resented in Fig.12.8. The FRF exhibits alternating poles and zeros for
all flexible modes (ω1 and above), typical of collocated control systems.
The closed-loop system equation is obtained by combining Equ.(12.21),
(12.24) and (12.25); one finds easily

ż = (A− gbcT )z− gbẋ0 + eẍ0 (12.27)

The eigenvalues of the closed-loop system matrix A−gbcT are the closed-
loop poles. Their evolution for increasing values of the gain g is represented
in the root locus of Fig.12.9. The transmissibility (in the frequency do-
main) between the the ground acceleration ẍ0 and the state z is

Z(jω) = [jωI − (A− gbcT )]−1(−gb
jω

+ e)Ẍ0(jω) (12.28)
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Consider the response to the stationary seismic excitation of the
ground acceleration already considered in section 8.10. The shear force
at the base is given by Equ.(7.13). Using the state vector,

f0 = −1T (Ky+ Cẏ) = −1T (K,C)z (12.29)

The closed-loop transmissibility between the ground acceleration ẍ0 and
f0 is readily obtained by combining with the previous equation. Figure
12.10.a shows the PSD of the shear force f0 resulting from the steady
state response to a seismic acceleration with a Kanai-Tajimi profile con-
sidered in section 8.10, for various control gains, respectively g1 leading
to a damping ratio of ξ = 0.05 in the first mode, g2 leading to ξ = 0.1
and g3 to ξ = 0.15. The corresponding values of the closed-loop poles
are indicated in Fig.12.9. An important observation is that the AMD
damps all the modes, unlike the DVA. The cumulative RMS value of the
non-dimensional shear force is shown in Fig.12.10.b, for the same values
of the gain, and the cumulative RMS control force f is represented in
Fig.12.10.c; this figure shows the the control effort increases rapidly with
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0.01) and velocity feedback. (a) PSD of the shear force f0 due to the seismic acceleration
with Kanai-Tajimi profile considered in section 8.10, for various values of the control
gain, leading respectively to ξ of 5%, 10% and 15 % in the first mode. (b) Cumulative
RMS value of the non-dimensional reaction force. (c) Cumulative RMS value of the
control force.

the gain. Note that the control effort will eventually fix the size of the
actuator.
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12.4 Active truss

Consider the truss structure of Fig.12.11, where one of the bars has been
replaced by an active strut consisting of a displacement actuator and a
collocated force sensor. The constitutive equation of the active strut is

∆ = δ + f/Ka = gau+ f/Ka (12.30)

where δ = gau is the unconstrained expansion induced by the control
input u (ga is the actuator gain), f is the force (positive in traction) acting
on the strut and Ka is the strut stiffness.5 This equation expresses that
the total extension of the active strut is the sum of the (unconstrained)
control extension and the elastic extension. The sensor output is the force
f in the strut,

f = Ka(∆− δ) = Ka(b
Tx− δ) (12.31)

where bT is the vector defining the position of the active strut in the
truss, such that its total extension is ∆ = bTx. For the situation depicted
in Fig.12.11, ∆ = x5 − x3. If the generalized coordinates are the nodal
displacements along x and y, x = (x1, y1, x2, y2, . . . , x14, y14)

T , bT is a row

Fig. 12.11. Active truss with an active strut consisting of a displacement actuator
and a force sensor. δ = gau is the unconstrained extension of the strut induced by the
control u. The passive stiffness of the strut is Ka and f/Ka is the elastic extension.
∆ = bTx is the total extension of the active strut.

5 This constitutive equation applies to a broad variety of actuators: for a piezoelectric
actuator, u is a voltage and the gain ga is expressed in m/V ; for a magnetostrictive
actuator, u will be the input current and the gain is expressed in m/A, etc...
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vector of dimension 28, with all entries being 0 except those corresponding
to the components along x at nodes 3 and 5

bT = (0, 0, 0, 0,−1, 0, 0, 0, 1, 0, 0, . . . , 0)

If the active strut were placed instead of the bar at 450 connecting node
1 to node 4, the influence vector of the strut would become

bT = (−1/
√
2,−1/

√
2, 0, 0, 0, 0, 1/

√
2, 1/

√
2, 0, . . . , 0)

If K∗ stands for the stiffness matrix of the truss without active strut, the
equation of motion of the truss (active strut removed and assuming no
damping)

M ẍ+K∗x = −bf (12.32)

where the right hand side is the force exerted by the active strut on the
truss. Note that the influence vector b appearing in this equation is the
same as that involved in the sensor output equation because the actuator
and the sensor are collocated and dual (acting on the same nodes and in
the same direction); the negative sign is due to the fact that the force
f is positive in traction in the strut and the forces acting on the truss
is opposing the force acting on the strut. Substituting f from the sensor
equation, one finds the equation governing the dynamics of the active
truss:

M ẍ+ (K∗ + bbTKa)x = bKaδ (12.33)

or
M ẍ+Kx = bKaδ (12.34)

where K = K∗ + bbTKa is the global stiffness matrix. bbTKa is the
contribution of the active strut in the global stiffness matrix. bKaδ is the
control force, equal to the product of the free expansion δ and the strut
stiffness Ka.

6

12.4.1 Open-loop transfer function

Let ϕi be the normal modes and ωi the natural frequencies of the system,
solutions of the eigenvalue problem

(K − ω2
iM)ϕi = 0 (12.35)

6 The mass of the strut may be accounted for by adding the appropriate contribution
to M .
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They satisfy the usual orthogonality conditions

ϕTi Mϕj = µiδij (12.36)

ϕTi Kϕj = µiω
2
i δij (12.37)

If the global displacements are expanded into modal coordinates,

x =
∑
i

ziϕi (12.38)

the modal amplitudes zi are solutions of

µi(z̈i + ω2
i zi) = ϕTi bKaδ (12.39)

Upon taking the Laplace transform, one easily gets

x =
n∑
i=1

ϕiϕ
T
i

µi(ω2
i + s2)

bKaδ (12.40)

and the total extension of the active strut

∆ = bTx =
n∑
i=1

Ka(b
Tϕi)

2

µiω2
i (1 + s2/ω2

i )
δ (12.41)

From Equ.(12.37), µiω
2
i /2 is clearly the strain energy in the structure

when it vibrates according to mode i, and Ka(b
Tϕi)

2/2 represents the
strain energy in the active strut when the structure vibrates according to
mode i. Thus, the ratio

νi =
Ka(b

Tϕi)
2

µiω2
i

(12.42)

is readily interpreted as the fraction of modal strain energy in the active
strut for mode i. With this notation, the previous equation is rewritten

∆ = bTx =

n∑
i=1

νi
(1 + s2/ω2

i )
δ (12.43)

and the sensor output equation reads

f = Ka[
n∑
i=1

νi
(1 + s2/ω2

i )
− 1]δ (12.44)
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Thus, the open-loop FRF between the actuator free expansion δ and the
sensor force f is obtained by substituting s = jω

f

δ
= Ka[

n∑
i=1

νi
(1− ω2/ω2

i )
− 1] (12.45)

A typical plot is represented in Fig.12.12. All the residues νi being pos-
itive, there will be alternating poles and zeros along the imaginary axis.
This important property was already stressed in the beginning of this
chapter; it is typical of collocated system and it is responsible for their
built-in robustness.

Fig. 12.12. Open-loop FRF f/δ of the active strut mounted in the truss (undamped).

12.4.2 Active damping by integral force feedback

The truss can be actively damped by a (positive) integral force feedback
control law:

δ =
g

Kas
f (12.46)

(the constant Ka at the denominator is for normalization purpose; f/Ka

is the elastic extension of the strut). The block diagram of the system is
represented in Fig.12.13. The pole-zero pattern of the system is shown
in Fig 12.14. It consists of interlacing pole-zero pairs on the imaginary
axis (z1 < ω1 < z2 < ω2...) and the pole at s = 0 from the controller.
The root-locus plot consists of the negative real axis and a set of loops
going from the open-loop poles ±jωi to the open-loop zeros ±jzi. All the
loops are entirely contained in the left half plane, so that the closed-loop
system is unconditionally stable, for all values of the gain g. Note that
this property is maintained, even if the poles and zeros are moved slightly
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Fig. 12.13. Block diagram of the IFF controller.

along the imaginary axis, provided that the interlacing property of the
poles and zeros holds, which is guaranteed because of the actuator/sensor
collocation. Combining (12.31) and (12.46) one gets

δ =
g

s+ g
bTx (12.47)

and further combining with the dynamic equation (12.34), one gets the
closed-loop characteristic equation

[Ms2 + (K∗ + bbTKa)− bbTKa
g

s+ g
]x = 0 (12.48)

Im(s)

Re(s)

control

j!i

jzi

Structure

Fig. 12.14. Pole-zero pattern of the active truss (undamped) and root-locus of the
IFF controller (the root-locus is symmetrical with respect to the real axis, only the
upper part is shown).
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For g = 0, the eigenvalues are indeed the open-loop poles, ±jωi. Asymp-
totically, for g → ∞, the eigenvalue problem becomes

[Ms2 +K∗]x = 0 (12.49)

where K∗ is the stiffness matrix of the structure without the active strut.
Thus, the open-loop zeros ±jzi are the natural frequencies of the truss
after removing the active strut. For well separated modes, the individual
loops in the root-locus of Fig 12.14 are, to a large extent, independent of
each other, and the root locus of a single mode can be drawn from the
asymptotic values ±jωi and ±jzi only (Fig 12.15). The corresponding
characteristic equation is

1 + g
(s2 + z2i )

s(s2 + ω2
i )

= 0 (12.50)

The actual root-locus, Fig.12.14, which includes the influence of the other
modes, is only slightly different from that of Fig 12.15, with the same
asymptotic values at ±jωi and ±jzi. It can be shown that the maximum
modal damping for mode i is given by

ξmaxi =
ωi − zi
2zi

(zi ≥ ωi/3) (12.51)

It is achieved for g = ωi
√
ωi/zi. The IFF controller is very efficient for

providing active damping, but reduces the static stiffness of the structure;
this problem is examined below.

IFF

Fig. 12.15. (a) IFF root locus of a single mode (the root-locus is symmetrical with
respect to the real axis, only the upper part is shown).
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12.4.3 Beta controller

If the truss is subjected to external disturbances fd, the governing equation
is

M ẍ+Kx = bKaδ + fd (12.52)

with the sensor output equation

f = Ka(b
Tx− δ) (12.53)

A more general controller is assumed:

δ =
H(s)

Ka
.f (12.54)

Combining the foregoing equations, one gets δ = H(s)/[1 + H(s)].bTx
and the closed-loop system is governed by

[Ms2 +K −Kabb
T H(s)

1 +H(s)
]x = fd (12.55)

For the particular case of the IFF, H(s) = g/s; the foregoing equation
becomes

[Ms2 +K −Kabb
T g

s+ g
]x = fd (12.56)

The closed-loop static stiffness is obtained for s = 0:

Kstat = K −Kabb
T = K∗ (12.57)

which corresponds to the structure where the active strut has been re-
moved. Such a stiffness reduction is not acceptable in many applications;
however, examining Equ.(12.55), one sees that this problem can be solved
if the control law is be changed in such a way that H(0) = 0. This condi-
tion is met by adding a high-pass filter to the IFF, leading to the “Beta
controller”:

H(s) =
gs

(s+ β)2
(12.58)

where β is a small positive number such that β ≪ z1. As compared to
the IFF, the pole at the origin is replaced by one zero at the origin and
a pair of poles at s = −β, near the origin. For well separated modes, the
individual loops of the root locus may again be treated independently and
Equ(12.50) is replaced by
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is always stable for β < zi; for β = zi, it is tangent to the imaginary axis at the zero
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1 +
gs

(s+ β)2
(s2 + z2i )

(s2 + ω2
i )

= 0 (12.59)

It is represented in Fig.12.16. When β = 0, there is a pole-zero can-
cellation and the control is reduced to the IFF. As β increases, the root
locus has two branches on the real axis, starting from s = −β in opposite
directions; one of the closed-loop poles remains trapped between 0 and
−β; the loops still go from ±jωi to ±jzi, but they tend to be smaller,
leading to less active damping; this is the price to pay for recovering the
static stiffness. Analyzing the root locus in detail, one can show that the
system is unconditionally stable (for all modes) provided that β < z1.

The effect of the Beta controller on the dynamic response of the struc-
ture is illustrated in Fig.12.17, which shows the dynamic compliance at
the top of a telescope (collocated force excitation and displacement) for
various values of β. The open-loop FRF is in dotted line. One sees that
the FRF of the Beta controller matches the open-loop FRF in a low fre-
quency band which increases with β, but at the expense of the damping
of the dominant mode of the system.

12.5 Problems

P.12.1 Consider the three-mass system of Fig.12.18, with a control force
f acting on mass M . Assuming that a collocated displacement sensor
measures the displacement x1, (a) calculate the transmission zeros in the
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Fig. 12.17. Frequency response functions of a telescope structure actively damped
with a β controller: (a) β = 0 (IFF), (b) β/ω1 = 0.25, (c) β/ω1 = 0.5.

open-loop transfer function ; (b) draw the pole-zero plot of the open-
loop system; (c) draw the root-locus for the collocated control with a
lead compensator and compare it with the two-mass system of Fig.12.3.
(d) Sketch the root-locus if more spring mass d.o.f. (m, k) are added to
the right of x3. [Hint: the anti-resonance frequencies are the resonance
frequencies of the constrained system.]
P.12.2 Hybrid Mass Damper (HMD): Consider the 10 storey build-
ing with a AMD tuned according to the equal peak design of a TMD,

x1 x2 x3

c

k

mM m

k

c

f

Fig. 12.18. Three-mass system.
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Equ.(11.25). (a) Draw the evolution of the closed-loop poles for increas-
ing values of the control gain. (b) Calculate the transmissibility between
the ground acceleration ẍ0 and the shear force at the base, f0, for various
values of the gain. (c) Suggest ways of changing the tuning of the AMD
to improve the structural response [Preumont & Seto, section 3.5].
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Accelerated fatigue test, 222
Accelerogram, 213
Active damping, 304
Active mass damper (AMD), 295
Active strut, 301
Active suspension, 292
Active truss, 301
Active vibration control, 287
Angular rate sensor, 250
Anisotropic shaft, 246

stability, 249
unbalance response, 248

Anisotropic support (rotor), 243
Anti-resonance, 34, 259, 288
Assembly, 143
Assumed modes method, 117, 139
Asymptotic method, 92
Asynchronous force, 238
Autocorrelation, 176
Autocovariance, 176

Backward whirl, 227, 236, 241
Bar, 98, 120

finite element, 140
Beam

Euler-Bernoulli, 81, 122
finite element, 144
free vibration, 87
free-free, 91
prestress, 85, 125
simply supported, 89

Beat phenomenon, 10
Bending stiffness, 83

Beta controller, 307
Bode plots, 7, 37
Boundary layer noise, 195
Buckling, 76

beam, 100
clamped-free beam, 102
critical load, 101
simply supported beam, 101

Campbell diagram, 66, 235, 242
Cantilever rotor, 253
Car on a random road, 198
Car suspension

active, 292
passive, 281

Cascade analysis, 172
Causality, 191
Central frequency, 186
Central limit theorem, 180
Centrifugal pendulum, 80, 281
Centrifugal Pendulum Vibration

Absorber, 80, 280
Co-spectrum, 195
Coherence function, 189
Collocated control, 287, 290
Collocated system, 34
Complex coordinates, 226
Conical mode, 241
Conservation laws, 67
Conservation of energy, 52, 69
Conservative force, 52
Consistent mass matrix, 146
Constitutive equation
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active strut, 301
linear elastic material, 74
plane stress, 104

Constrained system, 37, 154, 158, 289
Convection velocity, 196
Convergence, 149
Convolution integral, 4, 181
Coriolis force, 250
Correlation

function, 176, 195
integral, 181
matrix, 191, 193

Covariance matrix, 220
Craig-Bampton reduction, 158
Critical speed, 226, 237, 238
Cross-correlation, 176

role of-, 200
Cumulative mean square response, 179

D’Alembert principle, 51
Damping, 25, 26, 125

modal, 25
Rayleigh, 26
rotating, 228, 230

Davenport spectrum, 197
Degree of freedom (d.o.f.), 46, 117
Den Hartog, 260
Difference equation, 40
Discretization, 117
Disk, 240
Dissipation function, 58
Dynamic amplification, 7, 28
Dynamic flexibility matrix, 27
Dynamic mass, 165, 172
Dynamic Vibration Absorber (DVA), 256

Effective force, 51
Effective modal mass, 166
Elastic support, 240
Envelope (narrow band process), 187
Epicycloid, 281
Equal peak design (DVA), 260
ESP, 250
Euler

-Bernoulli beam, 81
critical buckling load, 101, 127
theorem on homogeneous functions, 69

Fast Fourier Transform (FFT), 178

Fatigue, 208
random-, 217

Feedthrough, 12, 29
Finite elements, 139
First-crossing problem, 209
Flexural rigidity (plate), 104
Forward whirl, 225, 227, 236, 241
Fourier transform, 9
Fraction of critical damping, 2
Fraction of modal strain energy, 303
Frahm, 256
Frequency Response Function (FRF), 8
FRF estimation, 189

Gaussian process, 180
Generalized coordinates, 46, 55, 140
Generalized momentum, 70
Geometric stiffness matrix, 75, 126

planar beam element, 151
Geometric strain energy, 71, 75
Gradient height, 197
Gradient velocity, 197
Gravity loads, 132
Green strain tensor, 71
Guyan

mass matrix, 159, 171
reduction, 152
stiffness matrix, 159

Gyroscopic effect, 56, 63, 230
Gyroscopic forces, 64

Half power bandwidth, 183
Hamilton’s principle, 52
High-cycle fatigue, 208
Holonomic constraint, 46, 67
Homogeneous (random field), 195
Homogeneous functions, 69

Ignorable coordinate, 69
Impulse response, 3
Integral force feedback, 304
Interlacing, 35, 287, 304
Isolator

by kinematic coupling, 278
corner frequency, 275
Linear-, 270
Passive-, 271
Relaxation-, 272
Six-axis-, 275
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Jacobi integral, 67
Jeffcott rotor, 63, 224
Jitter, 275

Kanai-Tajimi spectrum, 185, 202
Kinematic constraint, 46
Kirchhoff plate, 103
Kronecker delta, 23

Lagrange multipliers, 66
Lagrange’s equation, 55

with constraints, 66
Lagrangian, 53, 56
Lagrangian dynamics, 45
Laplacian ∆

Cartesian coordinates, 105
polar coordinates, 107

Laval, 226
Lead compensator, 289
Linear damage theory, 218
Linear oscillator

Bode plots, 7
Dynamic amplification, 7
Free response, 1
Impulse response, 3
Nyquist plot, 8
Quality factor, 8
Random response, 182
State space form, 11

Localization matrix, 143
Long rotor, 240
Lumped mass matrix, 146

Mass matrix
bar, 121
bar element, 142
beam, 124
lumped, 146
planar beam element, 146

Master-slave (d.o.f.), 152
Maxwell unit, 272
Mean square (MS), 176, 177, 199

mass averaged-, 200
Memory, 4
Modal

damping, 25
decomposition, 25, 95
mass, 22, 95
participation factor, 164

participation matrix, 170
truncation, 26

Modal density, 107
Modal spread, 278
Mode shape, 20
Moment-curvature relationship, 104
Multi-axis excitation, 168
Multiple natural frequencies, 23

N-storey building, 39, 174
AMD, 295
DVA design, 264
random response, 202
random response with DVA, 267
seismic response, 166

Nabla ∇
Cartesian coordinates, 105

Narrow band process, 187
Natural boundary conditions, 85
Natural frequency, 20
Nodal

circles, 111, 112
diameters, 111, 112
lines, 107

Non-conservative force, 53
Non-holonomic constraint, 47, 67
Normal modes, 23
Nyquist plot, 8, 37

Operating Basis Earthquake, 214
Orthogonal functions, 119
Orthogonality, 22, 93

Painlevé integral, 69
Palmgren-Miner criterion, 218
Parseval’s theorem, 9
Participation factor, 164
Peak factor, 207, 208, 212
Periodic structures, 112
Phase plane, 187
Plane truss, 140
Plate

circular, 107
Kirchhoff, 103
rectangular, 106

Pole-zero pattern, 35, 287, 304
Power spectral density , see PSD
Prestress, 71, 85, 100, 125
Principle of stationarity, 129



318 Index

Principle of virtual work, 49
Projection matrix, 43
PSD

definition, 177
estimation, 178
input-output (MIMO), 192
input-output (SISO), 181
matrix, 192, 193
one sided-, 179

Pseudo-acceleration spectrum, 213
Pseudo-velocity spectrum, 213

Quality factor, 8, 28, 261
Quarter-car model, 281
Quasi-static correction, 29, 166

Rainflow, 218
Random fatigue, 217
Random vibration, 175
Rankine’s model, 226
Rayleigh

damping, 26
distribution, 188
Quotient, 22, 95, 127

Rayleigh-Ritz method, 117, 230
Reduction

Craig-Bampton, 158
Guyan, 152

Relaxation isolator, see Isolator
Reliability, 209
Residual mode, 29
Resonance

frequency, 20
linear oscillator, 2
rotating force, 113, 114

Response spectrum, 213
Rice formulae, 186
Rigid body mode, 23, 30
Root locus, 274, 289, 298, 305
Rotating force, 112
Rotating mode, 111
Rotor dynamics, 223
Routh-Hurwitz stability, 230

S-N curve, 217
Safe Shut-down Earthquake, 214
Scleronomic constraint, 46
Seismic excitation, 161
Self-centering, 226
Semi-positive definite (matrix), 18
Shape function, 118, 139, 145

Signal to noise ratio, 191
Single axis excitation, 161
Sky-hook damper, 292
Slave (d.o.f.), 152
Spatial coherence, 195
Spectral moments, 186
SRSS rule, 200, 216
Stability, 230
Standard deviation, 176
State feedback, 293
State variables, 12, 282, 292, 297
Stationary process, 175
Stiffness matrix

bar, 120
bar element, 141
beam, 123
geometric, 126
planar beam element, 146

Stodola-Green rotor, 253
Strain energy density, 74, 104
String, 96
Strouhal number, 195
Supercritical velocity, 226
Support reaction, 165, 171

Taipei 101, 261
Tautochronic problem, 281
Threshold crossing, 207
Torsional stiffness, 14
Transmissibility, 271, 275
Traveling wave, 111, 113, 114
Tuned Mass Damper (TMD), 256

Unbalance response, 225, 238

Variance, 176
Vibration isolation, 269
Virtual displacement, 48
Virtual work, 49
von Mises stress, 220

Wöhler curve, 217
Whirl, 227, 235
White noise

approximation, 184, 216
band limited-, 184
process, 180

Wind response, 196

Zero (transmission-), 37, 258, 278, 288
Zero-period acceleration (ZPA), 213




